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INTRODUCTION TO SIGNALS & SYSTEMS

1.1 INTRODUCTION TO SIGNAL

Signals play a major role in our life. In
general, a signal can be a function of time,
distance, position, temperature, pressure,
etc., and it represents some variable of
interest associated with a system. For
example, in an electrical system the
associated signals are electric current and
voltage. In a mechanical system, the
associated signals may be force, speed,
torque etc. In addition to these, some
examples of signals that we encounter in
our daily life are speech, music, picture and
video signals.

“A signal is a function representing a
physical quantity which conveys some
amount of information.”

Signals can vary by more than one
independent variables.

Example Speech (passing through a
telephone line), one variable = A coswt
Image - I(x,y) (2D)

T.V. Picture - I(x,y,t) = 3D

Room temp - Q(x,y,zt) = 4D

Vertical axis =
dependent variable

Horizontal axis = independent
variable

1.2 CLASSIFICATION OF SIGNALS

1.2.1 CONTINUOUS-TIME AND
DISCRETE - TIME SIGNALS

Signals can be classified based on their
nature and characteristics in the time
domain. They are broadly classified as (i)
continuous-time signals and (ii) discrete
time signals. A continuous-time signal is a
mathematically continuous function and

the function is defined continuously in the
time domain. On the other hand, a discrete-
time signal is specified only at certain time
instants. The amplitude of the discrete-time
signal between two time instants is not
defined.

A. Continuous time and Discrete time
Signals:- (Change in Horizontal Axis)

A signal x(t) is a continuous -time signal if
it is a continuous variable. If it is a discrete
variable than it is defined as discrete time
signal.

Notations:

x(t) = continuous time signal

x[n] — discrete time signal

B. Discrete-time Signals - Sequences

A discrete-time signal has a value defined
only at discrete points in time and a
discrete-time system operates on and
produces discrete-time signals. A discrete-
time signal is a sequence is a sequence
which is a function defined on the positive
and negative integers, that is, x(n) = {x(n)}
= {...x(-1), x(0), x(1), ..cor.. } where the up-
arrow T represents the sample atn = 0.

If a continuous-time signal x(t) is sampled
every T seconds, a sequence x(nT)results.
In the sample interval, T for convenience,
the sample interval T is taken as 1 second
and hence x(n) represents the sequence.

1.2.2 ANALOG AND DIGITAL SIGNALS:
(Change in Vertical Axis)

1) Analog:- A Signal can take on infinite
number of distinct values in amplitude.
2) Digital:- A Signal can take on finite
number of distinct values in amplitude.

[ T
Analog Continuous Analog discrete
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3) Digital Continuous =(9

iiaiaNEEEE
i | 1 .

Digital Continuous ‘ Digital discrete
x(t) =

1-t 0<t<1
1. Analog Continuous Signal 1+t 0=t=-1
2. Analog Discrete Signal a) Ts=.25sec, t=n.Ts
3. Dlgltal Continuous Slgnal n= 0,1,2,3,4‘
4. Digital Discrete Signal x[n] =x[n/4]
x[n] = {0,.25, 05, .75, 1, .75, .5, .25, 0
Sampler: It is a device (switch) which SO T

convert continuous time signal to discrete
time sequence.

Continuous Discrete sequence
— 1 Sampler —?
x(t) Signal X[n] =x[nTs

Ts — Sampling time . .
-">< Switch sampler B
t=nTs n=0,+1,+£2,+3
Ts — sampling time b) Ts =.5sec. t=nTs
n=0,1234 .ccoonrnrrrnn.
Example: x(t) = e2tu(t) in discrete form x2[n] = x[n/2]
Solution: x(nTs) = e2"™S  [nTs], for Ts=1 X[n] =[.0,0.5,1,.5,0]
sec. T
x[n] = e-20 u[n] 1
— Sampling - discretizing - X - axis
— Quantization-discretizing-Y - axis
Example:-For given the continuous time . .
signal 2t o2
x(t) :{1 |t| 1=t %1 c) Ts=1sec., t =nTs
0 otherwise n=01,234

Determine the discrete time sequence x3[n] =x[n]
obtained by uniform Samp]jng ofx(t) with a X[Il] = {0, 1, 0} = S[Il]
sampling interval of T
a) 0.25 sec. *
b) 0.5 sec.
c) 1.0 sec.
Solution: - Draw x(t) 2 T

Ts T no. of samples in given interval
deceasesfs |, TsT,orfs T, Tsl
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1.2.3 REAL AND COMPLEX SIGNAL

A signal x(t) is a real signal if its value is a
real number, if x(t) complex number, then
it complex Signal.

X(t) = x1(t) +jx2(t) —» imaginary part

Real part —>

j=i=v-1
x1(t) = real part = xr(t)
x2(t) = imaginary part = xi(t)

<x(t)=tan™ () | x=rcost
X,(t) ) y=rsin®

Two form to representational
1) Cartesian form
2) Polar form

(1) Cartesian form :- x +jy,

Example :
a) efjrt/2

b) e—j57t/2
) V2e7 7,
d) \/Eefjgnm

Solution:
a) -j b) +j

0) \/_{T+T} 1+j  d)1-j

(2) Polar Form:- rei®

Example :
a)5
b) -2 -3j
c)j(1-j)
l+]
d) — |
(V2 +iv2)
(1+i3) |

Solution:

e)

b)\/_e_t 1()

d) ejrc/Z

a) 5e’

c) e‘j“’4.\/§

e) e*jﬂ:/lz

1.2.4 DETERMINISTIC AND RANDOM
SIGNALS
Deterministic and Non-deterministic
Signals
Deterministic signals are functions that are
completely specified in time. The nature
and amplitude of such a signal at any time
can be predicted. The pattern of the signal
is regular and can be characterized
mathematically examples of deterministic
signals are
() x(t) = a t This is a ramp whose
amplitude increases linearly with time
and slope is a.
(i) x(t) = A sin wt. The amplitude of this
signal varies sinusoidally with time and
its maximum amplitude is A.

0 .
() x(n) = {O otherwwe} ° :

discrete-time signal whose amplitude is

1 for the sampling instants n = 0 and for

all other samples, the amplitude is zero.
A non-deterministic signal is one whose
occurrence is random in nature and its
pattern is quite irregular. A typical example
of a non deterministic signal is thermal
noise in an electrical circuit.

Deterministic: It's values are completely
specific for any given time. (Equation or
formula).

Random Signal: - It takes random values
at any given time.

1.3 OPERATION ON A SIGNAL

(A) Shifting
(B) Scaling
(C) Inversion / Folding or reflection

A) Time Shifting: - x(t - to)
x(t) shifted in time by to
to>0 Right shift (delay)

to< 0 Left shift (Advance)

(B) Time Scaling x(at)

© Copyright Reserved by Gateflix.in No part of this material should be copied or reproduced without permission



GAIERIX

x(t) is time scaled by a
a|>1, Itis multiplication or compression
a| <1, Itis division or expression

[ ]

(C) Time inversion x(-t) 3 0
Folded about y - axis
2t-3
Example : Let signal x(t) —1<t<3 f) x( )
\ Case-1
P R Shift by 3 Scale by 2
%(t) x(t- 3)

1 0 2 3
Solution :
a)x(t) +1<t <5,delay

| 1 15 3
Case - 2
X
] ] R3hiftby2 x(t-3) Scaleby3
i(t) x(2t-3)
b) x(t+1) —2 <t <2, Advance 2
.1 5
/

/ 53 45

a L Scaling can’t be done before shifting

b0 1<2t-3<3
c) x(-t) —3<t <1 Inversion 2 <2t<6

1<t<3

-

L

Combined Operations

x(at - b) This can be realized in two

possible sequences of operation:

1. Time - shift x(t) by b to obtain x(t - b).
Now time - scale the shifted signal x(t -
b) by a (i.e., replace t with at) to obtain

2. Time - scale x(t) by a to obtain x(at).
Now time-shift x(at) by b/a (i.e., replace
t with t - (b/a) to obtain x[a(t - b/a)] =
x(at - b). In either case, if a is negative,
time scaling involves time reversal.

For example, the signal x(2t -6) can be

i 2 1 0 1
d) x(2t) -1<t<3 x(at - b).
1.3
2 2
4 0 3
e)x(t/3) —-3<t<9

obtained in two ways. We can delay x(t) by
6 to obtain x(t-t), and then time - compress
this signal by factor 2(replace t with 2t) to
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obtain x(2t - 6). Alternately, we can first
time-compress x(t) by factor 2 to obtain
x(2t), then delay this signal by 3(replace t
with t - 3) to obtain x(2t - 6).

Example: Given x[n] =1-)  [n-1-k] k=3
Such that x[n] - u [mn - no] find m & no.

Solution: x[n]=1-3"8(n—1-k)

k=3

<

4

ANk

-2 -1 0 1 2 3
u[-n] to get x[n] shift it by 3 unit
x[n] =u[-(n -3)]
X [n] =u[-n + 3]
Company with x[n] = u[mn - no]
m=-1,no0=-3

Example:-Given a sequence x[n], to
generate y[n]= x[3 - 4n], which of following
procedures would be correct?
Solution: — Let —» Ni<x(n)<N:
x(n)
x[3 - ©
4n]

N1 <x(n) <Nz

N1 <x(n) <Nz
N1<3-4n<N:
N1i-3 <-4n < N2 -
3

& 3 -
N1
4

ORRORN)

v 5 IV
Sz w
N

A) First delay x(n) by 3 Samples to
generate Zi(n)
N, <x,(N)<N;, > Z(nN)-N,<n-3<N,
—->Z,(nN)—N;+3<n<N,+3
Z2(n) & pick every 4t sample of Z1(n)
m = %, down sampling

N1+3£n£ N, +3
4
— N, +3<4n <N, +3

Z,(n)

X(@B-4)=y(n)  y(n)=2Z,(-n)
Time inverse

_N1+3> >_N2+3
y(n) > Y n> 1

B) First advance x(n) by 3 Sample to
generate Z1 (n)
N, <x(n)<N, — N, <n+3<N,
- N;-3<n<N,-3
Z2(n) © pick every 4th sample of Z1 (n)
m = 1/4 down sampling

ZZ—>N1_33nsN2_3
4 4
y(n) & Z,(-n)
—N, +3 -N, +3
n=—=~.+—>np>—2
yn=—, .

X(3—=4n) =y(n)

C) x(n) & N1<x(n)<N2
(Pick every 4th sample of sequence)
Vi(n) > N, <4n<N,

N N
V,(n)>—-1t<n<—%
i(n) =, A
V2(n) = V1(-n) - time reverse
Vz(n)—>M£—n S&A—mznZ—&
4 4 4 4
y(n) = V2 (N + 3), V2 time advance 3

unit to obtain y (n)

Vz(n)a%zn#y’z_Nz
SN gy Ne g
4 4

y(n) # x(3 -4n)
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D) First pick every forth sample of x(n)
sequence 14.1
V,(n) > N, <4n<N,, (1) Step Signal :-

N, N, AU(t) = A t>0
Vl(n)—)TSnST () 0 t>0

V,(n) =V, (—n) —time reverse u(t)

A
Vz(n)a%g—ns N,

N

— — 0
—V,(n) > 412n N,

4
y(n) = V2(n-3), V2 time delay 3 unit to Au(t) :[
obtain y(n)

vV

A t<0
0 t>0

N N A
N=--—L>n-3>--2 u(0 - 9
y(n) 2 2

N N
>yn)=—3=3+3>n>-——2+3
y(n) 2 2 0

y(n) #x [3 - 4n] ““:T

Example: x[n] = [-3, 5, 4, -2, 3] then write

x[3n], x[2n] o
Solution: Decimation or down sampled ey
discard (n - 1) samples w.r.t. to origin ugt +1)

X[3n]=[5,3], discard 2 sample
T

X[2n]=[5,-2], discard 1 sample -1

T advance by 1 unit

x(n)—25 7(n) —4221 5 x(n)

Decimation is the inverse of

interpolation but interpolation is not

inverse of decimation. 0<-t-1<00
1<-t<oo

Z[n/2] -1>t>1-0

x(n)— 7(n)—4Y2_ x(n) not equal
if x(n-2) - Signal is R shift by 2

if x(n-1,3) < x(lO” 43}
10

Example: Write expression

Sequence of operating

Interpolation [ Shifting [ | Decimation | g

Interpolation should be proceeding by
decimation.

1.4 IMPORTANT SIGNALS

© Copyright Reserved by Gateflix.in No part of this material should be copied or reproduced without permission



GAIERIX

4
<~
2 -
-3 -2 -1 3 +
1 2 3
~ _
AN
-5 4

x(t) =-5u(t+3)+ 4u_(ft +2)
+5u(t+1)-11u(t-1)

+9u(t-2)-2u(t-3) 3
Example: Write expression b) u(-t+4)-u(-t+3)
x(t) 4
c)
2 1 0 5
X(t)=3u(t+2)+u(t+1)—4u(t-5) "

Example: Possible expression in terms of
steps:
Solution:

a)

3

c) u(t-3)xu(t+4)
Relation between unit step signal and
impulse signal

5(t) :%u(t)

u(t) = j 3(t)dt

| P

0

X(t) = j x(1)3(t—1)dt

—00

Example:

a) u(t-3) - u(t-4)

b)
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1 *®© (4)u(n) -u(n-1)=48(n)

First difference of step function known as
impulse response

=S(n)-S(n-1)
1 2 um)= Y. “8(k)
k=—
Solution: [U(t+1)—U(t—2)] X[n] — Z wX(k)S(n_k)
k=—o0
Example: 3
4 - -
X2 3
2 4-32-10
1 0<n+4<ow
-4<n<oo
1 2 3 4
Solution: 1
[u(t—=1) +u(t) +u(t—2)+u(t—3)—4u(t—4)] N N N
Example: 6 7
4 0<n-6<o
=, 6<ns<o
3 3
2
: -
L 43210
Solution: 0<8-2n<m
4u(t-)-u(t-1)—-u(t-2)—-u(t-3)—u(t-4) 8<-2n< o
-4<-n<o

1.4.2 Discrete Step Signal
1.4.3 Impulse Function

atn>0

Au[n] ={ Unit-i .
0 atn<0 nit-impulse Function

: Indicate that the area of the impulse
function is unity and this area is confined to
Al % 9 9 9 an infinitesimal interval on the t-axis and
concentrated at t = 0. The unit impulse
function is very useful in continuous-time
system analysis. It is system characteristics.

12 3 4 In discrete-time domain, the unit-impulse
signal is called a unit-sample signal.
Example: Sketch the following Unit impulse function or direct delta
(1) 3u(n +4) function.

(2)u(n-6)
(3)3u (6 -2n)
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0, t#0
S(t) =
(t) (w, o

T S(t)dt =1 or j S(t)dt =1

Properties of impulse signal

1) Scaling: 8(at) :%S(t)
or & (a(t - to) =ﬁ5 (t - to)

ifa=-1
8(—t)=35(t) Even function

2) T S(t—t,)dt :T S(t)dt =1

3) Sampling: Multiplication of signal x(t)
with impulse with be impulse f» but
strength of impulse is governed by x(t)
at location of impulse.

x(t) 6(t-to) =x(to) &(t - to)
x(t) §(t) =x(0) 6(t)
4) Shifting:

1) [x(1)8(1) (t-t,)dt=x(t,)

3) [x(1)5(1)(t-t,)dt=x(t,)

if a<to<b
Oto<a

0 to>b
Undefined a=b

d
4) d(t)=—u(t
) 8(t)=ul®)
5) Impulse response =
a (step response)
at p resp

Step response =
t

j (impulse response)dt

—00

6) u(t)= j 6(r)dr=j§(t—r)dt

Simplify the following Questions

1) 8l.(t) =0
2) Sintdl.(t) =0
3) Costd(t—n)=-81.(t—n)
1
4) 8(0)=5(2xf) = >=5(f)
5) 8(3—2t):6—2(t—3/2):+%6(t—3/2)

6) e 5(~3t + 2) = ¢33 (t - 3]

-2+2/3
€

= o(t — 2/3
—3(t - 213)

7) (1+2t+3t*)6(w+u)

= 1+2(-1)+3(-1)" |6 (t+1)

=201 (t+1)

2—-30j

3+2mj

_ 234
3+2(-4)j
V148

=——d(o + 4)

NeE
9) cos(Sr)é(r—%j = cos(%ﬂ)é(r—n/?))
=—0L(t-n/3)

smtkt S(t) — L —Hospital rule

d(w + 4)

o + 4)

10)

KCESktS(t)éS:(t)

11) j(3t2+ 1)o(t)dt=1

12) j(3t2+1)61.(t) dt=1
13) f(3t2+ 1)3(t) dt = 0
14) T(t2+cos nt)d(t-1)dt=0

T 17
15) _jwe t5(2t—2)dt=5je '(t - 1)dt

—00
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1o 2 Properties of 5 (n)
27 ' 2
< ° 1. d(an)=6(n) ™
16) [e'8'(t)dt= 2. x(n) 6 (n-K)=x(k) § (n-K)
— 3. 0 (n)=u(n)-u(n-1)
4

. u(n) =) "3(k)

d

_a(e_t)h =0~ e_t|t:0 =1

T G(t)u'(t)dt = —T @(t)u(t)dt

k=+o00
© k=+o00
17) [@(1)8'(t)dt =—2'(0) > 8n-k)= > "3(k)
—0 k=0 k=—o0
18) t3'(t) =-5(t) there fore step response =
> “impulse response
k=—o0

Example: Step response of LTI system is

| 2Y' | _
Generalized Derivates : - given bY[_gj u(n), find the impulse
o » response.
F(t)(t)dt = (-1") | 9" (t) g(t) dt Impulse response

_L (t)(t) I (t) 9(t) e stD
g(t) = generalized f~, gn(t) = nth derivation o\" n-1
o(t) — testing fn, @n(t) - nth derivation =(—§J u(n)—(——j u(n-1)

) 0
(1) je—“tS(t+o.3)dt=e1-2= j e U5(t+0.3)dt 2 2\ 3

S b =3 u(n)+| —=| x=u(n-1)

1 2 3n
(2) je‘“‘S(t+0.3)dt:0 :(—EJ [u(n)+?u(n —1)}

0

Example : Step response of LTI System 1.4.4 EXPONENTIAL FUNCTION

e *'u(t) find impulse response. o _ ]
The complex exponential signal is defined

Solution : _ _ .
q as x(t) = est where s = 0 + jw, a complex
= —[step response] number. Then this signal x(t) is known as a
dt general complex exponential signal whose
=g[e-3tu(t)} real part et cos wt and imaginary part et
dt sin wt are exponentially increasing (o > 0)
_dr o a3t or decreasing o , 0 respectively. If s = o,
—a[e u(t)+e~u (t)] then x(t) = eot which is a real exponential

— _3ey(t) + e (1) signal. If (o > 0), then x(t) is a growing
a exponential; and if (o < 0), then x(t) is a
==3e " u(t) +3(1) decaying exponential.

Discrete time impulse: Unlike J (t), d (n) Continuous Time

does not represent area under the signal General form x(t) = est

rather it represent the amplitude. S=0+jw

0 (nN)=0forn#0

lforn=0 Casel. 6=0,w=0, s=0
x(t)=1dc
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x(t)
1
> 1
Case2.070,w=0, s=o0
X =eot
g«
"-.__________

Decay exponential

Growing exponential
Case3.0=0,w#0, s=jot

x(t) = €7 =cos wt +j sin wt
Will oscillate from +1 to -1

ANITA
NAVIIVAY

Case4. 0#20,w#0, s=o+jw

x(t) = gltgiot

(i) 0 <0 x(t) =e”"e" Under damped
oscillation

ANRAN(NaNA
LVAViivAvE

(ii) Over damped oscillation

auani
BVAVIIVAV]

6>0. x(t) = e

1.5 EVEN AND ODD SIGNAL

If a signal exhibits symmetry in the time
domain about the origin, it is called an even
signal. The signal must be identical to its
reflection about the origin. Mathematically,
and even signal satisfies the following
relation.

For a continuous-time signal

For a discrete-time signal

An odd signal exhibits anti-symmetry. The
signal is not identical to its reflection about
the origin, but to its negative. An odd signal
satisfies the following relation.

For a continuous-time signal

For a discrete-time signal

x1(t) = sin wt and x2(t) = cos wt are good
examples of odd and even signal,
respectively. An even signal which often
occurs in the analysis of signals is the sinc
function.

A signal can be expressed as a sum of two
components, namely, the even component
of the signal and the odd component of the
signal. The even and odd components can
be obtained from the signal itself.

X(t) = Xeven (t) + Xodd (t)

Xeven(t) = % [x(t) + x(-t)] and

Xodd(t) = % [x(t) + x(-t)]

A signal x(t) or x[n] is an even signal if
x(-t) = x(t)

x[-n] = x[n]

an odd signal if x(-t) = - x(t)

x[-n] = -X[n]

Any signal x(t) or X[n] can be expressed as
X(t) = Xe (t) + Xo(t)
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x[n] = Xe[n] + Xo[n]

Xe(t) = % [x(t) + x(-t)] even part
Xe(n) =% [x(n) + x(-n)] even part
xo(t) = % [x(t) - x(-t)] odd part

xo(n) = % [x(n) - x(-n)] odd part

Note:- The product of

Two even or odd signal = an even signal

An even signal an odd signal = an odd
signal

Example :Sketch even and odd
components of signals

(a)
x(t)
4
T T 1 "t
123 435
(b)
494151
t
()
x(n)
01 2 3 4
(d)
‘ x(n)
| 1 23
Solution :
(a)

4
-5
5
x(0) x(-1)
+2
-5 +5
X (1) = X(t) +2x(—t)
X(t) —x(-t
v (1= X0 : (1) _
+2 e
(b)
4
0.5t
de
+0.5t
de

x(t)
x(-t)
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e — ]
e .
B .

L)

1
»-—
|

(3]

(d)
X (1) = X(t) +2x(—t) 4- ¢
34
x, (= X0XED 2,
{11
{3 L1
205t 1 2 3 4 5
x(n)
[ - 4
2 [ )
(c) ]I
E =3 -2 -1
" :l x(-n)
L -2
5 4 3 21 1 2 3 4
"“” LTI
x(-n) — -

s 4 3 Xo(n)_X(n)_ZX( n)
X (n) = x(n) —x(-n)
i 2 Properties of impulse signal
Xo(n)_x(n)—ZX( ") 1) Scaling : S(at):%S(t)
or S(a(t - t°):|711|6(t - to)J

8(—t)=5(t) even function
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2) ]0 S(t—t,)dt :T S(t)dt =1

3) Sampling: Multiplication of signal x(t)
with impulse with be impulse f* but
strength of impulse is governed by x(t)
at location of impulse.

x(t) 6(t-to) =x(to) &(t - to)
x(t) 6(t) =x(0) 8(t)
4) Shifting :

1) [x(0)8(
2) [x(t)s(t)dt = x(0)

3) Tx(t)&(t—t

if a<to<b

0 to<a

0 to>b
Undefined a=b

d
5) o(t) =—u(t
) 8(1) o (t)
6) Impulse response =%(step response)

Step response = | (impulse response)dt

3(t—t)dr

[
7) u(t)=j[08(t)dr=I

Simplify the following Questions

1)t8(t) =0
2)Sint 8 (t) =0
3)Costd (t-m)=-8(t-m)

1) 8(0) =5(2xf) =2—1TES(f)
5)5(3— 2t) =5(-2 (t—3/2):+%6(t—3/2)

[(t-23)]

5(t-213)

6) e (-3t+2)=e™

-2+2/3
€

7)

(1+2t+38%)5(0+u) = 1+2(-1)+3(-1)" |(t+2)

=25(t+1)

0 S - -2
=@8(m + 4)

73

9) cos(31)d r—gj:cos(3 ] (t—n/3)
=-3(t-n/3)

10) Sintkt 8(t) > L— Hospital rule
KC;SktS(t):8(t)

11) j'(3t2+ 1)(t)dt=1
12) T(3t2+ 1)3(t) dt = 0

13) T(t2+cos nt)3(t-1)dt =0

14) je-‘s (2t-2)d j e'3(t-1)dt
zie_ |t=1:i
2 2e
15) je-‘s (2t-2)d j e'3(t-1)dt
=e |t =1

T (t)u'(t)dt = —T @ '(Hu(t)dt

16) j@ (t)ydt=—2(0)

17) 15°(t) = —5(1)

Generalized Derivatives : -

j@(t)g t)dt=(-1") jq) ) g(t)dt

g(t) — generalized f, gn(t) - nth derivation
@(t) — testing f, @"(t) = nth derivation
1

© 0
j e U5(t+0.3)dt = "2 = j e "5(t +0.3)dt
— —4
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10
2) j e "§5(t+0.3)dt =0
0

Example : Step response of LTI System
e *'u(t) find impulse response.
Solution:

d
= —|[step response
Olt[ p response]

dr s
= a[e u(t)}
= %[e“u () +eu'(t) ]

=-3e'u(t) +e*'3(t)
=-3e*'u(t) + 8(t)

Discrete time impulse : Unlike §(t), 6(n)
does not represent area under the signal
rather it represent the amplitude.
6(m)=0forn#0

lforn=0

Properties of 6 (n)

1) 6(an)=0 (n) ™

2) xX(n) 6 (n-k)=x(k) 0 (n-Kk)
3) d(n)=um)-u(n-1)

4) u(n)=>"8(k)

k=+o0
f“’é(n—k): Z "5(k)

therefore step response
= Z “impulse response

k=—o0

Example : Step response of LTI system is
2 n
given by(—gj u(n), find the impulse

response. Impulse response
=S(n)-S(n-1)

2 n 2 n-1

= -3 u(n)—(—gj u(n-1)
2 2

=73 u(n)+(—§j x—u(n-1)
2\ 3n

= -3 {u(n)+?u(n—l)}

1.4.4 EXPONENTIAL FUNCTION

The complex exponential signal is defined
as x(t) = est where s = 0 + jw, a complex
number. Then this signal x(t) is known as a
general complex exponential signal whose
real part e°t cos wt and imaginary part e°t
sin wt are exponentially increasing (o > 0)
or decreasing o , 0 respectively. If s = o,
then x(t) = eot which is a real exponential
signal. If (o > 0), then x(t) is a growing
exponential; and if (0 < 0), then x(t) is a
decaying exponential.

Continuous Time

General form x(t) =est S=o+jw
Casel. 0=0,w=0, s=0
x(t)=1dc
x(t)
1
>t

Case2. 0#0,w=0, s=o0

X =eot
o =0
Decay exponential
gx=0
Growing exponential
Case 3. 0=0,w#0, s=jwt

x(t) = €' =cos wt +j sin wt
Will oscillate from +1 to -1
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A
JUU

Case4. 0#0,w#0, s=o+jw

x(t) =e%e"

(1) o<0 x(t) = e Under damped
oscillation

(ii)  Over damped oscillation

o> 0.x(t) = e

1.5 EVEN AND ODD SIGNAL

If a signal exhibits symmetry in the time
domain about the origin, it is called an even
signal. The signal must be identical to its
reflection about the origin. Mathematically,
and even signal satisfies the following
relation.

For a continuous-time signal

For a discrete-time signal

An odd signal exhibits anti-symmetry. The
signal is not identical to its reflection about
the origin, but to its negative. An odd signal
satisfies the following relation.

For a continuous-time signal

For a discrete-time signal

x1(t) = sin wt and x2(t) = cos wt are good
examples of odd and even signal,
respectively. An even signal which often

occurs in the analysis of signals is the sinc
function.

A signal can be expressed as a sum of two
components, namely, the even component
of the signal and the odd component of the
signal. The even and odd components can
be obtained from the signal itself.

X (1) = Xgpen (1) + X g4 (1)
X ven (1) %[x(t)+ X(—t)] and

1
Xoaa (1) = E[X(t) + X(_t)]
A signal x(t) or x[n] is an even signal if
x(-t) = x(t)
x[-n] = x[n]
an odd signal if
x[-n] = -X[n]
Any signal x(t) or X[n] can be expressed as
X(t) = Xe (t) + Xo(t)
x[n] = xe[n] + Xo[n]

x(-t) = - x(t)

xe(t) = % [x(t) + x(-t)] even part
Xe(n) =% [x(n) + x(-n)] even part
xo(t) = % [x(t) - x(-t)] odd part

xo(n) = % [x(n) - x(-n)] odd part

Note:- The product of Two even or odd
signal = an even signal

An even signal an odd signal = an odd
signal

Example: Sketch even and odd
components of signals
a)
x(t)
4

| L "‘

12345
b)

4EJ]£1
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c)
x(n 4
401{(1) 4e05*:
01 23 4
d)
x(n)

x(t)

»
N I Wkl
123 ¢
Solution:
4

x(-t)
1 4
x(t)
4
-5
x(-t) X, (t) — X(t) +2X(_t)
_______ 2 Xo(t):X(t)—ZX(—t):
X (1) = X(t) +2x(—t)
_X(®)-x(-) _
(@ x(D)= E =
-5 (c)

44
(b) {

b —

[} -

LI T

F—
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1]

11l

1 2
- 1
=(-n)
y x_(n) :M
2 e 2
¢ (= X=X
0
R R T | :
) » -2 L J
x, () = XX
> L1
XN X(—N
X,(N) = (n) > ) I I [ I
-3 -2 -1 1 2 3
] X ‘ X N [
S5 -4 32 -1 Example
12345 Find even and odd compound of x(t)
Solution
5 x(t) =- 2t fort<0
x(f) =t fort>0
@ -
4] ®
N 11
24
11
1 2 3 : ; ;
1 t
x(n) , ﬂ t>0
| %.(0) = 23t
—~  t<0
_2 2
[ I t t>0
e x(t)=<-2t t<0
x(-n) 0 t>0
or
—t t<0
X(-t)=49 2t t>0
0 t>0
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%t t>0
Xo(t):_t
— t<0
2
1
=
-1 1

1.6 PERIODIC AND NON PERIODIC
SIGNALS

A Continuous signal x(t) is said to be
periodic with period t

X[t £ mT] =x(t) allt

x[n £ mN] =x(n) alln

non periodic (a periodic) (not periodic)

T = where T is min. value of t after which
f(t) repeats is called fundament period.

f(t) =f1(t) £ f2(t) + f3(t)

Vil

T T1 T2 T3

5 rational LT
T2 TZ Tl
T=LCM [T1& T2& T3]

Note:- Addition or subtraction of DC will
not affect the fundamental period because
DC is periodic signal,. Its period is not
define.

Periodicity of discrete signal
x(n) =x(n £N)

N - integral No.

x(n) ="

x(n+ N) =gl

— ejmonejOJON

= el =1 =¢i"

o,N=2n

Jaogn

x(n)=e
2n . .

N = —xm M smallest integer which
g

21,
connects — to integer no.
o)
0

XM+ XM+ x(n)
x(n)= 2 \J
N, N
N =LCM [N1& N2& N3]

3

Note:- Sum & difference of discrete
periodic signal is periodic and sum &
difference of continuous periodic signal is
periodic under certain condition.

Example: If x(t), check, periodic or a
periodic, find fundamental period
a) 2sint+4sin3t  Sol: Periodic, T =2xn

b) sin5nt+sin 7t Sol: Aperiodic
c) sin V2t +sint
d) 2++/3cosnt

Sol: Aperiodic
Sol: Periodic, T =2

e) jet” Sol: Periodic, T=n/5
f) et Sol: Aperiodic

g) el Sol: Periiodic, T=4
h) e’ ™4y (t) Sol: Aperiodic

i) el Sol: Periodic, N = 2

]) 3ej3n(n+1/2)15

K) 3i3/5(n+1/2)

Sol: Periodic, N=10
Sol: Periodic, N =10

) 2c0s(10t +1) —sin(4t —1)
Sol: Periodic, T=mn
m) el@2r1 Sol: Periodic, T =4

n) cos*(m/8)n
o) u(n)+u[-n]

= | 3(n—4n)
P) n_zi—é(n ~1-4K)

Sol: Periodic, N =8
Sol: Aperiodic

} Sol: Periodic, N=4

q)
u(-t)+u(-t)=1 Sol: Periodic, T = not defined

1.7 ENERGY AND POWER SIGNALS

Signals can also be classified as those
having finite energy or finite average
power. However, there are some signals
which can neither be classified as energy
signals nor power signals.

The energy signal is one which has finite
energy and zero average power, i.e. x(t) is
an energy signal if 0 < E <oo, and P = 0. The
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power signal is one which has finite
average power and indefinite energy, i.e. 0
< P < o0, and E = oo. If the signal does not
satisfy any of these two conditions, then it
is neither an energy nor a power signal.
Power Density Spectrum of Periodic Signals
The average power of a discrete-time signal
with period N is given by

:%?Z_él x(n)?
E = T|x(t)|2dt, E = i |x(t)|2

—0

.1 2
P= I'FLT_ J' x(t)[ dt,P

NLmWZ[ (nF?

For energy signal 0<E<oo and P=0

Power Signal 0 <P <o0,E= o0

otherwise neither energy signals nor
power signals

Example: Determines the values of P &
Efor each of following

a) x(t)=e™u(t)a > 0
Solution: Energy Signal, E=1/2a
b) x(t)= A cos(w,t+8)

Solution: Power Signal, P = A2/2
c) x(t)=+u(t)

Solution: Power Signal, P=1/2
d) X(t) _ KZHZ)

Solution: Power Signal, P =1

e) x[n]= (%j u[n]

Solution: Energy Signal, E =4/3
f) x[n]=ej((n/2)n+n/8)
Solution: Power Signal, P =1

g) x(n)=cos(n/4)n

Solution: Power Signal, P=1/2

h) x(n)=A
Solution: Power Signal, P = A2
i) x[n]=38(t) (1)

Solution: Neither Energy nor Power Signal

k) 1/2 Sgn(t)

Solution: Power Signal, P = %4

1) 5u(-t)

Solution: Power Signal, P = 25/2

(m) 5cos 3t + 6 sin 4t

Solution: Power Signal, P = 25/2 + 18 =
61/2

All periodic Signals are power signal, but
vice, versa is not true.

Example: Find the energy/power signal?
a)x(t) =e3tu(t) > E=o0,P=00

Neither E nor P

b) x(t) =g M

=e u(t) + e u(-t)
I !

E_)i+i E:l
2a 2a a

Example: if x(t) = E, then x(2t) =7?
E = [[x®)[dt.E, =

2t=p

2dt=dp

at=2P
2

E, = T|x(2t)|2dt

—00

—j| <o =2

Example :
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Find the energy of x(t).
= T|x(t)|2dt

Asin%t O<t<h
0 Otherwise

2
Asin(ﬁtj
b

b 2 2
I{A——A—cosﬁﬁtﬂdt
5 b

|

2b

SnZnt
A’ A’ b
-5 -0
b
:A_zb_A_2 M =A2b
2" 2| 2n 2
b
1)
A
0 b
E=A%
2)
A
b

E=A%/2
3)
YA\
° b b
2
E=A%b/3

Signal Energy is directly proportional to
with of signal and square of Amplitude. It is
independent of the location of the signal

1.8 CLASSIFICATION OF SYSTEMS

As with signals, systems are also broadly

classified into  continuous-time and

discrete-time systems. In a continuous-time

system, the associated signals are also

continuous, i.e. the input and output of the

system are both continuous-time signals.

On the other hand, a discrete-time system

handles discrete-time signals. Here, both

the input and output signals are discrete-

time signals. Both continuous and discrete-

time systems are further classified into the

following types.

i) Static and dynamic systems

ii) Linear and non-linear systems

iii) Time-variant and time-invariant
systems

iv) Causal and non-causal system

v) Stable and unstable systems.

A system is a mathematical model of a
physical process that relates the input (or
excitation) signal to the output (response)
signal.

A continuous time & Discrete time systems

x(t) ¥(t)
—» System T—»

x[n] ¥[n]
—»| System T—»
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i)System with memory and without
Memory:
Static and Dynamic Systems :

The output of a static system at any specific
time depends on the input at that particular
time. It does not depend on past or future
values of the input. Hence, a static system
can be considered as a system with on
memory or energy storage elements. A
simple resistive network is an example of a
static system. The input/output relation of
such systems does not involve integrals or
derivatives.

The output of a dynamic system, on the
other hand at any specified time depends
on the inputs at that specific time and at
other time. Such systems have memory or
energy storage elements. The equation
characterizing a dynamic system will
always be a differential equation for
continuous-time system or a difference
equation for a discrete-time system. Any
electrical circuit consisting of a capacitor or
an inductor is an example of a dynamic
system.

The following equations characterize
dynamic systems.
LTI TC I 0-20 49

dt? dt

ii) y(n-1)+2y(n) =4x(n) -x(n-1)

A system is said to be memoryless if the
output at any time depends on only the
input at that some time

y(t)=Rx(t)— memoryless
y(t) :J'_t x(t)dt — memory

= > x[k]- memory

k=—w0

y[n]

1.9 STATIC[MEMORYLESS] & DYNAMIC
[WITH MEMORY]

Static :- output and input should depend
on the same instant, not on past & future.

1) y(t)=(t + 3)3x(t)—>static

2) y(t)=e"'x(t)— static

3) y(t):%
dynamic
) y(n)=g(n)-x(n-1)
5) y(n)=x[3n]— dynamic

X(t) — rate of change have

All static systems are causal (not vice
versa)

x(t) y(®

output starting at 0 same as input hence
causal. Duration of input and output is not
same hence dynamic

1.10 LINEAR SYSTEM & NON LINEAR
SYSTEM

A linear system is one in which the
principle of superposition holds. For a
system with two inputs x1(t) and x2(t).
Thus, a linear system is a defined as one
whose response to the sum of the weighted
inputs is same as the sum of the weighted
responses.

Example :
a) di;it) + 2y(t) = x(t)islinear
b) di;(t) +y(t)+ 4=x(t)is linear

Linearity — 1) Superposition property
2) Homogeneity (or scaling)

Y. = T[Xl]

Y, =TIX,]

T[Xl + Xz] =Y1tY,
Homogeneity (or scaling) {a zero input

yields a zero output}
Otherwise non - linear

Super position
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output due to scaled input must be scaled
version of output.

~ocx1(t) + Bxz(t) — ocy1(t) + By2(t)

output due to sum of inputs must equal to
sum of individual outputs.

Example : y(t) = x(t) sin3 mt

Solution : Since sin 3mt is a predefined
signal hence system is linear.

Product of arbitrary signal makes the
system non linear.

Example : x1(t) = y1(t), x2(t -4) - y2(t),

where x1(t) & x2(t -4) are inputs and y1(t)

& y2(t) are outputs

Solution:

y =y1i(t) +yz2(t) = x1(t) + x2(t-4)

y(8) =x(t) x(t - 4)

X1(t) = y1(t) = x1(t) x1(t-4)

x2(t) = y2(t) = x2(t) x2(t-4)

y(t) = y1(t) + y2(t) for linear

y(t) #y1(t) + y2(t) non linear

Important Points :

[) Integration, differentiation is
system

I[I) Modules is non linear system

[II) Adding of const to signal makes system
non linear

[V) Exponential is a non - linear

V) Trigonometric function is non linear

VI) Arbitrary signal division is non linear

VII) Conjugate signal leads non linear

VII[)Real & imaginary part also leads to
non linear

IX) Sampling is a linear system (variant)

linear

Example :

i) y(n)=a*" Sol: — non linear
ii) y(n)=x2(n) Sol: — non linear
iii) y(n)=x[n*]  Sol: — linear

iv) y(n)=x[n*-2] Sol: — linear

v) y(n)=x[k,n] Sol:— linear

vi) y(n)=nx[n] Sol :— linear

1.11 TIME INVARIANT AND TIME -
VARYING SYSTEMS

A time-invariant system is one whose
input-output relationship does not vary
with time.

H[x(t-T)]=y(t-T) or

A system is called time invariant if a time
shift (delay or advance) in the input signal
causes the same time shift in the output
signal system is time Invariant

T[x(t-7)] =y(t-7)

Tx(n-K)] =y [n-K]

Otherwise time varying

Example :y(t) = tx(t) + 2
Solution :
delay input y(t) = t[x(t - to)] + 2...... (1)
delay output y(t - to) = (t - to)[x (Y)] + 2
....... (2)
since (1) # (2)

system is time variant.

Example: y(t)=e>®

Solution : — time invariant

Example : y(t) = x%(t)
Solution : — time invariant

Example : y(t) = x(t) cos t,
Solution: — time variant,
system are time variant

modulation

Example: y(t)= %X(t)

Solution: delay input: %X(t - 1)

delay output : X(t —t,),
y p d(t—to) ( 0)

constant

d L .
a const = 0 time invariant

Example : y(t) = x(3t)
Solution: delay input

yE) =x(3t-t;) (1)
delay output
yt-t,)=x[3(t-t;)] i (2)

(1) & (2) are not same hence time variant
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Example : y(t) = (cos 3t) x(t)
Solution: — time variant
delay input — y(t) = cos 3tx(t-t,)
delayed output — y(t-t,) = cos 3(t-t,) x(t
'to)
2t

Example: y(t)= J._ x(t)dt
Solution :input delayed by p - unit

2t-p
[ x(-p)de
dt=dk

2t—p

= j x(K)dk

T-p=k

Delayed output y(t—p)= f(t_p) x(t)dt

2t-p
=J'_ x(t)dt — not equal

time variant

1.12 CAUSAL & NON CAUSAL SYSTEM

A continuous time signal is said to be causal
if its amplitude is zero for negative time,
ie,x(t)=0fort<0

For a discrete time signal, the condition for
causality is

x(n)=0forn<0

x(t) = u(t), the unit step function is a good
example for a causal signal.

A signal is said to be anti-causal if its
amplitude is zero for positive time,

i.e., for a continuous time signal,
x(t)=0fort>0

for a discrete time signal,

x(n)=0forn>0

A signal which is neither causal nor anti
causal is called a non-causal signal.

A system is called causal if its output y(t) at
an arbitrary time t = todepends on only the
input x(t) for (t<to)not causal = non causal,

Example: y(t)=x(t+1)
Solution: non causal
Example: y(t) =x[-n]
Solution: causal

y(t) =x(t) cos (t+ 1)

Note: - All memory less system are causal
but  not vice versa.

Example : y(t) = (3t + 5) x(t)
Solution : — causal (slating has no effect)

Example: y(t) = |x (9| All practical
systems are causal system
Solution: — causal

Example : y(t) = x(2t), y(1) =x(2),t=1
Solution : — non causal

Example : y(t) = sin [x(t)]
Solution : — causal

Example : y(t) = x [sin t]
Solution : — non causal
y[-1] = x(0)

Past out put future input

n
Example :y[n] = > x[k] no is finite
k=no
Solution :
case: 1 no>n - non causal
case: 2 no<n - non causal

Example : y(n)= Zn:x[k]

Solution: - non causal
y(-1) =x[0] + x[-1]

Example: y[n]= Zn: X[k] [accumulator]

k=—00
Solution: - causal
Adding all past input’s and present input

1.13 STABLE AND UNSTABLE SYSTEMS

A system is bounded input/bounded
output BIBO stable if for any bound input
(x) £k, (y) <k2
Response  without
Response

Response with input = Force Response

input = Natural

“A system is said to be stable if it produces
the bounded output for bounded input
(BIBO stable system)”
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To ensure the stability the output must be
bounded for the bounded input.
Therefore input

Discrete System Continuous System

ly(m) [ < oo ly(®) <o

o0

S x| <0| [[x(OR(t-7) d <ce

k=—c0
When input is | When input is Bounded
Bounded Mx = | Mx= | x(t) | <0

[x(n) | <o

j |h(t-1)dt| <o

—00

Y Ih(n-k) [<oo
K=o

If x(t) £ m(x) < oo,
system is stable.

then y(t) < m y< oo

Example : y(t) = x2(t)
Solution : - y(t) = u2(t) — stable

| y(t) | = | x (t) | 2 finite — y(t) is also finite
t

Example: y(t) = j X (1) dt

—00

t

t

Solution : y(t) = j u (1) dt= j dt=t

-0

—00

unbounded, since integration of unit step is
ramp as t = oo, y(t) - oo

Example: y(t) =x(2t)
Solution: = stable, amplitude remains same

Example: y(t)=x(t-4)

Solution: = stable, amplitude remains same
d

Example: y(t)= ax(t)

Solution : — Unstable, %of step is impulse

which is unbounded

Example: y[n]=e"
Solution : — stable
y(n)=e" " ifx(n) = u(n) then

y(n)=e"* =finite, stable for unbounded

input

1.14 INVERTIBLE & INVERSE SYSTEM

A system is invertible if different inputs
leads to different outputs. i.e. for a given
system two different inputs should not
produce same output.

x(n?' -y(t] N Inverse e :| X
System

%(n) : y(m) w(n) = x(n)
“p|vln)= ) x(n)—wwE=ym)-yel) L

Km=-m

Example :y(t) = x2(t)

Solution : — [apply standard inputs]

when x(t) = -2u(t), y(t) = 4u(t)

x(t) = 2u(t), y(t) = 4u(t)

same outputs with different input, non
invertible

Example :y(t) = |x(t) |
Solution :x(t) = y(t), -x(t) = y(t)
- non invertible

Example: y(t)= Jt- x(t)dt

—00

Solution: Invertible system, Integration -

Linear
dY(t)}
t

=~ Inverse of system is [

Example: y(t) =x(t-5)
Solution : — Invertible System
Inverse of system is y(t + 5) = x(t)

Example: y(t)= %x (t)
Solution : — Non invertible system
% (const is zero) — Inverse is not same

ic:0,£2c=0
dt t

Example:y(n) =x(n) x(n-4) —i.e.
Multiplier systems
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Solution :— Non invertible

Example : y(t) = x(2t) — Invertible
Solution: x(t) =y (t/2)

Example : y[n] = x[2n] — Non invertible
Solution :
x1(n) =0 (n) +J (n - 1) and x2(n) = J (n)
giveny(n) = ¢ (n)

x(n/2) n-even
y(n) = (

0 n-odd
Invertible y(n) =x(2n)
x(n) = y(2n)
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GATE QUESTIONS(EC)

Q.1

Q.2

Q.3

Q.4

Q.5

Let & ¢) denote the delta function.
The value of the integral

_15 (t) cos(s;tj dtis
a)l b) -1
T
0 d) —
c) )5
[GATE-2001]

If a signal (] has energy E, the
energy of the signal f(2t) is equal to

a)E b) 5
¢) 2E d) 4E

[GATE-2001]

Let P be linearity, Q be time -
invariance, R be causality and S be
stability .A discrete- time system has
the input- output relationship.

x(n) nz1
yin) 00 n=0

xn+1hn= -1
Where % (1] is the input and ¥{n]) is
the output. The above system has
the properties.
a)P,S butnot QR b)P,Q,S but not R
c)P,QR,S d)Q,R,S but not P
[GATE-2003]

Consider the sequence
x[nl = [-4.j5 B 4

The conjunction anti-symmetric
part of the sequence is
a)[-4-j2.524-;25] b)[-j2.51 j2.9]
A5 j2 0] d)i-¢+ 1 4]
[GATE-2004]

The function *(t)is shown in the
figure .Even and odd parts of a unit -
step function u(t] are respectively.

Q.6

Q.7

Q.8

xil) &

11
b)- 2 E.r[t]
1 1
d)- e E.r[t]
[GATE-2005]

a);.; x(t)

¢) 3.~ 3x(t)

The power in the  signal
5(t) = Bcos + (20t _'21]
4 sin (157 t) is

a) 40 b) 41

c) 42 d) 82

[GATE-2005]

The Dirac delta function 6(t) is
defined as

a) S(t):{

1, t=0
0, otherwise

b) s()=) 70
o, otherwise
c) S(t):{l' t:_O and
0, otherwise
[3(t)dt=1
0, t=0
d) S(t):{ _ and
0, otherwise

TB(t)dtzl

[GATE-2006]
A system with input x[n] and output

y[n]is given as y[n] = (sini*rm) % (n)

The system is

a) linear, stable and invertible

b) non-linear stable and
invertible

c) linear, stable and non- invertible

d) linear, unstable and invertible

non-
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Q.9

Q.10

Q.11

[GATE-2006]

The input and output of a
continuous time system are
respectively denoted by x(t) and
y(t). Which of the following

descriptions corresponds to a causal

system?

)yt = xlt — 2)x(t + 4)

b) ¥(t) = (& — 4)x(t + 1)

Qylt) =+ 4xlt—-1)

4 ¥ =t + 5)x(t + 5)
[GATE-2008]

Let x(t) be the input and y(t) be the
output of a continuous time system.

Match the system properties P P

and B, with system relations
R;R;R;R,
Properties Relation

P, :Linear but NOTtime Ry:y(t) = t*|x(®)|

—invariant

Ry:y(t) = tix(@®)]
B :Time —invariant but
NOT linear Ry, :y(t) = =]

B, :Linear and time - Ry wit) = x(t—9)

invariant

a)(P, Ry ). (B R:)(B:.R,)

b) (PR ). (% R3)(B.R,)

c) {PL,RE_}a (B RyE LRy

d) (B, Ry ). (B R.)(B,R,)
[GATE-2008]

The input x(t) and output y(t) of a

system are related as

y(t) = [*_x (x) cos(31) dr. The system

is

a) time-invariant and stable

b) stable and not time-invariant

c) time-invariant and not stable

d) not time-invariant and not stable
[GATE-2012]

Q.12

Q.13

Q.14

Q.15

Q.16

For a periodic
v(t) = 30 sin100¢ + 100c05300¢ + Gsin (500t +

n/4)
the fundamental frequency in rad/s
is

signal

a) 100 b) 300

c) 500 d) 1500
[GATE-2013]

The impulse response of a

continuous time system is given by
h(t) = 6(t - 1) +6(t - 3).The value
of the step response att =2 is
a)o b)1
c)2 d)3

[GATE-2013]
A discrete-time signal x[n]=sin(m2n),
n being an integer, is
a) periodic with period ©
b) periodic with period m2
c) periodic with period m/2
d) not periodic

[GATE-2014, Set1]

Consider the periodic square wave

in the figure shown
(1)

1

0 1 2 3 4 t

1—

The ratio of the power in the 7t
harmonic to the power in the 5t
harmonic for this waveform is
closestin value to..........c.o.u.
[GATE-2014, Set2]

A stable linear time invariant (LTI)
system has a transfer function
1
Hs) = s24+ s—6

To make this system casual it needs
to be cascaded with another LTI
system having a transfer function
Hi(s) among the following options
is

a) S+3
c) S-6

b) s-2
d) s+1
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[GATE-2014, Set4]

Q.17 A continuous time function x(t) is
periodic with period T. The function
is sampled uniformly with a
sampling period Ts. In which one of
the following cases is the sampled
signal periodic?
a) T=+/2 Ts b) T =1.2T,
c) Always d) Never

[GATE-2016, Set-1]

Q.18 The input x(t) and the output y(t) of
a continuous time system are

related as
t

y(t) = f x(u)du
=T
The system is
a) linear and time-variant
b) linear and time-invariant
c) non-linear and time-variant
d) non-linear and time-invariant
[GATE-2017, Set-2]

Q.19 Let the input be u, the output be y of
a system, and the other parameters
are real constants. Identify which
among the following systems is not
a linear system.

a)

3 2 2
3%+a13%+a23—¥+a3y: b,u +b2?j—l:+ blt(];leJ

b) y(t)zj'e“(t“)ﬁu(r)dr

c)y=au+b,b=0
d) y=au
[GATE-2018]

ANSWER KEY:

1 | 2 |3 ] 4|5 | 6 | 7 | 8] 9|10 11|12 13 | 14
@ || @ |@] @] @/ @/ @[] @]|@d]@/]D]|(d
15 | 16 | 17 | 18 | 19
051 | (b) | (b) | (b) | (<)
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EXPLANATIONS

Q1 (a) u(t) = 1
roo 3t e 2
JZ% 800 () de = £(0)
= cos '::];—D] =cosl =1 4 Uglt)
-;_
Qz (b) _
E = [ f(t)2dt "
E'= [ f(26) 2dt
= [ /) 22t = prat =) )
_E — MY
£=2 ==
—_—
Q3 (a)
vin —nglx(n —ny + 1)
(time varying) Q6 (a)
y(n) ==x(n+1) s(t) = EEDSG —2[]*rrtjl
(depends on future) 4einlSTt
ie., (1) = x(2) (non causal) =8sin20Tt+4sin157t
For bounded 1npl.1t,. system has p= 9_+4_ — 32 48 = 40
bounded output, So it is stable. S
yin) =xn),nz1
=0n=0 Q7 (d)
zxln+1)n=-1
So, system is linear.
- Ltg"'x'sfszs-;:gn"" =0
Q4 (a)
xlnd = [-4 - j5.1 + 25, 4] Q8 (9 s
x*(-n) = [4 1-2j,-4+]3] yln] = (sm Em:] * (n)
sigas (n) = L Let x[nl = &(n)
- [_,._1, _ 25_], 2_], 4 _125] o _‘,l-'['n] = zinl = U{bﬂﬂﬂdéd]
BIBO stable
.5 a
? }(Sv)en part = 220 Q9 (9
2[:)1—:3[—:) A system is causal if the output at
Odd part=——— any time depends only on values of
Here a(t) = u(t) the input at the present time and in
ult) u-l) 4 the past.
1
" Q.10 (a)
Q.11 (d)

¥y= fjxx{T] cos(31) dt
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Q.12

Q.13

Q.14

vt —1tp) = fj;tux{T] cos(3t) dr

v' (t) for input x(t — t;)is

y't) = f_txx{T —tp) cos 3tdr

v = [T % ) cos 3(x + )dt

v'(t) # y(t — t;) SO system is not time
invariant for input =x(t) = cos(3t)
bounded input

v = _ITx cos?(3t)dr

— 00ast — o

So for bounded input, output is not

bounded therefore system is not
stable.

(a)

@y = 100
6y = 300
w3 = 500

H.C.F. of w, w; and w; =

H.C.F (100, 300, 500)
e = 100 rad /sec

(b)
Step response =
impulse response

[8(t-1)=u(t-1)
[8(t-3)=u(t-3).

Att=2
y(t)=1

Integration of

(d)
x[n]:sin(nzn)
®, =T’

N:Em
®y

Where m is the smallest integer that

21 . )
converts — into a integer value.
0
0

N:Z—T;ngm
TT TU

So there exists no such integer value
of m which could make the N
integer, so the system is not periodic

Q.15

Q.16

Q.17

Q.18

Q.19

0.51
(b) .
H(s)= (52 +s—6)

The system is said to be causal if the
output at any time depends only on
present and/or past values of input.

H(s)=—

(s+3)(s—2)

The system is causal

(b)

A signal is said to be periodic if Tl is
a rational number.
Here, T =1.2T,

T=12T,

(b)
The system is linear and time-
invariant

(c)

T{u,}=au +b

pT{u,}=pau, +pb

T{u,}=au,+b

qT{u,}=qau,+qgb
T{pu,+qu,}=a[pu, +qu,]+b
T{pu,+qu,} =apu, +aqu, +b
Equation 1 + equation 2 # equation
3

Principle of superposition is NOT

being followed.
a linear system.
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GATE QUESTIONS(EE)

Q.1 A current of 54(t), is forced through
a capacitor C. The voltagev,(t),
across the capacitor is given by
a)5t b) Su()-C
c) *t d) =25

[GATE-2002]

Q.2 The rms value of the resultant
current in a wire which carries a dc
current of 10A and a sinusoidal
alternating current of peak value 20

Ais
a)l14.1A b) 17.34
c)224 A d) 30.04

[GATE-2004]

Q.3  The rms value of the periodic
waveform given in figure is

T .
YT ) RERy,

a) 246 A b) 642 A
c) /434 d)154

[GATE-2004]

Q.4  For the triangular wave from shown
in the figure, the RMS value of the
voltage is equal to

=
d) ﬂli v
[GATE-2005]

Q.5 The running integrator, given by
t
yv(t) = [x(a)da
—co

a) has no finite singularities in its
double sided Laplace Transform
Y(s)

b) produces a bounded output for
every causal bounded input

c) produces a bounded output for
every anti causal bounded input

d) has no finite zeroes in its double
sided Laplace Transform Y(s)

[GATE-2006]

Q.6 A continuous-time system is
described by y{t) = e where y(t)
is the output and x(t) is the input. y(t)
is bounded
a) only when x(t) is bounded
b) only when x(t) is non-negative
c) only for t = 0 if X(t) is bounded for
t=0
d) even when x(t) is not bounded

[GATE-2006]

Q.7  Which of the following is true?
a) A finite signal is always bounded
b) A bounded signal always
possesses finite energy
c) A bounded signal is always zero
outside the interval [—t;.t;] form
some t,
d) Abounded signal is always finite
[GATE-2006]

Linked Answer Questions 8 & 9.

Q.8 A signal is processed by a causal

filter with transfer function G(s). For

a distortion free output signal

waveform, G(s) must

a) provide zero phase shift for all
frequency

b) Provide constant phase shift for
all frequency

c) provide linear phase shift that is
proportional to frequency
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Q.9

Q.10

Q.11

d) provide a phase shift that is
inversely proportional to
frequency

[GATE-2007]

G(Z) = az”* + Bz~? is allow pass digital

filter with a phase characteristics

same as that of the above question if

a)a=p b)a=-p

c) a= B/ d) a=p-¥a
[GATE-2007]

The frequency spectrum of a signal
is shown in the figure. If this is
ideally sampled at intervals of 1 ms,
then the frequency spectrum of the
sampled signal will be

/tQI

1 KHz @
a)
[U(w)|
(v1]
b)
9 /t\ .
d)m

[GATE-2007]

Given a sequencex[n], to generate
the sequenceyln] = x[3 — 4n], which
one of the following procedures
would be correct?

a) First delay x[n] by 3 samples to
generate Z;[n] , then pick every
4™ sample of Z,[n] to generate
Z;[n] , and then finally time
reverse Z;[n] to obtain ¥[n]

Q.12

Q.13

Q.14

b) First advance =[n] by 3 samples
to generate Z;[n] then pick every
4h sample of Z,[n] to generate
Z;[n] , and then finally time
reverse Z;[n] to obtain ¥[n]

c) First pick every fourth sample of
x[n] to generatewv;[n], time-
reverse v;[n] to obtainv;[n], and
finally advancev;[n], by 3
samples to obtain y[n]

d) First pick every fourth sample of
x[n] to generatev,[n], time-
reverse v,[n] to obtainv;[n], and
finally delayv;[n], by 3 samples to
obtain y[n]

[GATE-2008]

A zero mean random signal is

uniformly  distributed between

limits -a and +a and its mean square

value is equal to its variance. Then

the r.m.s. value of the signal is

2) 5 b) =

c) a2 d) a3
[GATE-2011]

An input signal x(t)=2 + 5sin(100mxt)
is sampled with a sampling
frequency of 400Hz and applied to
the system whose transfer function
is represented by

;((ZZ))=% (11:?—1:)

Where, N represents the number of
samples per cycle. The output y(n)
of the system under steady state is

a) 0 b)1 ¢2 d)5
[GATE-2014]
A sinusoid x(t) of unknown

frequency is sampled by an impulse
train of period 20ms. The resulting
sample train is next applied to an
ideal low-pass filter output is seen
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Q.15

Q.16

Q.17

to be a sinusoid of frequency 20Hz.
This means that x(t) has a frequency

of
a) 10Hz b) 60Hz
c) 30Hz d)90Hz

[GATE-2014]

The value of fj;o e t§(2t —2)dt ,
where §(t) is the Dirac delta
function, is

1 1
a) o b) o

1 1
Ve 2e2

[GATE-2016]

Consider the system with following
input-output relation y[n]=(1+(-1)")
x[n], Where x[n] is the input and
y[n] is the output. The system is

a) invertible and time invariant

b) invertible and time varying

c) non-invertible and time invariant
d) non-invertible and time varying

[GATE-2017]

The mean square value of the given
periodic waveform f(t) is

ft)

4

27 t

37 47

Q.18

Q.19

Let f be the real valued function of a
real variable defined f(x)=x-[x]

where [x] denotes the largest

integer less than or equal to x . The
1.25

value of I f(x)dxis (up to 2
0.25
decimal places)

[GATE-2018]

Consider the two continuous-time
signals defined below :

« (1) It -1<t<1

o otherwise
1-tf -1<t<1

m(t):{ st
0 otherwise

These signals are sampled with a
sampling period of T = 0.25 seconds

to obtain discrete-time signals x, [n]

and X,[n], respectively. Which one

of the following statements is true?

a) The energy of Xx,[n]is greater

than the energy of x, [n].

b) The energy ofx,[n]is greater

than the energy of x, [n]

c) x[n] and x,[n]have equal

energies.

d) Neither x,[n] and x,[n] is a

finite-energy signal.

[GATE-2018]
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ANSWER KEY:

1 2 3 4 5 6 7 8 9
d b a a c d c c a
10 11 12 13 14 15 16 17 18
b b a c c a d 6 0.5
19
a
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EXPLANATIONS

Q.1

Q.2

Q.3

Q.4

Q.5

@
Ve@=2l i
—0

5
= z u(t)

(b)

rms value of D.C. current = 10A
rms value of alternating current
= 20/42 =102 A

~ rms value of resultant current

—_—

= ﬂ'm= £ (10224 =17.324

(a) - 1/2
Irms = [3.Jp 2®)]

]

- LS () e

Y Y

Toms

-

1aa 132 ag
ST
144 36
= E-i-T =24
s = 246 A
(a)

From the wave symmetry

b = 2@ e o0

. [ pTizat _ 4 [T¥_1
Vs =1l 7 =rmlel =
- [

Vims = 5 V

© |
vit) = fx{cx]du:x
—o0

So for bounded input and for
bounded duration (finite duration)
y(t) will be bounded.

So if signal will be causal and
bounded then y(t) may be bounded

Q.6

Q.7

Q.8

Q.9

or not since integration is from t = 0
to t = the time (maximum time) for
which x(t) has finite values.

So if x(t)=u(t) which is bounded,
output will be unbounded.

If signal is bounded and anti-causal
then integration will only for time t
= 0 for other time t > 0 signal will be
zero so output will be finite.

(d) _

y(t) = gt

e™* is always convergent even when
X" is not bounded.

~e* is bounded even through %X’ is
not bounded.

()

If the amplitude of a signal have
some finite boundaries for all values
of time then it is called as bounded
signal.

Lelflt) < oo

or lft)l = M (a finite + ve value)

for all t.

So a bounded signal may possess
finite energy or infinite energy.

For example u(t) is bounded signal
but it possess infinite energy
because it is a power signal.

It can be zero or nonzero outside a
finite interval {—tg.tp).

But it is always true that it will be
always finite for any value of time t.

]

For distortion free output phase
shift must be linear function of
frequency i.e. proportional to
frequency, this is because delay to
all frequency component will be

equal

()
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Q.10

Q.11

For distortion free output phase
shift must be linear function of @ as
will as all the frequency component
must be amplified by same amount
S0 z7t=¢¥  corresponds to
frequency w. While =z #=e%@
corresponds to frequency 3w.

In order to have same amplification

of frequency component at
w and 3w, o = B.

(b)

[U(je) |

-1kHz I 1 kHz ¢
Given that sampling interval = msec
L.e.T, = 1msec = 10" %sec

Therefore sampling frequency

1 1
=1 = == lkHz

After sampling new
frequency domain
Ur(f) = 7-Za . U(f - nfy)

signal in

= spectrum of sampled signal will be

4 | Ujom) |

(b)

yln] = x[3 — 4n] = x[-4n + 3]

So to obtain y¥[n] we first advance =[n]
by 3 unit.

i.e. Z,[nl = x[n + 3]

Now we will take every fourth
sample of Z,[n] i.e. Z;Inl =Z,[4n] =
x[4n + 3] Now reverse (time reverse)
Zy[n] will give
ylnl = Z;[-n] = x[—4n + 3]

Q.13

Q.14

Mean square value
= Jﬂ_z; 23 dx

Y .
RMS value = %
(c)

)

Given, impulse train of period 20ms.
Then, Sampling frequency

1
20x10°°
If the input signal x(t) =coso,(t)

=50Hz

having spectrum

—f f

m m
The filtered out sinusoidal signal has
20Hz frequency the sampling must
be under sampling.

The output signal which is an under
sampled signal with sampling
frequency 50Hz is

And 50 - fm =20 Hz
fm =30 Hz
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Q.15 (a) 1 2
?“f (1) dt

0T,

To find value of | e'8(2t —2)dt

_'[o ( ) 21[42x1+22x2]

4

1 16+8

Since, 8(2t—-2) ==3(t-1) = 2 =6
2

Above integral can be written as Q.18 0.5
K Given: f(x)=x—[x]

je-‘le‘)(t—l)dt:le-l:i
T2 2 26

Where, [x] represents the largest integer

Q.16 (d) less than or equal to x.
Given relationship, For 0<x<1=f (X) =X —[X] =x-0=x
y(n) =[1+(=1)"1x(n) For 1<x<2=f(x)=x-[x]=x-1
Time invariance test: So,
Since, y(n-1) # y’(n) F(x)= X 0.25<x<1
x-1 1<x<1.25

So, the system is time variant.

f(x)4
Invariability Test: 104

0.25 1

Thus, we are getting many to one

mapping between input and output. 1.25

So, the system is non-invertible. J. f(x)dx= Area or triangle I + Area of
0.25

Q.17 (6) Rectangle II + Area of triangle III

Mean square value = Power of f(t) - (1x0.75><0.75]+(0.75x0.25)+(1><o.25><o.25j
2 2

Mean square value=

=05

Hence, the correct answer is 0.5.

Q.19 (a)
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x,(0)

Sampling
—_—
T =0.258ec

x,(n)

1
0.75

A T

© —1-0.75-05-025 0 025 05075 1

x,(1)

1

Sampling
PR —
T =0.258ec

v

x,(n)

1
0.75

ol =l

-1 -075-05-025 0 025 05075 1

£, = Y [x,(n)f =07 +2[1+0.75 + 0.5 + 0.25 |

N=—o0

E, = 3 [k, (n)f =22 +2[ +0.78 +0.5 +0.25 +.0°]

n=—o0

From above equations
E,>E,

Hence, the correct option is (A).
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LINEAR TIME INVARIANT SYSTEM & CONVOLUTION

2.1 LTI SYSTEM

Signal transmission is a process whereby a
message (or information - bearing) signal is
transmitted over a communication channel.
Signal filtering purpose fully alters the
spectral content of signal so that a letter
transmission and reception can be

achieved.
Input Ouftput
signal . | LTI signal
Source or | system respornse
excitation signal
Linearity — additive + homogeneity
property
Time invariant — delayed input gives
delayed output
[LTI System =Linear + Time invariant System|
1 H{w)
I I
50 LTI Systam )
x(t) — ——¥(t) = x(t) *h(t)
I 1
x(ew) Y(w) = X(w) H{w)

Response y(t) of Linear Time Invariant is
convolution of x(t) & impulse response h(t)
of system.

0

y(t) = x(t) *h(t) = j x(r)h (t-t)dr

—o0

The convolution is commutation.
y(t) = h(t) *x(t) = j h(r)x (t-T)de

Impulse response h(t) is — response of
system when inputis §(t)

h(t) = 6(t) * h(t) = j Sh(t-1)dr
If h(t) =0 for t <0, then system is causal

Frequency response y(w) = x(w) H(w)
y(w) = Fourier transform Output

X(w) = Fourier Transform Input

H(w) = Fourier Transform of Impulse
response
H(@) - Y©)
X(®)

y(t) = %z X (0)H(w)e 'do

Inverse Fourier Transform

X(t) = '[ X(t) 8(t — t)dt|Shifting property

According to shifting property energy,
signal can be produced as superposition of
impulses

0

X[n]= 3 x(k)3[n—K]

k=-o0
The output of any Linear Time Invariant
system is convolution of the input with the
impulse response of the system.

Continuous System Discrete System

X (t]=I X(D=56=(t x[n]= Z x(k)8

—x le=—w
T)dt n-k]
y(t) =x(t)*h(t) y(n)=x(n)*h(t)
y() = [x(oht-  x[n]= x(h

—m l=—wm
T)drt n-k]

Impulse Response
5(t) LTI h(t)
Unit implse| System Impulse
as input response

h(t) = T[8(t)]
X(t) = [ x(x) 3(t-7)dr

—00
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y(t)=T [x(t)]:Tﬁ x(t) 8(t—r)dr}

—00

y(t)= T X(t) T[8(t—7)]dt (Use of linearity

—00

property)
y(t)=Ix(r)h(t—r)dr (Use of Time

—00

invariance property)

o0

y(t)=x(t)*= h(t)*x(t)= [ h(z) x(t-7)dr

—00

Step Response

u(t) 5 '-'{l y() = s(t)

T ystem [ Step
Unit ste p

as inpul;:: h(t) response

s(t) = u(t)*h(t)
= [u(z) h(t-7)dr= [ h(x)u(t-7)dr

—00

::i;h(r)dr - h(t):%

Example

s(t) = (1 -e)u(t),

Find impulse response h(t)?

Solution

Impulse response h(t) = Differentiation of
step response solve your self

2.2 THE FREQUENCY RESPONSE OF
CONTINUOUS-TIME LTI SYSTEMS

A. Frequency response:-
1

H(w)
L i
5(1) h(t)
LT1
x(t) System y(t) = x(t) * h(t)

x(w)
y(t) =x(t) * h(t)
Y(w) = X(w) H(w)
y(t) output of continuous time Linear Time
invariant system equals : = Convolution of
input x(t) & impulse response h(t)
y(t) =x(t) * h(t)

H(w)= % =/ H(w)| &' “)phase resopnse
"

Magnitude response
X (@) X(0)e™ Y (@) 1 Y (o)™
[ Y(@) | = |X(@)] [H(w)|
By(w) = Bx(w) + On(w)
if input x(t) = el
X(o) = 2m8(w - o,)
Y (®)=2n H(0)d(0—o,)
Y(t) = H(w,)e™" — eigen function
\’

eigen value

B. Distortion less Transmission:

For distortion less Transmission — exact
input signal shape reproduced at output
(may Amplitude different, delay in time)
y(t) = kx(t- ta)

y(w) = ke 7jetd X* (w)

H(w)e™ = ke "

H(w) =k, b H(w)=¢"

Amplitude of H(w) — const for entire
frequency range
Phase of H(w)
frequency

— linearly vary with

Amplitude distortion:-

| H(w) | is not constant within frequency

band i.e. frequency component of input are
transmitted with a different amount of gain
or attenuation — Amplitude distortion.

Phase distortion:-

|0, (w)|is not linear with frequency i.e.

output has a different waveform than input
signal because of different delays for
frequency components of input signal.—
phase distortion.

2.3 FILTERING
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Filtering is a process by which relative |X(W)|
amplitudes of frequency components in a —
signal are change or some frequency
components are suppressed. It exhibits
some sort of frequency selection.

2.3.1 IDEAL FREQUENCY SELECTIVE
FILTERS:-

-W¢ Wc

It exactly passes signal at one set of HPF
frequency and completely rejects the rest h(t) =

t)=0,t<0 1
band of frequency passed by filter - pass () = Vcausa |x(w)|
band of frequency rejected by filter - stop
band

1. Ideal Low pass filter:-

1
-y

|oo| < o,

|| > @, — cut off frequency W

2. Ideal High pass filter:-

Hol=[] s
H@)[=| || > @, — cut off frequency

w
W - 0 W
3. Ideal Band pass filter:- Yo 1Y
BSF
1 o, <|o| <o,
|H(03)| = . A filter should have a linear phase
0 Otherwise -~ .
characteristic for pass band of filter.

b H(w) =-wtd
All ideal — frequency selective filters are
non causal filter. It is not possible to realize

4.1deal Band stop filter:-

|H((o)| _ ( 0 o, < |60| <, physically.
1 Otherwise
|X(W)| 2.3.2 NON IDEAL FREQUENCY SELECTIVE
1 FILTERS
Continuous causal frequency selective
filters.
We +Wc R
LPF AVAVAVAVAY

+ +
X(t) i) —c y@®
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dy(t) _
RCTJF y(t) = x(t)

Hy =222
X(®) 1+ jo 1+j[mj
@y
1 4| ®
RIS )
) g
1+ —
Mg
1'2_!'
2 W
B \\\th
Works as LPF.

1. Absolute Band Width:-

Filter Band Width (BW)

BW = wc (LPF)

BW = w2 - w1 (BPF)

(HPF), (BSF) x - BW not possible

(1) 3-db (Half Power) Band width:-

Positive frequency at which amplitude
spectrum | H(w) | drops to a value equal to
H(@)/V2 [H() |

e, 0

-Wpo Wq

2w, LPF

- -W, -W, -
W -Wy 1 1 W, W,

BW=W2 - W

Signal Band W Range of Positive
frequency in which 90% of the energy or
power lies within signal band.

3-dB Band width:-
Same as filter, for signal

Band Limited Signal:-
A signal x(t) is called a band limited signal
if |x(m)| =0, (1)|>(1)m

2.4 CONVOLUTION

0

MQ:IxﬁBG—OM:xayﬁm

—00

y(t) =h(t) * x(t) = [ h@x(t—=dr

yﬁ):jha—ﬂuﬂm

—00

Steps in Convolution
(1)  Obtain limits of y(t). Sum of lower
limits <t < sum of upper limits
x(t)
1

-1 3

2<t<oo,-1to3
2 to
2to

(2) t-r1
x(t) = x(1)
h(t) - h(1)

(3) Folding (flipping)
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x(-t) or h(-1)
Shifting

x(t-1) | h(t-1)
(4)  Multiplication
(5) Integration

for all values of T, fixed t, signal y(t) output
Repeat 4 & 5 by varying t [-co to o] the
entire output y(t)

2.5 PROPERTIES OF CONVOLUTION
1) Limit of convolution Signals:
x(t)*h(t) = Tx(r)h(t —t)dt
For general x(t) SO:h(t)
= T x(t)h(t—t)dt
For causal x(tiw& general h(t)
= j X(t)h(t—1)dt

For general x(t) & causal h(t)

jx(r)h (t—)dt  for causal h(t), x(t)

2) Area property:-

Area of the convolved signal is same as
the product of the Areas of the signal to
be convolved.

y(t) =x(t) * h(t)

T y(t)dt = [ T x(t)dt]( T h(t)dt]

—00 —00

Ay = Ax x An
3) Scaling property
Ify(t) =x(t) *h(t)

ﬁ y(at) = x(at) * h(at)

y(-t) =x(-t) *h(-t)

4) Cascade connection:

x(t)=h1(t)= hz(t) = hs(t) = ha(t) »
y(t)
y(t) =x(8) *h(t)
h(t) =h1(t) * hz2(t) *hs(t) * ....... hn(t)
5) Parallel connection:
y(t) = x(t)*h(t)
h(t) = h1(t) + hz2(t) + h3 (t)

hi(t)

x(9) ot \/>_ Q)

-

hs(t)

6) Shifting Property
X(t-o) *h(t-B) =y(t-a-p)

7) Differential Property:
y(t) =x(t) * h(t) then
y (0 =x() *h (1)
or
y (0 =x () *h(t)
In general,
y(m+n)th (t) = ymth (t) * h nth (t)
y (m#njth () = (m+n)th derivative of y(t)
ymth () = mth derivative of x(t)
hnth (t) = nth derivative of h(t)

2.6 CONVOLUTION OF STANDARD SIGNAL

0

1) x(t)*8(t) = J.X(r) S(t—1)dt

—00

= T X(1) 8[-(t—1)]dt

_ T X (1) 8(t - t)dz = x(t)
2) x(0)*8(t-T) =x(t - T)

Example:

a) 6(t-2)*8()=68(t-1)

b) & (t-2)* & (t+5)=8 (t+ 5-2)=8 (t +3)
c) u(t-3)*8 (2t-3) =u (t-3) *8 [2(t-1.5)]

=u(t-3) *%5 (t-3/2)

= 1 u(t—g—Sj
2 2
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t
:%U(t—%] :efatJ’e—ardT
0
d) e3tu(t)*6(t-1) ot ot
=e3t (t- 1) u(t-1) == [e™] =——[e" 1]
=e3ted3u(t-1) 1 a a
e) e>tu(t)* 8 (t) =e>tu(t) = g[l—e*at];t >0
d
e>tu(t) *81(t) = — [eStu(t)] 1 .
dt y(t)==[1-e*]u(t)
=e5tu (1) + (-5)e5t S u(t) a
= -5e5tu’ (t) + e5t (t) i. Convolution of impulse with other =
= -Se5tu(t) + 8 (t) Impulse response
q2 ii. Convolution of step with other = Step
f) eStu(t)x 8™ (t) = el [e-tu(t)] responseiii. Convolution of ramp with
= 25e5tu(t) - 5 + &' (t) other = Ramp
N response
g) estu(t) x §m(t) = d — [eStu(t)] iv. ConV(ilution of two causal signal is
causa
Example: v. Convolution of two anti causal signal is
5 anti causal.
4
[ 1 Example
] y(t) = e™u(t) x e™u(t)
3 2 -
_3[ Voo
Solution : - x(t) h(t)
x(t) = [Su (t + 3) - 5u(t - 2) Solution
h(t) = [4 §(t+2)-35(t- 1)|] j e u(r)e " u(t-t)dr
20 ST 3 b
2 t
— e—btJ'e—au:e—ar(.j,C — e—bt
50 0 -15 0
-2 t
20 J.e—br—atd,c
5 0
= e (b-a) |t
-12 e — e
12 (b _ a) [ :|0
-15 _ e_ I:e(b_a)t _1]
Example : (b-a)
If x(t)=u(t), h(t)=e2tu(t), et —e™ o
Find Y(t)zh(t)*X(t)=7 —Wfora¢0,b¢0,t>o ifa=b
Solution: t
—bt 0 —bt .
7 e |edr=teu(t); a=b
y(t) = J. u(r)e*“ u(t—1)de ~([ E ®
—0 —at —bt
Since both are causal have a e~y (t) +e My (t) = %u(t); azb
—a

y(t) = I 1e*9dt
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ey (t)+ e bty (t) _ (e_(z:z;bt ju(t); a2b _(‘ger u(t-3)
—(t-3)u(t-3)
Example: (4)Since (1)
Evaluate y(t) = x(t) x h(t) 1 3<t<t-1,t>5
. x() u@u(t=1= (0 Otherwise

u(t—3)u(t—2—1)(t-5)u(t-5)

y(t) = tu(t)- (t-2) u(t-2)-(t-3)u(t-3) +
t (t-5)u(t-5)

h(t) Discrete Convolution :-
1) Linear Convolution
2) Circular Convolution

X(n) —* h(n) — y(n) = x(n) * h(n)

. x(n) = input sequence, h(n) = impulse
Solution : sequence & y(n) = output sequence

x(t) = u(t) - u(t-3), y(n) =x(n) *h(n)

h(t) = u(t) - u(t-2) ! w
y(t) = TX(T)h(t—r)dr y(n) = Z x(K) h (n-kK) = Z x(n-k) h (k)

—00

[U(T) u(t-3)J[ut-7)-u(t-7-2)Jde E;og(?ll:lisfl::atlve

x(n)*h(n) h(n)*x(n)
[u(z) —u(t—o)de- J;[u(r)—u(t—Z—r)]dr Z (0O h (0K - Z b x (n- 1)

K-

8'—'8 8'—.8

—j u(t-3)u(t—t)d +
% 2) Associative :-
x(n) * [f4(n) * h, (n)]

:J;u(r—3)u(t—2—r)dr - () * hy(m)]* (1)

. 1 O<t<t
Since (1) u(tju(t-1) = (0 Otherwise 3) Distributive :-
¢ x[n]* h, (n) +x(n) *h, (n)]
(1) = [1dv=[z], =tu(t) =x (n)* h, (n) +x(n)* h, (n)]
(2)u(r)u(t—2—r):(1 O<r<t.-r,t>2 4) Width -
0  Otherwise if x(n) * h(n) = y(n)

=2 X(n-N; )*x(n-N,)=yMm-N,—-N,)
_(.([ dr]u(t—Z) L — length of x(n)
—(t—=2)u(t-2) M — lengthofh(n) |>N=L+M-1|

u(r—3)u(t—r)=(1 3<T<F’t>3 N — length of y(n)
(3) 0  Otherwise N, =M_+L,
=M, +L,
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5) Limits :- i &2 & 4
x(n)* h(n) = i x(k) h (n-k) for general 1 / -3// %/ /
P
x(n) and h(n) 2 8//-6 1/ 2
=) x(k)h (n-k) 3 7/.9/6/ 3
k=0 ’ /
x(n) — causal +{16 -% /4
h(n) — general

S = |4 12,-4, 11, 4
=Y x(Kh(n-K) y(n) = [458, o ]
for x(n) — general Example :

h(n) — causal x(n)=[-2,1,-1,5,4] h(n) =[3,-2, 1, 2]

: Answer :

:K; x(k) h (n-k) y(n) =[-6,7,-7, 14, 3, -5, 14, 8]

for x(n) — causal

h(n) — causal
Procedure of  compute linear Exanjple :
convolution of finite time Sequence x(n% =
Example :

=4, -3, 2,1 4
Given that X(n) [ ] —
T 23| 5
h(n)=[1 2, 3, 4]
T
— * h(n) =

y(n)=x(n)*h(n) .
Solution :
x(n) = (-1, 2)
h(n) = (2, 1) s 5
y(n) - (-3, 3) 1 2 3
y(m) =) x(kK)h(n-k)
putting all value of n, one by one, we get Solution :
result y(n)- [0,0,0,1,1,-2,-2,1, 1]
y(-3)= > x(k) h (-3-k) 0 0

z z
=x(~1) h(-2)+x(0) h(-3)+ x(1)h(-4)
k=-1 k=0 k=1

y(-3) =4 x1=4 repeat for all value of n
y(n) = [4, 5, 8, 12,4, 11, 4]

T
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GATE QUESTIONS(EC)

Q.1

Q.2

Q.3

Q.4

The impulse response function of
four linear systems S5; 5,.5;5; are
given respectively by
k() =1

ha(t) = 22

t+l

hy(£) = u(t)

hy(8) = e 3 u(t)
Where u(t)the unit step function
Which of these system is is time
invariant, causal, and stable?

a)s; b) 5;

C) 53 d) 5:
[GATE-2001]

Convolution of x(t+5) with impulse

function §( t - 7) is equal to

a) x(t-12) b) x(t+12)

) x(t-2) d) =t + 2)
[GATE-2002]

The impulse response h[n] of a

linear time-invariant system is given

by

hin] = u[n + 3] + u[n -2]- 2u[n- 7]

where u[n] is the wunit step

sequence. The above system is

a) Stable but not causal

b) Stable and causal

c) Causal but unstable

d) Unstable and not causal
[GATE-2004]

The impulse response h[n] of a
linear time invariant system is given

das
232 n=1 -1
W2 n=2 -2
0, otherwise

h[n] =

If the input to the above system is

the sequencee’™*, then the output
is

Q.5

Q.6

a) 4\/5 ejrrn/4

C) 4 ejrcn/4

b) 4\/5 ejrtn/4
d) _4 ejﬂ:n/4

[GATE-2004]

Which of the following can be

impulse response of a causal
system?
h() 4
NI/,
a) | t
h(t)
7 .
b) | t
h(t)
/\_ 5
c) t
h(t) 4
__/\ | S
d) t

[GATE-2005]

The impulse response h(t) of a
linear time-invariant continuous
time system is described by
h(t)=exp( «t Ju(t)+exp( Bt )u(-
t),where u(t) denotes the unit step
function and « and § are real
constants. This system is stable if

a) « is positive and fis positive

b) « is negative and # is negative

c) ais positive and # is negative
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Q.7

Q.8

Q.9

Q.10

Q.11

d)« is negative and # is positive
[GATE-2008]

A discrete time linear shift-invariant
system has an impulse response h[n]
with h[0] =1.h[1]= -1h[2]=2 and
zero otherwise. The system is given
an input sequence with
x[0] =x1[2] =1 , and Zzero
otherwise. The number of nonzero
samples in the output sequence y[n],
and the value of y[2]are, respectively
a)5,2 b) 6, 2
c)6,1 d)5,3
[GATE-2008]

x[n]

A system is defined by its impulse

response h(n) =2"u(n-2). The

system is

a) Stable and causal

b) Causal but not stable

c) Stable but not causal

d) Unstable and non-causal
[GATE-2011]

Let ¥[n] denote the convolution of
h[n] andg[n], whereh[n] = [1/2)" u[n]
and g[n] is a causal sequence. If

v[0] =1 and ¥[1] = 1/2. then g[1]

equals

a)o b) 1/2

c)1 d)3/2
[GATE-2012]

Two  systems  with  impulse

responses h, (£) and h, (t) are

connected in cascade. Then the

overall impulse response of the

cascaded system is given by

a) product of h; (t) and h,(t)

b) Sum of h, (t)and h,(t)

c) Convolution of h,(t) and h,(t)

d) Subtraction of h;{t) from h,(t)
[GATE-2013]

Which one of the following
statements is not true for a

Q.12

Q.13

Q.14

Q.15

continuous time casual and stable
LTI system?

a) All the poles of the system must
lie on the left side of iw axis.

b) Zeroes of the system can lie
anywhere in the s-plane.

c) All the poles must lie within Isl=1

d) All the roots of the characteristics
equation must be located on the left
side of the iw axis.

[GATE-2013]
A continuous, linear time-invariant

filter has an impulse response h(t)
described by

3 for0<t<3
0 otherwise

h(t) :{

When as constant input of value 5 is
applied to this filter, the steady state
outputis...........

[GATE-2011, Set 1]

The sequence x[n]=0.5"u[n] is the

unit step sequence, is convolved
with itself to obtain y[n]. Then

[GATE-2014, Set 4]

The input —3e *u(t), where u(t) is
the unit step function, is applied to a

system with transfer function

s+3
If the initial value of the output is -2.
Then the value of the output at
steady state iS.......ccceueene
[GATE-2014, Set 3]

The result of the convolution
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X(—t)*8(~t —t,) is

a) x(t+t,) b) x(t—t,)
c) X(—t+t,) d) x(—t—t,)
[GATE-2015, Set 1]

Q.17

Q.16 The impulse response o an LTI
system can be obtained by
a) differentiating the unit ramp
response
b) differentiating the unit step
response
c) integrating the unit ramp
response
d) integrating the unit step response

[GATE-2015, Set 3]

Which one of the following is an

eigen function of the class of all

continuous-time, linear, time-

invariant systems? {u(t) denotes the

unit-step function).

a) e“'u(t)  b) cos(w,t)

c) e d) sin(w,t)
[GATE-2016, Set 1]

ANSWER KEY:

1 2 3 4 5 6 7 8 9 10
d C a d b d d b a C
11 12 13 14 15 16 17
C 45 4 0 D B C

© Copyright Reserved by Gateflix.in No part of this material should be copied or reproduced without permission



GAIEHIX

EXPLANATIONS

Q1 (d) yln) = -4
h(t) 20 fort<0 Q5 (b)
Therefore 5; is non causal For a causal system
hy(£) = u(t) h(t)0 fort <0
[ ha(E)dt = [Fultddt =
J§dt = o Q6 (d)
Therefore 5; is unstable h(e) = e ult) + e u(-1)
hag) = 222 li?r the system to be stable,
At t=-[1+1 |Zh(tldt <o For  the  above
h(f) = oo condition, h(t) should be as shown
Therefore 53 is unstable below.
hy(t) = e uft) hit)
5; is time invariant, causal and
stable.
2 C &
¢ £(3+5]-5.& ~ T =x(t+5-7) Therefore a <=0 &8 =0
= x(t - 2)
Q7 (d)
Q3 (a) ylnl = £ x[klh[n- K]
Br o hiK) = n<0,yn] =0
i gulk+3) + B, ulk - 2) n=0ylnl=1
257 ulk-7) n=1yln]=-1
=P J1+EE 1 n=2ylnl=3
=10+5=15 < n=3ylnl=-1
For bounded input, output.So n=4,ylnl=2
system is stable. n=>5,ylnl=0
1 1
Q4 (d) e
h(n) = 44/28(n +2) - 24/28(n + 1)
-24/28(n - 1) + +/25(n - 2) 0 >
x(n) = g™/
y(n) = z(n) = h(n) 12
= 425(n + 2)*ebnmi4 hlk]
+44/28(n - 2)° /4 +1
~2+/2[8(n + 1)"e"™ 4 0 2
+8(n - 1) ™™ !
#(n)*6(n - 2) = x(n-a) —

vln) = 443 [eM/4E+2) | g /a-2]]
"_2 [ R | 41

= g4 44/2[/2 + T2
—2+/2(™ /% 4 g% 4
= ™[0 - 24/2 = 2cos/ 4]

--ﬁ+2

-n+1
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hin - k]
Q11 (¢
n-1
Q.12 45
"2 | " 3 for0<t<3
h(t) = :
0 otherwise
Q8 (b) h(t)=3[u(t)-u(t-3
®) s (t)=3[u(t)-u(t-3)]
For causal system _qll e
hin) = 0for n= 0 H(S) 3[5 S
Hence given system is causal X(t) _5
For stability:
Z,2"=00, SO given system is not X(s) :§
stable. N S
ow,
Q9 @ Y (s)=H(s)X(s)
hlnl = {5) u[n] y _3 1 e*5
glnl =77 (8)=3"% |5
6] Steady state output
9(0) T e = Iirrgs.Y(s)
| 1_e—35
¥Tn e hln — Klg 4 _tims807%)
hi-k] 4 ~ Z_éo S S
172 41
mI ] Q13 4
Ve Q14 0
¥[0] Eie o hI-Kl g[K], N
ylo] = al0]g[0] x(t)=-3e
1=1 g[0] Laplace transform
glol=1 X (t) <> X(s)
y[11 5 o h[1 -kl g[k] 3
y[1] = nl1lglo] + nl0lg[1] x(s) =
h[1-k]will be zero for k = 1 and g[k] S+§
will be zero for k = 0 as it is causal H(s)zs;
sequence. 5+3
S=3x1+1g[1] Y (s)=X(s)H(s)
glil=0 -3(s-2)
Y(s)= oo
(s+3)(s+2)
Q10 (o) ) Using final value theorem, the
In cascade connection, steady state value of Y(s).
Hy(s) Hay(s) y ()= "mi\g(s)
=0

H(s) = H,(s). H,(s)
= his) = hy (£} = h;(f)
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Q.15 (d)
X(—t)*8(—t—ty)=x(-t)*5(t+1t,)
:X(_t_to)

Q.16 (b)

d
IR:E(SR)
Q17 (c)

If the input to the system is eigen
signal output also the same eigen
signal
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GATE QUESTIONS(EE)

Q.1

Q.2

Q.3

Q.4

Given the relationship between the
input u(t) and the output y(t) to be
y(t) = f;{? +t—1le ¥ Uulrldr

The transfer function Y(s)/U(s) is

a) ::-:: b) i:++!:;':
C) 23+5 d) 2847

3+3 (3+3)2

[GATE-2001]

Let s(t) be the step response of a
linear system with zero initial
conditions. Then the response of
this system to an input u(t) is

a) f; s (t — Thltldr

b) < [fs &~ Dul) ar]
¢) fys G- [ful)dy]de
d) [i s (6 — Du(r)de
[GATE-2002]

The Fourier series for the function
flx) = sin’x iS
a) sinx +sin 2x

C) sin2x + cos 2x (d)

b) 1 —cos 2x
d)0.5 - 0.5cos 2x
[GATE-2005]

xlnl =0n<-Ln=>0x[-11=-1xl0l=2
is the input and
ylnl=0n<-1n>2, y[-1] = -1,
yl1l.ylo]l =3.y[2] =-2
is the output of a discrete time LTI
system. The system impulse
response h[n] will be
a) h[n]=0;n<0,n> 2,
h[0]=1,h[1]=h[2]=-1
b) h[n]=0;n<-1,n>1,
h[-1] =1,h[0]=h[1] =2
¢) h[n]=0;n<0,n>3,

h[0]=-1,h[1]=2,h[2] =1

Q.5

Q.6

Q.7

d) h[n]=0;n<-2,n>1h[-2]
h[1]=h[-1]=-h[0]=3
[GATE-2006]

Let a signal asin(w,t+¢,) be
applied to a stable linear time
invariant system. Let the
corresponding steady state output
be represented  asa;F (w;t + ;).

Then which of the following

statements is true?

a) F is not necessarily a “sine” or
“cosine” function but must be
periodic with w; = w;

b) F must be a “sine” or “cosine”
function with

c) Fmustbe a “sine” function with
wy = wgand ¢ = ¢,

d) F must be a “sine” or “cosine”
function with w, = w,

[GATE-2007]

If u(t),r(t) denote the unit step and

unit ramp functions respectively
and u(t) =r(t) their convolution, then

the function u(t+ 1) = r(t — 2) is given

by
a) (1/2)(t—1)(t— 2)
b) (1/2)(t-1)(t-2)

c) 1/ —1)*ult -1)
d) none of the above
[GATE-2007]

A signal e™™ sinc(wt) is the input to a
real Linear Time Invariant system.
Given Kand ¢ are constants, the

output of the system will be of the
from Ke P sinc(vt + &) where

a) B need not be equal to « but v
equal to w
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Q.8

Q.9

Q.10

b) V need not be equal to w but g
equal to «

c) Pequalto=and vequaltow

d) B need not be equal to @ and v
need not be equal to w

[GATE-2008]

The impulse response of a causal

linear time-invariant system is given

as h(t). Now consider the following

two statements:

Statements  (I):

superposition holds

Statement (II): hit) =0 fort < 0.

Which one of the following

statements is correct?

a) Statements (I) is correct and
statement (II) is wrong

b) Statements (II) is correct and
statement (I) is wrong

principle  of

c) Both statements (I) and
statement (II) are wrong
d) Both statements (I) and

statement (II) are correct
[GATE-2008]

A signal x(t) =sinc(at) where « is a
real constant {sinc{x] =%) is the

input to a Linear tie invariant
system whose impulse response
h(t) =sinc(ft). where £ is a real
constant. If min (&g} denotes the
minimum of @ and g, similarly max
{z.p) denotes the maximum of «
and B and K is a constant, which
one of the following statements is
true about the output of the system?
a) Itwill be of the form
K sinclyt) where y = min(a, B)
b) It will be of
k sinclyt) where y = max (a. B)
c) It will be of the form k sinc(at)
d) It cannot be a sinc type of signal
[GATE-2008]

the

A system with x(t) and output y(t) is
defined by the input-output relation:
y® =[x @dr

Q.11

Q.12

Q.13

Q.14

The system will be

a) Causal, time-invariant
unstable

b) Causal, time-invariant and stable

c) Non-causal, time-invariant and
unstable

d) Non-causal,
unstable

and

time-variant and

[GATE-2008]

A cascade of 3 Linear Time Invariant

systems is causal and unstable.

From this, we conclude that

a) Each system in the cascade is
individually causal and unstable

b) At least one system is unstable
and at least one system is causal

c) At least one system is causal and
all systems are unstable

d) The majority are unstable and
the majority are causal

[GATE-2009]

A Linear Time Invariant system with
an impulse response h(t) produces
output y(t) when input x(t) is
applied. When the input =x{t—t} is
applied to a system with impulse
responseh(t — 1), the output will be
a) ylz) b) y(2(t — )
c)ylt—1) d) yt—21)
[GATE-2009]

Given the finite length input x[n]
and the corresponding finite length
output y[n] of an LTI system as
shown below, the impulse response
h[n] of the system is

hin] —»
a)hln]l ={1,0,0,1}  b)hlnl ={1,0.1}
c)hln] ={1,1,1,1} d) hin] = {1,1,1}

[GATE-2010]

The system represented by the
input-output relationship
v = _IF_E'::x (tdr.t = 0is

a) Linear and causal

© Copyright Reserved by Gateflix.in No part of this material should be copied or reproduced without permission



GAIEHIX

b) Linear but not causal
c) Causal but not linear
d) Neither linear nor causal
[GATE-2010]
Q.15 Given two continuous time signals
x(t) = et and y(t) = e~ which exist for
t = 0, the convolution z(t) = =t} = ¥(t)

is
a) gt b) gt
c) e* d)ets+e ™

[GATE-2011]

Q.16 Let v[n] denote the convolution of
h[n] and g[n], where h[n] = [1/2)" u[n

] and g[n] is a causal sequence. If

v[0]=1 and »[1] = 1/2. theng[1]
equals

a)o b) 1/2

c)1 d) 3/2

[GATE-2012]
Q.17 The input x(t) and output y(t) of a
systemt are related as
y(®) = [__x () cos(31) dr. The system is

a) time-invariant and stable

b) stable and not time-invariant

c) time-invariant and not stable

d) not time-invariant and not stable
[GATE-2012]

Q.18 Consider the differential equation
d*y(t)  _ dy(t) _ .
= Tl g +y(t) = 8(t) with
¥(&)teg- = —2and & =0.

dtly=p—
The numerical value of %| _is
t=0

a) -2 b) -1
c) 0 d)1
[GATE-2012]
Q.19 Two  systems with  impulse
responses h, (£) and h,(t) are
connected in cascade. Then the

overall impulse response of the
cascaded system is given by

a) product of h, (t)and hy(t)

b) sum of h,(t)and h; (%)

Q.20

Q.21

Q.22

Q.23

c) convolution of h,(t)and h,(t)
d) subtraction of h;(t} from h,(t)
[GATE-2013]

The impulse response of a system is
h(t) =tu(f). For input u(t—1). the
output is.

a) Su(y) b)

ft—11
tit LLII:t—l:I

d) =ue-1)
[GATE-2013]

0) ::":ﬂ: u(t— 1)

The impulse response of a

continuous time system is given by

h(t) = 6(t -1) +6(t - 3).The value of

the step response att =2 is

a)o b)1

c)2 d)3
[GATE-2013]

X(T) is non-zero only for Tx <t < T’x,
and similarly, y(t) is non-zero only
for Ty < t < Ty . Let z(t) be
convolution of x(t) and y(t). Which
one of the following statements is
TRUE?

a) Z(t) can be non-zero over an
unbounded interval
b) Z(t) is non-zero for t< Tx+ T’y
c) Z(t) is zero outside of Tx+ Ty <
T'x+ Ty
d) Z(t) is non-zero for t> T'x> T’y
[GATE-2014]

For a periodic square wave, which

one of the following statement is TRUE?

a)

b)

c)

d)

The Fourier series coefficients do
not exist

The Fourier series coefficient exist
but the reconstruction converges at
most point.

The Fourier series coefficient exist
but the reconstruction converges at
no point.

The Fourier series coefficient exist
but the reconstruction converges at
every point.
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Q.24

Q.25

Q.26

Q.27

[GATE-2014]

Consider an LTI system with
impulse response h(t)=e>t u(t). If
the output of the system is y(t) =
e-3tu (t) - e>t u(t) then the input, x(t)
is given by

a) e3tu(t)
c) e>tu(t)

b) 2e-3tu (t)
d) 2e-tu (t)
[GATE-2014]

For the signal f(t)=3sin8nt + 6 sin
12wt+ sin 14 mwt, the minimum
sampling  frequency (in Hz)
satisfying the Nyquist criterion
is

[GATE-2014]

A moving average function is given
by y (t) =2 J,_,u(t)dr. If the input u
is a sinusoidal signal of frequency %

Hz, then in steady state, the output y
will lag u (in degree) by

[GATE-2015]

For a linear time invariant systems
that are Bounded Input Bounded
Output stable, which one of the
following statement is TRUE?

a) The impulse response will be
integrable, but may not be
absolutely integrable.
b) The unit impulse response will
have finite support.
c) The unit step response will be
absolutely integrable.
d) The unit response will be
bounded.

[GATE-2015]

Q.28 Consider continuous-time
system with input x(t) and output
y(t) given by

Y(t)=x(t) cos(t)
This system is

Q.29

Q.30

Q.31

a) linear and time-invariant

b) non-linear and time-invariant
c) linear and time varying

d) non-linear and time varying

[GATE-2016]

Let z(t)=x(t)*y(t), where “ * *
denotes convolution. Let c¢ be a
positive  real-valued  constant.
Choose the correct expression for
z(ct).

a) Cx(ct)*y(ct)
b) b) x(ct) * y(ct)
c) Cx(t) *y(ct)
d)C x(ct) * y(t)
[GATE-2017]

A continuous time input signal x(t)
is an eigen function of an LTI
system, if the output is

a) kx(t),where k is an eigen value

b) ke'x(t),where k is an eigen

value and eis a complex

exponential signal.

) x(t)e* where e'is a complex
exponential signal

d) kH(w)where k is an eigen value
and H(o)is a frequency response of

the system.

[GATE-2018]

The signal energy of the continuous
time signal

© Copyright Reserved by Gateflix.in No part of this material should be copied or reproduced without permission



GAIEHIX

ANSWER KEY:

1 2 3 4 | 5|6 |7 | 8|9]|10 11|12 |13 | 14
d | B | [d | @ [[@d|(©][@E|@]|@][[d]|®)]][]|Mb
15 | 16 | 17 | 18 |19 | 20 | 21 [22 |23 |24 |25 |26 |27 |28
@ | @ [ ([ [ (][ [B)])]®B)] G| ]| 90°) (|
29 | 30 | 31
@ | @ [ (@
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EXPLANATIONS

Q.1

Q.2
Q.3

Q.4

@
y'it:] = fD{E +t— e ¥ Tylde
vt} = [(2 + e ] s ulz)

AHGE) ==+

+3  (3+3)°

~T.F.= H(s) = =2

(b)

@
fin) = sinx Qs
for finding the fourier series
expansion

H:x:] — Siﬂ:x — l—E::lE:}{

=03 — 0.3 cos 2x

(a)
For infinite duration convolution
X[n] have M terms
h[n] have N terms
they, y[n] should have terms (M+N-
1)Here, x[n] = {-1,2} 1
ylnl = {-1,3,-1, -2}
1
So, h[n] should have only 3 terms
and h[n] have value starting from
origin or [n=0] only because y[n]
have value start from [n = —1]
= Consider option (1)
12
1 |-, 2.7 2 Q.7

s

A

,
-1 [1 -2 °
s W

AY

7

-1 1 .2
”~
”

ylnl = {-1,3,-1, -2}
So option (a) is correct.

Q.5 (d)

Input =  |H|20, |—— Output Q.8

The effect of linear time invariant
system is best understood by
considering that, at any given input

frequency w; the output is
sinusoidal at same frequency, as the
input applied, with amplitude given
by output =|HIx input and phase
equal to ¢; = ¢y + ¢, where |[H| is
the magnitude of the frequency
response and ¢y is its phase angle.

Both |H|&#$y are functions of
frequency.
(c)

ult + 1) = r(t — 2)
:J‘ rit—2ut+1-1)dr

—==

z(t) = Jﬂ_it:lj r(t — 2dr
z(t) = JF:::HI:' rit — 2)dr

for (t+1)=2
[t+13

z{t) = (ﬁ — 21) i
— % [—‘1"['] é‘t+1.:|
for t=1

:f[{t+1]=—+{t+13—++8]
z{ﬂ:%[t:+2t+1—f}t—4‘+‘ﬂ

for t=1
2(t) = 2t — 1)2
for t=1

= z(D) = f{t —1)%ult - 1)

()

S ) ofp
&% sinwt —» System  |—pke™®

; sin(wt + )

Frequency (w) to (output) must be
equal to input frequency (w) while
8" will depend on system

parameters and need not be equal to
o,

(d)

Since system is causal therefore its
impulse response will be zero for
t=0,

So statement -II is correct.
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Q.9

Q.10

= since system is linear it also
satisfies the principle of
superposition.

So both the statement are correct.

(@)
x(t) = sinclat) = s, [mat]

hit) = sinc(pt) = s, [npt]

x(t) = sz, [mat]
1o
o=
h(t) = s, [nf]
]
= Hjw) = _n[I:_ 5

y(t) = h(t) * x(t)
= Y(jw) = X(jo) H(jw)

/o
Y(o) = _KL_- if o < B
1/
o Y(o) = _ml__ui ifB <o
So y(t) = %sglﬁmﬂ ifa<p
y(E) = %sinc{aﬂ if w<p
or yit) = isinc(ﬁﬂ ifp<a

so output is of the form k sin c{yt)

where y = min{a, B)

(d)

First of all we will check for
causality

y® =[x ®dr

so for t = -2

v(—2) = ffxx (tdx

so output depends on future values
of input along with past and present
values of input so system is non-
causal.

Let us find output for shifted input
x(t— tg)

vt = f__x:tx (t —tpldr

y@ = [T % @ dr.. (i)

Q.11

Q.12

Q.13

Now shift the output by t; then

vt —to) = [0 ¥ x Ddr...(ii)

so from eq. (i) and (ii)

vt} = yit — )

Therefore system is time variant.
Non-causal and time variant is
present only in option (d).

b
gir?ce is cascade overall impulse
response hit) =h, (£) = hy (t) = hy(t)
h, (), h, (0, hy (t) are impulse
responses of individual systems.
Since initial point where h(t) is
nonzero is t=0 and since in
convolution initial point.

=ttt +ta
where, t;. t;,t; are initial points of
h, (£). b, (£}, hy (t) respectively.

So, for it to be greater than or equal
to zero at least one of them t. ti.ts
must be +ve i.e. greater than zero so
atleast one of them must be causal.
Similarly if one (atleast) of the

system become unstable then
overall system will become
unstable.

(d)

Case 1:7(s) = H(s).X(s)
Case 2 : input
®t—1) = X(=) e ™
Impulse response
hit—t) = H(s).e ™™
Output T(s) = X(s). e T H(s)e ™
= X(s). H(s). e~527
= yit — 21)

(c)

xn]l ={1,-1}, M =2
1

yln]l = {1.0,0,0, -1},
1

N, =35

Since output has — no. of elements
N,=M+N-1

Where N is number of elements in
impulse response h[n]
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Q.14

Q.15

Q.16

s3=2+N-1
N=4

Letitbe a;.a;.b,.b
ylnl = [ay. (a; —a,),
(by — 2;). (b; —by). —b;]

1
Comparing with
y[n]l = [1,0,0,0, -1]

1
3, =1
3, =a =1
b, =a, =1
by =h, =1
Therefore
h(n] ={1,1,1,1}

T
(b)

Integrator is always a linear system.
Since
vt = f_E'::x (tdr t=0

fort=1
v =[x (Ddr

here value at t = 1 depends on future
values like att = 2, 3, ....... Of input

x(t).

So it is noncausal system.

()
xs) = — y()=—

z(s) = x(s). y(s)

1 1

a+1 S+2
1 1

5+1 2+2
Z':t;] = E—t _ E—:t

(a) )
mlnl = (2) uln]

2

glnl =77

y[n Zie_. hln — klg[k]

k]

Q.17

Q.18

Q.19

y[0] B h[-K] g[K],

yl0] = rl0lg[0]

1=1 g[0]

glol=1

yI11 Zi_o k(1 - K]l g[k]

y[1] = h[1]g[0] + h[0]g[1]

h[1 - k] will be zero for & = 1 and g[k]
will be zero for k= 0 as it is causal
sequence.

% - %x 1+1g[1]

glil=0

@

yv= [ _x(7) cos(31) dr

vit—tp) = f_t;tux{T] cos(31) dt

v' (£} for input x(t — t;)is

vy = f_txx{T —tp)cos3tdt

v = Jﬂ_i:tujx (T)cos3(T + tD:]dT

y'(t) £ y(t — t;) so system is not time
invariant for input =x(t) = cos(3t)
bounded input

vt = f_tx cos? (3)dt

— 0ast — oo

So for bounded input, output is not

bounded therefore system is not
stable.

@

T+ 280y =50

= 52 Y(s) — sy(0)

=y (0} + 2[sY(E -y + Y =1
=YE)[s2+2s +1] (s x -2)
-y -G2x-2)=1

= Y(s)[s?+25s +1] = —25 -3

— Y':S:] — —-15=3

+za+l
-1 1

s+1  [z+1)2

=Yt = -2t —tet

—d:';':::' =-2et—(—tet+e™
— et gt
dy(n) _ _
c |t=n__1+u_1
(c)

In cascade connection,
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H(s) Ha(s)

H(s) =H,(s). Hy(s)
= h(s) = h,{t) = hy(F)

Q.20 (c)

h(t) = tult)

H(s) =3L:

—  Ym _1

U[s‘_‘u_ 32

YE =5

=y(t) = %u(t— 1)
Q.21 (b)

Step response =Integration of
impulse response

Jolt-1) =u(t-1)

[6(t-3)=u(t-3)

A y(t)

Q.22 (Q)
X(t) is non-zero for Tx <t < T'x
and y(t) is non-zero for Ty <t < T’y
Qz(t)=x() ®y(t)

Then the limits of the resultant
signal is

T +T, <t<T'+T',
Q.23 (B)
Q.24 (B)

Impulse response of LTI system

Q.25

Q.26
Q.27
Q.28

Q.29

= transfer function

_Y®) _

_X@_Hw

Where, y(t) =e'u(t) —e'u(t)
1 1

Y =————
©) s+3 s+5

~ 2
 (s+3)(s+5)
Also, h(t)=e™
1

S H(s) = 515)

Therefore, X(s) = %

2
“(5+3)(5+5) |
2
 (s+3)

- Input = x(t) = 2e*'u(t)

14

Fmi1=4Hz

Fm2 =6 Hz

Fm3 =7Hz

(s+

5)

Then minimum sampling frequency

satisfying the nyquist criterion is = 14 Hz

900
(D)
(9]
(A)

Time scaling property
convolution.

If, x(t) = y(t) =z(t)
then, x(ct) * y(ct) = %z(ct)

= z(ct) = cx x(ct) * y(ct)

of
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Q.30 (a)

If the output signal is a scalar
multiple of input signal, the signal is
refereed as an eigen function (or
characteristic function) and the
multiplier is referred as an eigen
value (or characteristic value).

If x(t)is the eigen function and Lis

the eigen value, then

y(t)=ax(t).

Hence, the correct option is (A).
Q.31 (d)

We know that,

r(t)=tu(t)

Put t=t-1=r(t-1)=(t-1)u(t-1)

output

Put
t=t-2=r(t-2)=(t-2)u(t-2)

Put
t=t-3=r(t-3)=(t-3)u(t-3)

Put
t=t-4=r(t-4)=(t-4)u(t-4)

Given:

f(t)=(t-u(t-1)—(t-2)u(t-2)

—(t-3)u(t-3)+(t-4)u(t-4)

f(t)=r(t-1)-r(t-2)-r(t-3)+r(t-4)

1-0 0-1
f‘[f]—ﬂ=j[f—13 f(f)—1=m[f—3}
Jr)=t-1 fli)=—t+3+1

f(t)=—t+4

E= T £ (1) dt = j(t—l)2 dt+i12dt+i(4—t)2 dt

1
2 3 4 2
E-= j(t2 +1—2t)dt+j12dt+j(16+t2 —8t) dt
1 2 3

4

£ S £
E =[§+t—t2] +(t), +(16t+§—4t2j

1 3

E :[§+2—4—1—1+1j+(3—2)
3 3

+(64+6—;—64—48—9+36j

E=2
3
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GATE QUESTIONS(IN)

Q.1

Q.2

Q.3

Q.4

Given,
X(t) * x(t) =texp (-2t) u(t)
The function x(t) is
(a) exp (-2t)u(t)
(b) exp (-tJu(t)
(c) texp(-t) u(t)
(d) 0.5 exp(-t)u(t)
[GATE-2006]

The Fourier series for a periodic
signal is given as

x(t) = cos(1.2nt) + cos(2nt) +cos(2.8xt).
The fundamental frequency of the

signal is
a) 0.2Hz b) 0.6Hz
c) 1.0Hz d) 1.4Hz

[GATE-2006]

Consider the periodic signal
x(t} = (1 + 0.5c0s40xt,) where t is in
seconds. Its fundamental frequency,
in Hz is
a) 20
c) 100

b) 40
d) 200
[GATE-2007]

The signals x(t) and h(t) shown in
the figures are convolved to yield

y ().

o
-—
N

F-Y
-~

Which one of the following figures
presents the output y(t)?

/l/ym\

1
: st
1 3 5

_11 v

a)

Q.5

Q.6

Q.7

F 3

b)
'PY(U
14
/l . >t
1 1 3 5
C) r
:r'“t)
1k
//\ 34 s,
-1 1 2 %
d)

[GATE-2007]

The step response of a linear time

invariant system is y(t)=5 e10t u(t)

is the unit step function. If the

output of the system corresponding

to an impulse input §(t) is h (t), then

h(t) is

(a) -50e-10t y (t)

(b) 5 e10t§5(t)

(c) 5u (t) - 50 e 10ty (t)

(d)56(t) -50e10ty (t)
[GATE-2008]

The fundamental period of

xl(t) = 2sin2nt + 3sindnt,

with expressed in seconds, is

a) 1s b) 0.67s

c) 2s d) 3s
[GATE-2009]

For input x(t), an ideal impulse

sampling system produces the

output

Y()=X0- o x(kT)8(t — KT)

where §(t) is the Dirac delta

function.

The system is
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Q.8

Q.9

Q.10

Q.11

a)

L
c)me

Q.12

a) Non-linear and time invariant
b) Non-linear and time varying
c) Linear and time invariant

d) Linear and time varying

[GATE-2009]

The integral f_too 5(t — %) 6sin(t) dt
evaluated to
a6 b)3 )15 d)o

[GATE-2010]

The input  x(t) and  the
corresponding output y(t) of a
system are related by

5t .
y(£) [__x(z)dz The system is

a) time invariant and causal

b) time invariant and non-causal

c) time variant and non- causal

d) time variant and causal
[GATE-2010]

The continuous -time signal
x(t) = sinwyt is a periodic signal
.However, for its discrete time
counterpart x[nl = sinwyn to be
periodic , the necessary condition
is
a)0 = wy,<2n
b) = to be an integer

]

c) = to be a ratio of integers
o]

d) none
[GATE-2011]

The integral
L [* 2e 2 §(1-20)dt is

m —
equal to

1 e~1/8
8V2m
-1/2

1 -1/8
bz €
d)1

[GATE-2011]

Consider a system with input x(t)
and output y(t) related as follows
y() = Sl tx(t)}

Q.13

Q.14

Q.15

Q.16

Which one of

statements is TRUE?

a) The system is nonlinear

b) The system is time —-invariant

c) The system is stable

d) The system has memory
[GATE-2011]

The input x(t) and output y(t) of a

the following

system are related as
y(t)= f_too x(7) cos(37) dr The
system is

a) time-invariant and stable

b) stable and not time-invariant

c) time-invariant and not stable

d) not time-invariant and not stable

[GATE-2012]

Two system with impulse responses
hi(t) and hz(t) are connected in
cascade. Then the overall impulse
response of the cascaded system is
given by

a) product of h1(t) and h2z(t)

b) sum of h1(t) and h2(t)

c) convolution of h1(t) and hz(t)

d) subtraction of h1(t) and hz(t)

[GATE-2013]

For a periodic signal v (t) 30sin100t
10cos300t +6 sin (500+%) , the

fundamental frequency in rad/s is

a) 100 b) 300

c) 500 d) 1500
[GATE-2013]

Which of the following statements is

NOT TRUE for a continuous time

causal and stable LTI system?

a) All the poles of the system must
lie on the left side of the jw-axis

b) Zeroes of the system can lie
anywhere in the s-plane

c) All the poles must lie within |S|=
1
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d) All the roots of the characteristic
equation must be located on the
left side of the jw-axis.

[GATE-2013]

Q.17 Assuming zero initial condition, the
response y (t) of the system given
below to a unit step input u(t) is

U{s) > % > (s)
a) u(t) b) tu(t)
c) % u(t) d) e 'u(t)

[GATE-2013]

Q.18 The impulse response of a system is
h(t) = tu(t) . For an input u(t - 1),
the output is

a) %u(t) b) @u(t—l)

(t—1)2u q t? -1

C) > ) TU (t-l)

[GATE-2013]

Q.19 The impulse response of a
continuous time system is given by
h(t) =8(t-1) + 6 (t - 3) . The value
of the step response att =2 is
a)o b) 1
c)2 d)3
[GATE-2013]

Q.20 The fundamental period of the
signal x(t)=2 cos (2—;'[) 2+ cos(Tt),

in second,is ___s.
[GATE-2015]

Q.21 A periodic signal x(t) shown in the
figure. The fundamental frequency
of the signal x(t) in Hz is

Q.22

Q.23

10 o 10 20 > 1)
[GATE-2017]
1]t|<2
0ft|>2
Let 5(t) denote the unit impulse

(Dirac-delta) function. The
value of the integral

in(t—3)5(t—4)dt is

Consider signal X(t):{

(a) 2 (b)1
(©) 0 (d) 3
[GATE-2018]

Two periodic signals x(t) and y(t)
have the same fundamental period
of 3 seconds. Consider the signal
z(t) = x(-t) + y(2t + 1). The
fundamental period of z(t) in
seconds is

a)l b) 1.5
c)2 d)3

[GATE-2018]
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ANSWER KEY:

1 2 3 4 5 6 7 8 9 10
(a) (a) (a) (d) (d) () (d) (b) (c) ()
11 12 13 14 15 16 17 18 19 20
(a) (c) (d) (c) (a) () (b) () (b) 6
21 22 23

1 (a) (d)
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EXPLANATIONS

Q.1

Q.2

Q.3

Q.4

(a)

Given,

x(t) * x(t) =t exp(-2t) u(t)

taking Laplace transform on both
the sides we get,

1
X(5): X() = =557
1
X(S)_(s+2)
Taking inverse Laplace transform of
X(s) is
X(t)=exp(-2t) u(t)

(a)

fi=086Hzf, =1Hz:f, = 1.4Hz
=~ Fundamental frequency of
x(t) = f =0.2H=z

f, = 3.f, = 3 harmonic;

f, =5 f; = 5th hormonic

(a)

X)) = (1 + 0.5c0540mt ) cos200mt
= cos200mt + 0.5cos40mt cos200mt
= cos200xt + 0.25c0s5160nt +

.25 cos240mt

= x, (8] + x,(8) + 2,8

Where, x, = cos200mt

xy = 0.25c05160mt

xy = 0,25 cos240nmt

Now, T, =time period of x, (¢}
g 1

= =—=3
200w ipD

T, =—s

= ED

I, = s

= 120

Now, fundamental period of x(t0 is

the LCM of T, Ty and Ty, which is is

So, fundamental frequency =20Hz.

(d)

y(&) = x(t) = h(t)

z(tland h(t) are shown in Fig.1 and
Fig. 2

Q.5

Q.6

Q.7

Fig. 1
1
e l T W t
Fig. 2

Fig. 4
x(t) =150t +213 — 150t — 1), y(®
=5t +1)=hit) — 80t — 1) =h(p)
Use the properties of convolution:
§(t) =h(t) =h(t)
5t ¥ 1) +h(®) =hEF 1)
y@® =hit + 1) —h(t— 1)
The resultant of the triangles in Fig.
3 is shown in Fig. 4

(d)
Step response s(t) =5u(t)e-10t
Impulse response h(t)zdz(tt)

ds d{5e 10ty(t)
- h(t) = d—i:%

=-50e-10ty(t) + 5 e 10t du(t)/dt
=-50 e10t y(t) + 55(t)dt

(9

x(t) = 2sin?mt + 3sind3wt
Period of 2sin2mt is 1
Period of 3sindnt is 2/3
-~ Period is 2 sec

(d)

Given signal is

© Copyright Reserved by Gateflix.in No part of this material should be copied or reproduced without permission



GAIERIX

Q.8

Q.9

y(t)=2k=—o0o X(KT)&(t — kT)

This is the representation of a signal
x(t) in weighed and sum form and it
obeys the principle of superposition
and homogeneity. So, this is linear
but it is time varying as for as x(t-
to),

y'(t) = X x(kT — to)6(t — kT)

and y(t-to)= Y, x(kT)S6(t — to — kT)
Therefore y(t-to)# y'(t), so time
varying.

(b)

Given signal is
x(t)=/", 8(t — %) 6sin(t)dt

By shifting property of unit impulse
function

_ _x(t); t1 <tp<t,
fx(t)5(t tﬂ)dt_{ 0; elsewhere

7,8 —D6sin(t)dt = 6sinZ= 6 x
1% =3

(9 )
@ -y = [T _
Value of y at ‘t’ depends on value of
x for times from —c to 5t

As output is depending on future
value of input, the system is Non
causal

For the input
5t
2,0 = x(t — tg),y, (O =f D ()

x(DdT e (1)

a3t
¥, (8 = J‘ (T — £ 0AT v e (3)
From (1),

slt—tg)
yE—t) = f AT e e (4)
Let T, =1 — tpin (3)
From (3),
5t

yo(t) = j w2l dr v e (3)

T=—z=

As (4) & (5) are not same, the
system is Time variant.

= The system is Time variant and
Non causal.

Q.10

Q.11

Q.12

Q.13

Q.14

(9

If x(n) is periodic with period N,
then the condition to be satisfied is
x(n) = x(n + N)

If x[n] = sinwsyn Then the necessary

condition is
sin{wyn) = si ﬂ[mn{ﬂ + Nyl

Or = =Z =ratio of integers Or
m

g

wy should be expressible as 2x {;)

(a)

\F J.t e 5 1-2t)dt
By using property
[ f(t)s(t—t,)dt=f(t,)

Here , t, =%

(9

Given the system,

y(e) = i{e'rx{t]}

yi(t) = e lx() ] + [—x(t)e™"]

=gt [&x(ﬂ - .r{t]]

As y(t) is obtained from linear
operation on x(t) , the system is
linear. As the input x(t) is multiplied
by a time varying function e the
system is Time-varying. For a
bounded input =x(t).e "x(t} is
bounded, ¥(t) is also bounded,
Therefore the system is stable .As
y(t) depends only on x(t), the
system has no memory.

(d)
()
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Q.15

Q.16

Q.17

Q.18

()

o, =100rad /sec fundamental
3w,= 3 300 rad / sec third harmonic
S5w,= 500 rad / sec fifth harmonic

(c)

For an LTI system to be stable and
causal all poles or roots of
characteristic equation must lie on
LHS of s-plane i.e., left hand side of j
o -axis. [Refer Laplace transform].

(b)
Integration of unit step function is
ramp output

u(s) ——————> —> v(s)

Writing fn time domain

u(t) ———"u(t) > y(t)
y(t) =u(t) * u(t) = tu(t)
()

) —— ey 5 e

Q.19

Q.20

—ult)

LTI system
For LTI system, if input gets delayed
by one unit, output will also get
delayed by one unit.

u(t-1)- %u(t- 1)

(b)
h(t) =68 (t-1)+8 (t-)
u(t)

— |'I|'t]|| — l}r[t]

y(t)=u(t-1)+u(t-3)
y(2)=u(1)+u(-1) =1

(6)

o — H.CF@2nm) =
° LCM@BD) 3
2t W

—=—=>T=06sec
T 3

Q.21

Q.22

x(f)

(1)
f=

=1Hz

e

1
T
(a)

Given, x(t) :{

1|t|<2
0 [t|>2

2x(t-3)
B
—

Q.23

2 I 3 5

2x(t-3)5(t-4)=26(t-4)

[2x(t-3)5(t-4)dt=2

0
Wa(t 4)

| 4

 Z

(d)

x(t) > T =3seconds

x(—-t) > T =3seconds
Time period does not change
due to time reversal

y(t) > T =3seconds
y(t+1) > T =3seconds
Due to shifting time period
does not change

y(2t+1) > T =1.5seconds
Signal will get compress by
factor of 2.

Thus x(—t)+y(2t+1)will
have time period

T= LCM(L5,3)=3
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GATE QUESTIONS(IN)

Q.1 Given x|n] =Sir;¥, the energy of the
signal given by Yo _, |x[n]|? is
a) =< b) Tw,
c) Infinite d) 2 ntw,

[GATE-2003]

Q.2  Given h[n]=[1,2,2], f(n) is obtained
T
By convolving h[n] with itself and
g[n] by correlating h[n] with itself. Which
of the following statement is true?
a) f[n] is causal and its maximum value
is9
b) f[n] is non-causal and its maximum
value is 8
c) g[n] is causal and its maximum
value is 9
d) g[n] is non-causal and its maximum
value is 9
[GATE-2003]

Q.3 The fundamental period of the
sequence X[n] = 3sin(1.37n+0.57) +
5sin(1.2 n) is

a) 20 b) 1%
2T

[GATE-2005]

Q.4 Consider the discrete - time signal

x(£) = G)nu[ﬂ] where uln] = {é: i g .

Define  the  signal y[nl as

vlnl = x[-n], —e0 < n < = .Then
o _.vyIn] equals.

a)-3 b) 3

0 d)3

[GATE-2007]

Q.5 The fundamental period of the
discrete-time signal x[nl = /% /" is
] 12
a) = b) =

Q.6

Q.7

Q.8

Q.9

Q.10

)6 d) 12
[GATE-2008]

Which one of the following discrete

-time system is time invariant?

a)ylnl = nx[n] b) ¥[nl = x[3n]

c) ylnl = x[-n] d) ¥lnl = x[n - 3]
[GATE-2008]

Consider a discrete-time LTI system

with input x[nl = &[n]l + §[n— 1] and

impulse response

hln] = &[n] — 8[n—1]. The output of

the system will be given by

a)&lnl —&[n—2]

b) &[nl — &[n — 1]

c)dln—11+d[n-2]

d) 6lnl + 6ln — 1] + 6[n — 2]
[GATE-2008]

Consider a discrete -time system for
which the input x[n] and the output
y[n] are related as
_‘}-‘[rl]=x[n;|—§y[n—l]. If
ylal = 0 for n < 0 and x[n] = 5[] then
yInl can be expressed in terms of the
unit step uln] as

a)5)" uln] b) ) ufn]

c)(3)"uln] d) (-3)"uln]
[GATE-2008]

Let y[n] denote the convolution of

h[n] and g[n], where

h[n]=(1/2)"u[n] and g[n] is a causal

sequence. If y[0] = 1 and y[1]= %,

then g[1] equals

a)0 b)1/2 )1 d)3/2
[GATE-2012]

The discrete-time transfer function
1-2z71 .

——— s

1-0.5z71
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Q.11

Q.12

a)non-minimum phase and unstable

b) minimum phase and unstable

c) minimum phase and stable

d) non-minimum phase and stable
[GATE-2013]

The impulses response of an LTI
system is given as:

®
—n=0
_ o
sin® n
£ n=-0
n

[t represents an ideal

a) non-causal, low-pass filter

b) causal, low-pass filter

c) non-causal, high-pass filter

d) causal, high-pass filter
[GATE-2014]

The signal x[n] shown in the figure
below is convolved with itself to get
y[n]. The value of y[-1]

is

[GATE-2016]

J

sinusoid

Q.13 The fundamental period N o of the
discrete-time

&

x[n]=sin

[GATE-2016]

ANSWER KEY:

2 3 4 5 6
a d a C d d
9 10 11 12 13
a d a 2 8
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EXPLANATIONS

Q.1

Q.2

Q.3
Q.4

Q.5

Q.6

()

The Fourier transform of
sinc function is gate signal
shown below :

o0

Energy = ZL I |x (w)|2 do

72.—@
:izlda)
1

(d)
h[n]*h[n]=f[n] = {L 48,8, 4}

g[n]=h[n]*h[-n]={2, 6, % 6, 2}

So g[n] is non causal having maximum
values 9.0

()

(9

Given x(n) = {%]“u[n]

and y[n] = x(-n), -0 < n < w

Ty T Q) uln) =

EE:-:’:{%T‘ =1 +%+]1—E+]1—3+---
Firstterm 1 3

T 1-Common ratis 1% Tz

(d)

n 2 2
ﬂ':tl:] — EIS-|:|E|:| — EE'DED — Elm?u

Fundamental period =N=12

(d)

y[nl = x(n — 3)represents a time delay
system with delay =3 secs.

[t is a Time invariant system as can
be confirmed from the following
Test. Test for time -invariance:

Q.7

Q.8

If v, (n) = x(n —ny), then the sytem is
time invariant For the given system
X(N)=y(n0=X(N-3) eccvrrrrirerrnne (1)

x,n) =xln —ny) = y,(n)

=x,(n—3) =x(n -3 —ny)

From (1),

yin —ny) =xln —n, —3)
= Yi{[ﬂ

(a)
X@=1+2z""1
mdHE) =1-2z"¢
+Y(E) =XGE).HE)
=1-z"=yln]
= §[n] — 8[n - 2]
(a)

Given

y(n) = x(n) —%y{n —1)y(n)

=0n=10

yin) +§y(n— 1} = x(n)

Q.9

Take z-transform:
y@ 14327 =x(2)
TF=HE =12=——=

Xz 1.+;z'1

]
L
wi

For the given

x(n) =8(n). Xz =1

2Y(E) =

Use the standard Z.T. pair:
2" uln) _'i’ lzl = |a]

y(a) = (=) ulnl, 2! > 2

(a)

Given g [n] is a causal sequence

.. g [n] will be zeroforn<0
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Where m is the smallest positive
integer that makes integer.

e El
Xxm|—m
1Y 301n 301
and h[n] = (Ej ufn] If m =301, then N=8

1\
tom EIRLEL

0 ;n<0

yInl = ¥ glklh[n—k]

— N=2nx

h[0] =1 , h[1] —_, h[2] =%

[
Y10 = o[0] o]+ o]+ .

1+0+0 +.....

0

—

]
=g[0]
[0] =1

[1] = g[ [h[1]+g[1] h[0]+ g[2]h[-1]+....

<<Q'—‘

=1~§+ g[1]-1+0

L
2
= g[1] =0

Q.10 (d)
Q11 (a)

It is non-causal, since

h[n]¢0forh<0

It is an low-pass filter

Q12 (2)
x(n) = {1,1,-1} (-1<n<1)

Y(n) = x(n)* x(n) ={1,2-1,-2,1}
Y(-1)=2

Q.13 (8)
In discrete case

2
0,N=2mm = N= T
@
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FOURIER SERIES & FOURIER TRANSFORM

3.1 TRIGONOMETRIC FOURIER SERIES

A periodic function f(t) can be expressed in
the form of trigonometric series as

f(t)=%a0+alc05mot+a2 COS 2@, +a, CoS3w,t +....

+b, sinw,t+b, sin 2c,t + b, Sin3w,t +......... (3.1
2

where 0)022nf:?n, f is the frequency

and an and bn are the coefficients. The

Fourier series exists only when the

functions f(t) satisfies the following three

conditions called Dirichlet’s conditions.

i) f(t) is well defined and single-valued,
except possibly at a finite number of
points, i.e.,

ii) f(t) must have only a finite number of
discontinuities in the period T.

iii) f(t) must have a finite number of
positive and negative maxima in the
period T.

Equation: May be expressed by the Fourier
series

f(t) =a,+ Y a,cosno,t+ Y b, sinnayt....(3.2)

n=1 n=1

where an and bn are the coefficients to be
evaluated.
Integrating equation 3.2 for a full period,

we get

TI2 TI2 T2

[ f(tdt=a, [ dt+ [ > (a,cosnwgt+b,sinne,t)dt
-T/2 -T/2 -T/2 n=l

Integration of cosine or sine function for a

complete period is zero.
T/2

Therefore, I f(t)dt=a,T
-T/2
TI2

Hence, a, :% I f(t)dt

-T/2

.
or, equivalently a, = %If(t)dt
0

Multiplying both sides of equation 3.2 by

cos m m,tand integrating, we have
T/2
I f(t) cosm o,t dt
-T/2
1 T/2 T2 «
== I a, Cos M, tdt + _[ Zan COS Nw,t cos M, tdt
T -T/2 _T/2 n=1
T2 o
+ I Db, sin no,tcos me, tdt
~-T/2n=1
TI2

-T/2
T/2
j a, Cos N, t cos mam,dt
-T/2

T/2
a
== j [cos(m + n)w,t + cos(m —n)w,t]dt
-T/2
0, form=n

=T
—a,, form=n
2
T/2 bn T/2
j b, sinnm,tdt = — j [sin(m+n)m,t
-T/2 2 -T/2

—sin(m—n)o,t]dt =0
TI2 Ta
Therefore, J. f(t) cosn o,t dt = Tﬂ
-T/2

Form=n
T/2

Hence, a, :$ .[ f(t) cosn o,t dt...(3.4)

-T/2

.
or, equivalently a, = %J.f(t) cosn o,tdt
0

Similarly, multiplying both sides of
equation 3.2 by sin m w,tand integrating,
we get

TI2 l T/2

J. f(t)sin mo,tdt = — j a, Sin Mo, tdt
-T/2 2 -T/2

T2 &
+ J' D" a, cos Ny, tsin mo,tdt +

-T/2n=1
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T2 o

+ J Db, sin ney,tsin ma,tdt
-Tr2 n=1
TI2
Here, — J. a,Sinmaytdt=0
-T2
TI2

j a,cosnmytsinmae,tdt=0
-T2

T2 0, form=#n
b_sinno,tsinmo,tdt=
}",2 " ° ¢ lbn form=n
2
Therefore

T/2 T
J. f(t)sinm o, tdt=—Db, ,form=n
-T/2 2

T/2

Hence,bn=£ [ f@sinneytdt (3.5)
T -T/2
or, equivalently,

2T
b, :?_([f(t)smnmotdt

The numbern=1, 2, 3,....... Gives the values
of the harmonic frequencies.

3.2 SYMMETRY CONDITION

i) If the function f(t) is even, then f(-t) =
f(t). For example, cos t, t%, t sin t, are all
even. The cosine is an even function,
since it may be expressed as the power
series

2 4 6
Costzl—t—+t——t—+ ......

2! 41 6!
The waveforms representing the even
functions of t are shown in figure.
Geometrically, the graph of an even
function will be symmetrical with
respect to the y - axis and only cosine
terms are present (d.c. term optional).
When f(t) is even,

jf(t)dtzzjf(t)dt

The sum of product of two or more even
functions is an even function.

ii) If the function f(t) is odd, then f(-t)=-
f(t) and only sine terms are present (d.c.
term optional). For example, sin t, t3, t
cost are all odd. The waveforms shown

in figure represent odd functions of t.
The graph of an odd function is
symmetrical about the origin. If f(t) is

odd, J.f(t)dt:O. The sum of two or

more odd functions is an odd function
and the product of two odd functions is
an even function.

iii) If f(t + T/2)=f(t), only even harmonics
are present.

iv) If f(t+T/2)=-f(t), only harmonics are
present and hence the waveform has
half - wave symmetry.

/NN

= D.C. + Even symmetry + Half wave symmetry

AAA

= 0dd symmetry + Half wave symmetry

= 0dd symmetry 4+ half wave symmetry

= D.C. + half wave symmetry

= D.C. + even symmetry 4+ half wave symmetry

Example: Obtain the Fourier components
of the periodic square wave signal which is
symmetrical with respect to the vertical
axis at time t = o, as shown in figure.

Solution: Since the given waveform is
symmetrical about the horizontal axis, the
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average area is zero and hence the d.c. term
ao = 0. In addition, f(t) = f(-t) and so only
cosine terms are present, i.e., bn = 0.

£(t)

+A

=Y

t 0
-Ti2 |-Ti4 T2

T-A

2 T2
Now, a, == [ f(t)ycos n w,tdt

-T/2

where
-A, from -T/2<t<-T/4
f(t)=<+A, from -T/4<t<+T/4
-A, from +T/4<t<+T/2
Therefore,

2N ~T/4 T/4
a, =?{ I (—cosno,t)dt + I COS N, tdt

-T/2 -T/4

T/2
+ I (—cos nwot)dt}

Ti4
. ~TI4 . Ti4
_2A|( —sinnayt N sin no,t
T nw, nw, ).,
. TI2
(—sm nwotJ
_I_ -
Ne, Ti4
2A . (—anT] . (—nwOT]
= —=SIn +SIn
no,T 4 2
. [ no,T . (=N, T . (no,T
+SIn —=SIn —3SIn
4 4 2
. (nonﬂ
+SIn
4

8A (—nc)OT) 4A . (na)OTj
= Sin - Sin
no, T 4 no, T 2

When o, T = 27, the second term is zero

for all integer values of n.

Hence,
8A . (nm) 4A . (nm
a,=——sin| — |=—sin| —
2nm 2 nm 2

ao=0 (d.c. term)

T 2 N

4A .
a,=—-sin(x)=0
,=Zsin(r)

4A (371) 4A
a;=—s:sIin| — |=——

3 2 3

Substituting the values of the coefficients in

Equation 3.2, we get

Example: Obtain the Fourier Components
of the periodic rectangular waveform
shown in Figure.

‘ 1 .

TR T4 T4 T/ t
Solution:- The given waveform for one
period can be written as

f(®
A

0, for -T/2<t<-T/4
f(t)=<A, for -T/4<t<T/4
0, for T/4<t<T/2

For the given waveform, f(-t) = f(t) and
hence it is an even function and has bn = 0.
The value of the d.c. term is

2 ¢ o T 2A T
a, == [ fdt =< [ Adt="2x_=A
=7 [ fod =2 ] T 2

-T/2 -T/4
TI2

an:E I f(t)cosnm,t dt
T—T/2
T4

2
=T J. Acosno,tdt

-T/4
. T/4
_ ZA{sm nmot}
T now, |,

A sin(nw,T/4)
now,T

When o, T =2n, we have

2A . (nnj
a, =—sin | —
nm 2
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=0,forn=2,4,6,.......

_2A t0rn=15913, ...
nm

_2A forn=3,7.1115, .
nmw

Substituting the values of the coefficients in
Equation 3.2, we obtain

f(t) :%+£(005m0t—%cos3mot +%c055coot— ...... j
T

3.3 COMPLEX OR EXPONENTIAL FORM
OF FOURIER SERIES

From equation 3.2, the trigonometric from
of the Fourier series is

f(t)=a, +_(a, cosna,t+b, sin net)

n=1
An alternative but convenient way of
writing the periodic function f(t) is in
exponential form with complex quantities.
Since

jnapt +e—jnm0t
COS N w,t =
2
. jnogt _e—jnwot
sinn o,t = .
2]
Substituting these quantities in the

expression for the Fourier series gives

0 ejn(uot + e—jnmol ) ejnwot _ e—jnmol
f(t)=a, +Zan [— +Zbn —_—
n=1 2 1 2

J
. (an — jbn)ejm)Ot (an + jbn)eijnoJOt
=a,+ Z;( > + )

Here, taking cn = % (an-jbn)

1
C-n == (an - jbn
2( jbn)

Co =ao

Where c-n is the complex conjugate of cn.
Substituting expressions for the
coefficients an and bn from Equations 3.4
and 3.5 gives

T/2

C, =£ _[ f(t)[cosnw,t — jsin ne,t]dt

T/2

== j f(t)e "ot dt

T/2
and ¢ == j f (t)[cos nw,t + jsin ne,t]dt
T -T/2
1 TI2

=— j f () dt

with f(t)=c +Zc el 4 Z c e

N=—o0

where the Values of n are negative in the
last term and are included under the >
sign. Also, co may be included under the >
sign by using the value of n= 0. Therefore,

f(t)=> c,e™
N=—ow0

PARSEVAL’S IDENTITY FOR FOURIER
SERIES

A periodic function f(t) with a period T is
expressed by the Fourier series as

f(t)=a, +_(a, cosna,t +b, sinnw,t) Now,
n=1

[FOF =af(t)+ Y [2,f(t)cosno,t

+ b f(t)sinno,t]

Therefore

T/2 T2

a /2

= j FoPde =3/ [ [f (©]dt

_T/2 -TI2

T/2 T/2

+—Z{an [ f(t)cosnwytdt+b, j f(t)sin no,tdt

T n=1 -T/2 -T/2

From Equations 3.2, 3.3 and 3.4, we have
T/2

== j f(t) dt
—T/2
T/2

b, _2 [ (1) cosn wqt dt
T -T/2
T/2

:E I f(t) sinn o,t dt
7T/2
Therefore, substituting all these values, we

get
_TJ-[f(t)] dt_(—J +%i(a§+bf)

This is the Parseval’s identity.
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POWER SPECTRUM OF A PERIODIC
FUNCTION
The power of a periodic signal spectrum

f(t) in the time domain is defined as
T/2

== j [F(O)] dt
7T/2
The Fourier series for the signal f(t) is

0
_ z Cnejnmot
N=—o0

According to Parseval’s relation, we have
T/2

== j [f ()]? dt

=2 j [F(0)]° Zc "' dt

7T/2
TI2

= | f(e"dt

n=—c -TI2
o0
= 2. Gl
n=—0
2
= .|, watts

N=—o0

The above equation becomes

a, )} 1 2

(T"j +E;(aﬁ+bﬁ):2|cn|
=,/a’+b2, (n>1)

Thus the power in f(t) is
P=_...#|Ccn|%+.....+|C-1|2+|co|2+.....4|Cn | 2+

Here, ¢, =|-%and c,

Hence, for a periodic function, the power in
a time waveform f(t) can be evaluated by
adding together the powers contained in
each harmonic, i.e., frequency component
of the signal f(t). The power for the nth
harmonic component at n w,radians per

sec is|cn|? and that of -n @, is|cn|?. For the

single real harmonic, we have to consider
both the frequency components = n w,.

Here, cn = c-n and hence |cn|? = |ca|2. The
power for the nth real harmonic f(t) is Pn =
|cn|2 + |cn|? = 2|cn|?

The effective or RMS value of f(t):

Using Equations the RMS value of the
function f(t) expressed by Equation 3.1 is

2
Frms: & +laf+la§+ ..... +lbf+lb§+ ........
2 2 2 2 2

Example: Determine the
exponential following signals.
a) x(t) = cos wot

b) x(t) = sin wot

= T
c) x(t) = cos(Zt + 4)

d) x (t) = cos4t + sin6t
e) x (t) = sin?t

complex

f)x(t) = 2+c0527+4sm%

Solution:
1, . _
t — t - —jowot —jwot
a) x(t)=cos o, —>2(e +e )

0

X()= 3 e

h=—w
n=0,co=0, ck=0, | k|#1

1

n=1c¢ =—

2

n=-1c¢,=

1 .
b t t joot —jowot
) X(t)=sin o,t > - (e —e)

J
:_ie ju)ot_l_ejwot
2]
Clzi_,c1 = C,=0,|K|=1
2]

c) x(t)=cos (Zt +%} Wo =2
Z e ejku)ot Z C ejZkt
X [t] = %{ej[m“j + ej(m“q

— Z C eJZkt

k=—00

4e*j2t
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—iejneJZt
2]
c :ieiﬁ _11+) :Q(“ i) 3.4 FOURIER TRANSFORM
i A2
1 ,E 11— \/E( ) FOURIER TRANSFORM PAIR
C,- N2 o
2\/_ The function X(w) defined by Equation is
called the Fourier transform of x(t), and
_ equation defines the inverse Fourier
d) x(t) = cos4t + sin6t transform of X(w). Symbolically they are
l ! denoted by
4 6 - Lio
wo = G.G.D. (4, 6) = 2 X(w)=F{x(t)} =] x(®)e™dt
=3 gkt = 3 g e x(t)=FH{X(0)! == [* X(0)e"do
o= (=F (o) =5 ] x@
L e ey L e et and we say that x(t) and X(w) form a
x(t)= —(e € )+—(e —€ ) Fourier transform pair denoted by
_ g g Lo, Lo <0 Hf(m)
2] 2 2] X(o) = I x(t)e'dt  Fourier Transform
- i c e .
k=—o0 X(w) :i J' X(w)e ™dw  Inverse Fourier Transform
c.-_ Lt ot 1. _1 2
BT T T Ty X(t) & X(w)
and all other ck =0 T —joft
x(f) = | x(f)e*"df
e) x(t)=sint _izcosat 1 l( e 4o ) _'[o
2 2 4 w
i ¢ et i C et o =2 X(t) = j x(f)e " df
n=-owo k=—o0 O -
1 1 -1
C,= E,Cl = C,= 7 FOURIER SPECTRA
f) X(t) 2+Cosﬂ+4sin@ The Fourier transform X(w) of x(t) is, in
3 general, complex, and it can be expressed
_ i c glnoot as X(o) = [X(w)|e"*
n=—o By analogy with the terminology used for
C —2— i c ey the complex Fourier coefficients of a
o T =T 3 periodic signal x(t), the Fourier transform
nE % , . X(w) of a non-periodic signal x(t) is the
_¢€ ‘t+e ® iej?n‘ _e S frequency domain specification of x(t) and
2 2j is referred to as the spectrum (or Fourier
LI spectrum) of x(t). The quantity |X(w)| is
_e° +e? 2 e+i§X5 +e*i§X5 called the magnitude spectrum of x(t), and
2 j ¢(m) is called the phase spectrum of x(t).
Co=2Cz=2Cp=2cs =-2j, C-5 =2j If x(t) is a real signal, then from above Eq.
) 2' 2' )

we get
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X(-0) = j_°° x(t)eldt

Then it follows that

X(~o) = X* (o)

| X (o) [F X(w) |

¢(-®) = —¢(®) odd function of w

Hence, as in the case of periodic signals, the
amplitude spectrum | X(w) | is an even
function and the phase spectrum () is an

even function of w

odd function of w.
CONVERGENCE OF FOURIER TRANSFORMS

Just as in the case of periodic signals, the
sufficient conditions for the convergence of
X(w) are the following (again referred to as
the Dirichlet’s conditions):

1. x(t) is absolutely integrable, that is,

TI f(t)] dt < oo

2. x(t) has a finite number of maxima and
minima within any finite interval.

3. x(t) has a finite number of
discontinuities  within any finite
interval, and each of these

discontinuities is finite.
Although the above Dirichlet’s conditions
guarantee the existence of the Fourier
transform for a signal, if impulse functions
are permitted in the transform, signals
which do not satisfy these conditions can
have Fourier transforms.
— Fourier Transform is defined for
stable and energy signals.
— Area under signal is observed :-

X(0)=j x(t) dt spectrum at zero, near (w=
0)
— Area under Spectrum is observed :-

Orx(0)= j X(w) dw signal at (t = 0), value x
— The physical existence of a signal is a
sufficient condition for the existence of its
transform.

3.5FOURIER TRANSFORM OF STANDARD
SIGNAL

Example
x(t)=eatu(t) a>0

Solution
\ a=i

X(w) = | eatu(t) ejotdt

& e—8

X(0) = [ee dt = [e" )t
0 0

~ e—(a+jw)
~(a-jo)
E
X(0)=—=
(0)-E
eu(t) <> ——— Fourier Transform
a+jo
1 ®
X (@ =—,<Xoa:—tanl(—j
| ()| Vat + o’ a

w—=
Even function of w
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r\.'||_-_]

<X (w)

0dd function of w
Conjugate Symmetry Property

If g(t) is real function of t, then G(w) and
G(-w) and complex conjugates, that is G(-
w) = G*(w)
Therefore |G(-m)| = |G*(m)|

Bg(w) = - Bg(w)
Thus for real g(t), the amplitude spectrum
|G(co)| is even function and Og(w) phase

section is an odd function of w

3.6 PROPERTIES OF THE CONTINUOUS -
TIME FOURIER TRANSFORM

Basic properties of the Fourier transform
are presented in the following. Many of
these properties are similar to those the
Laplace transform

A. Linearity

a,x, (1) +a,x,(t) & a,X, (o) +a,X, (o)

B. Time Shifting

X(t—t,) <> e X()

Equation shows that the effect of a shift in
the time domain is simply to add a linear
term - wto to the original phase spectrum
0 (w). This is known as a linear phase shift
of the Fourier transform X(w).

C. Frequency Shifting

e 'x(t) <> X(0—w,)

The multiplication of x(t) by a complex

exponential signal e''is sometimes called
complex modulation. Thus, Equation shows
that complex modulation in the time
domain corresponds to a shift of X(w) in
the frequency domain. Note that the
frequency-shifting property Equation is the
dual of the time-shifting property Equation.

D. Time Scaling:
x(at) <> ix(ﬂj
la] \a

Where a is a real constant. This property
follows directly from the definition of the
Fourier transform. Equation indicates that
scaling the time variable t by the factor a
causes and inverse scaling of the frequency
variable w by 1/a, as well as an amplitude
scaling of X(w/a) by 1/|a|. Thus, the scaling
property implies that time compression of
a signal (a>1) results in its spectral
expansion and that time expansion of the
signal (a<1) results in its spectral
compression.

E. Time Reversal

X(-t) © X(-o)

Thus, time reversal of x(t) produces a like
reversal of the frequency axis for X(w).
Equation is readily obtained by setting a = -
1 in Equation

Example : Find Fourier Transform of x(t)?,
x(t) =eatu(-t),a>0

Solution: x(t) « X(w)

x(-t) « X(-w)
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In Fourier Transform property only phase
spectrum charge.

X () = T x(t)e ot

—00

T x(-t) eletdt
:f x(t) real
X(-w) =x(-t)

Example: Find Fourier Transform of x(t) ?,
x(t) =58(t)

Solution:
2T

X(w)= [8(t)e*"dt=1

X(w)=1
x(w)

—

Impulse in time domain because constant
in frequency Domain.

ANY TRANFORM OF IMPULSE IS ONE

Example : Find Fourier Transform of x(t) ?,
x(t) = ealtl a>0
Solution: x(t) = e2tu(t) + eat u(-t)

1 2
a
A © /h
| | x(w)

Even
1 1
x =
X(w)= 22 |X (0))|,< X (0)=0

a’+

Example: Find Fourier Transform of x(t) ?,
x(t) =eu(t)—eu(-t)
Solution:

1 1

a+j” a-—-j°

X(®) =

N

For signam function, magnitude spectrum =

Sgn(t) =Lim x(t)=Lim e®u(t)-Lim e™u(-t)

a—-0 a—-0 a—-0
= [u(t) - u(-9] =Sgn(t)
) . -Jjo
Lim X =Lim

(@) =Lim—1°
a—-0 a—-0

2l 2

Son(1) ===

Important points to be remember :
1) sinc (x) is an even function of x
2) sinc(x)=0,forx=%nm,n=1,2,3,4,5
3) Using L - hospital rule, Sinc (0) =1
4) sin cx is product of or oscr Signal sin x
(T=2m) and monotonically decreasing
.1
function —
X
Therefore sin c(x) exhibits sin. oscr or
period 2m with amplitude decreasing

. 1
continuously as —
X

Sin ¢(x)

/) ]

X —>
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Example: Find Fourier Transform of x(t) ?,

x(t)= Arect(%)

Solution:
A

T T

;
X(0) = j Ae Tt
-T

—jot
%)

pioTi2 _ gjoT/2
“Al— =
JO)

:%sin(mT) =2TA
®

sinoT

=2TAsinc(oT)

[.  Practical BW of sin c(t) is 2?”

II. Both positive and negative w be

together called as spectral width = éfr_n

[II. Null to Null BW is % (zero crossing

BW)
IV. A signal can’t be time limited and
frequency band limited simultaneously.

Example: Inverse Fourier transform of
X(w)=8(0)
Solution:

Inverse Fourier transform =

(o) & Joto

) et =—

2—1n<—>8(0))

1> 2713(w)
Spectrum of const signal g(t) =
impulse 2m8(o) i.e. g(t)=1, is a d.c. signal

1 is an

which has a single frequency w = 0

Example: Find Fourier Transform of x(t) ?,
a) X( ) J(J)Ot
1> 2713(w)

e o 213 (0-o,)
b) e—ijI

e " & 218 (0-o,)
joot e—j(not

2j
© 2%_[2758((0 - ®,) - 2md(0 + o,)]

c) x(t)=cos o,t =

-] [nS(oo - o,)-md(® + (00)]
o -j[mé(w-wo)-Téd (W + wo)]
Sin wot & -1 [§(w - wo) =& (w + wo)]

Example Find Fourier Transform of
following signal if f(t) & F(w) ?

1) f(s(t)+§]: F(3t+7)

2) f(3t-7)
3) f(-3t-7)
4) f(-3t+7)
Solution :
f(t) & F(w)

o0 32

F(w) = j f(t) e-lotdt

-0

1) Flo)= jf(3t+7)e ‘“’(P37]dt

3t+7:P—>t:E
3
3dt:dp:>dt=d?p
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_ jf(P)e ,w(P 7jdp

3 )3
oP ol
= _[f(P)e el &
b 3
o -2 dp

2) F(w) —f(3t +7)e‘j°’tdt

3t—1:P—>t:%

3) Flo)= [ f(-3t-T)e™dt
3t-7-P>t=—'_P
3

—3dt:dp:>dt:—d?p

el

4) Fo)= j f(=3t+7)e dt

3t+7=P>t=1"P
3

=P

Jre e

F. Duality (or Symmetry):
The duality property of the Fourier
transform has significant implications.
This property allows us to obtain both
of these dual Fourier transform pairs
from one evaluation of Equation.
X(t) e 21 x(-w)

Example:
Find Fourier Transform of x(t) =£t ?
T
Solution: Sgn(t) <—>:_i
jo

2
2 > 2mSgn (-
o n Sgn (-o)

2 :
£ oS
. j Son (o)

Example: Find Fourier Transform of

x(t)=2lsm c(t;-]

T

Solution: Arect l < AT Sinc il
21 2

AT sin C(E) < 2t A rect(ﬁJ
2 T

T . tT ®

—sinc| — |« rect| —

27 2 T

b E—
\/\ \,\ “/
l i -2_-' 2,., 4"
2 2 T T T
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1 Find Fourier Transform of x(t)=u(-t)?
5 , Solution: u(—t)—>u(t)<—>718(oa)+_i
.r/-\ 5 | | J/\'lu T L W J(D
U ."\_/ 7 2 1
- u(-t) o 3 (-0)---
=z o
Example U(-t) © mdn(w)-—
i jo
Find Fourier Transform of x(t) :Slntat ?
T
Solution: G. Ddiff((:)rentiation in the Time Domain
X .
sinat t ATsin(D—T dt © JoX(©)
2
nt Arect (?] < oT Equation shows that the effect of
2 differentiation in the time domain is the
T multiplication of X(w) by jw in the
. T Arect (lj - 2sin o frequency domain.
_2 ® H. Differentiation in the Frequency
2'S'tn ta o rect(;—m] Domain:
a . X(w
sinat © =ix(®) © d( )
©  rect (—j ©
it _ 2a Equation is the dual property of
a smtat o rect(zgj Equation.
T a a
T xX(w) I. Integration in the Time Domain:
' | 1
[* x(dt > nX(0)3(e) L X(0)
\ A - Jo Since
= E/\\J"J WA w integration is the inverse of
B -a A differentiation, Equation shows that the
_ _ frequency-domainoperation

x(t)=u(t)? integration is multiplication by 1/jw,
but an additional term is needed to
account for a possible dc component in
2n((o) 1 2 the integrator output. Hence, unless

Solution: u(t) = xe (t) + Xo(t) =%+%sgn (t)

Fourier Transformu (t) = +—Xx— X(0) =0, a dc component is produced by
2 2 Jo the integrator.
=13(o) +_i J. Convolutio
Jo X, ()X, (1) © X, (@)X, (0)
= < ; se0 Equation is referred to as the time

= convolution theorem, and it states that
t S — convolution in the time domain
T becomes  multiplication in  the

) frequency domain. As in the case of the
Example Laplace transform, this convolution
property plays an important role in the

© Copyright Reserved by Gateflix.in No part of this material should be copied or reproduced without permission



GAIEHIX

study of continuous-time LTI systems
and also forms the basis for our
discussion of filtering.

K. Multiplication
1
X1(0X, (1) € - X, (0) X, (0)

The multiplication property is the dual
property of Equation and is often
referred to as the frequency convolution
theorem. Thus, multiplication in the
time domain becomes convolution in
the frequency domain.

L. Additional Properties:
If x(t) is real, let
X(t) = X, () + %, ()
Where xe(t) and Xo(t) are the even odd

components of x(t), respectively. Let

X, (t) <> X(») <> A(») + jB(w)

Then

X(-m) = X*(w)

X, (1) <> Re{X ()} = A0)

X, (1) > jIm{X(w)} = jB(w)

Equation is the necessary and sufficient
condition for x(t) to be real Equations
and show that the Fourier transform of

an odd signal is a pure imaginary
function of w.

Time domain | Frea domain

real |E¥ER €¥en | peal
odd odd
N
d
odd odd
g even even tmag,

M. Parseval’s Relations:
| : X ()X, (A)dh. = j_°° X (2%, (%)

| © X (t)x, (t)dt _ L | © X (W)X, (~0)do
1 2n = 1

o 2., 1 ¢
I Ix@f dt [ (X X (X (o)

Equation is called Parseval’s identity
(or Parseval’s theorem) for the Fourier
transform. Note that the quantity on the
left-hand side of Eq. is the normalized
energy content E of x(t) Parseval’s
identity says that this energy content E
can be computed by intergrating
|X(w)|? over all frequencies w. For this
reason |X(w)?| is often referred to as
the energy-density spectrum of x(t),
and Eq. is also known as the energy
theorem.

Parseval’s Relations: - x(t) & X(w)

T 2 1 7 2 2
E = .[|x(t)| dt:Z_nI|X(®)| doa|X ((o)| =
ESD (Energy Spectral Density)

3.7 FOURIER TRANSFORM OF PERIODIC
SIGNAL :

Periodic Signal is not absolute integrable its
Fourier Transform cannot be determine
directly. It can be approximated from
Exponential. Fourier series representation.

Example : Find the Fourier Transform of a
periodic signal x(t) with period To
Solution:

2wp Wy wo 2wo Iwg

x(t)= i c.e " o, _2n
h=-w T()

X(o)=2n i ¢ 8a(w - BWO)

The Fourier Transform of a periodic signal
consists of a sequence of equidistant

© Copyright Reserved by Gateflix.in No part of this material should be copied or reproduced without permission



GAIERIX

impulses located at
frequencies of the signal.

the

harmonic

Example: Find the Fourier Transform of

periodic impulse train

5y ()= 3 5 (t-nTo)

6To (t) = Ti i gjrwot

0 h=—x

PROPERTIES OF FOURIER TRANSFORM
Table 3.1 Important properties of the Fourier Transform

1 . 1
Ck =T_0J-8(t) g -jawot (t =-|-_O
2T <
F[STO (t)] = T_ Z 0 ((1) - H(Do)
0 h=-o

81, (1) > @, i S (w - BWo)

Thus, the Fourier Transform of a unit
impulse pulse train is also similar impulse
train.

Operation f(t) F(jw)
Transform f(t) 2 _
j f(t)e Tdt
Inverse transform 1 e vl
Z—R_J;F(Jco)e do F(jo)
Linearity af, (1) + bf, (t) aF, (jo) + bF, (jo)
Time-reversal f(-t) F(~jo) =F (jo),f(t) real
Time-shifting (Delay) f(t—t,) F(joo)e
Time-Sealing f(at) 1 F( jg)j
o] \a
Time-differentiation d" (jo)"F(jo)
-f(1)
dt
Frequency- (=JOf () dF (jw)
differentiation do
Time-integration F 1_,.
8 [f) = F(jo) + TF(0)3(c)
~ Jo
Frequency-integration 1 e .
— f(t “a
i (t) jf(;w )do
Time convolution 2 F(jo)F (j
LOO = ROtk | IR0
Frequency convolution f(t)e! F(jo—jo,)
(Modulation)
Symmetry F(jt) 21t ()
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Real-time function

f(t)

F(jo) = F*(-jo)
Re[F(jo)] = Re[F(-jw)]
Im[F(jo)] = - Im[F(-jo)]
| F(jo) = F(-jo) |

¢f (Jo) =—¢f (jo)

Parseval's theorem

E= T|f(t)|2 dt

3 1 % o
E—2—n£|F(J®)| do

Duality

If f(t) < g(jo),
theng(t) © 2nf (- jo)

Table 3.2 Fourier Transform of some important signals

Sl. | Time domain f(t) Frequency domain F (jw)
L. f) E(i)
T(l} A
. Pt o(t—t,) g loto l
0| t, o .
i i
2. 1(t) F(jo
27T
g Jout 21 (m—w,) T T
ul 55} :;
3. Fija)
m T
COS m,t [d(o+o,) +3(0-o,)] T T
Eternal cosine -0, 1 e a
4. f(t) F(jad
T
N - /\ [ » | Sino,t E[S( o)) -3(0+0,)] T
/ \./ N \j t J 0= 0 O+, Im.. 0 0, ’S
Eternal sine -t
. fit) & F(jo)
1
1 2710(m) 2
0 > 0 :
6. f(t) A F(jo)
LI f(H) =son(t) = — | =
_ It] | jo
0 - -
I lo o
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7. {
l{tj}k F(j )
1
1 u(t) 8 (w) +— j &\
[
0 g @ (.-J:
8. f(t) F(jc)
i 1 1/a
e *u(t) a+jo
> |0 »
1] t
ER F(io)
2a
; n galt a’+o o
-1/a 0 1a t -:I 0 ;l >
Double exponential | @
10 fit) A Fje
\h a+jo
0 \f\uﬂ > | e cosmptu(t) (a+jo)’ +o; -
s -y |“ oy @
11 () A ATSinc (ﬂj IE (o)
2 A
A 1
T T T
Al o3|
T
ol N
TR 2 anT
12 i) & Fijr
. f(t)=1,f0F|tI_ST oT sin(wT) i
=0, otherwise oT
fO)=u(t+T)-u(t-T) = 2Tsinc(wT) \ /.
. ° ¢ 2n\ ST ‘ -CM,“G
2
13 fit) A f(t):A{ —Q}JHST Sinw—T Fjed
2
A =elsewhere AT oT AT
2
/ . _ ATsinc? (co_Tj ST AT [0 2T T ig
-1 0 T 1 2
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14 1) Ao
t 1
®, ®,
—SINCc| —
= T ( T j U(w+ ;) —u(o—w,)
Mol v 0, P o e
Since pulse
15 fi ) ) Fijo
= T — in
o(t—nT —_— ol o—— W
Tae-m | F S0 2]
R TEIET o
Impulse train .
16 fi(t) ,
1 9 F(jo)
(=) ex(ar) | 5 ,
T a
Umlssign Pulse t 0 (!)’
17 )
1
texp(-at)u(t) (a+ jo)?
0 ,
0 " exp(-atjut) —
exp(—at)u T ~n
-1 P (a+jo)
19 - a
wh e
__________ A,
A\ 5> | Aexp(-at)sin(o)u(t) | (a+ jo)?+o’
0 \j\/ t
..!‘...J.H--l 1
?-[' A+20c 9 )
20
1] %[L | ] Fijc)
“ [ a0y
a+jo
........... f\f\ A exp(-at) cos () u(t) (a+jo)’ + ©;
0 \/ \_/ t
------- D
Aa
2+
21 cosa[u(t+T)—u(t-T)

© Copyright Reserved by Gateflix.in No part of this material should be copied or reproduced without permission



GAIERIX

T[sin(m—mo)T
(0—o,)T

N sin(w+w,)T
(0o+0,)T

Band Limited Signal:- A signal x(t) is called a band limited signal if |X(oo) | =0,|w | >wm
Ideal LPF :-
1 |oa|< o,
1 H(o)=h(t)< H 0 |o|> o o rect| ——
(0)=h(t) & H(w) : 200
t . oT
rect(—je T sin c(—j
t 2
- we WC Tsin o)2T
T
60—
2
.ol
. 2sin—
sin ot
h(t)= @ rect(ije—z
it t o)
Zsinm—T
A A A 2 & omrect| =2
[AVERvERS : T
\ sinwct [ ® j
<> rect| —
it 20C
Impulse response of ideal low pass
filter

3.8 RAYLEIGH’S ENERGY THEOREM OR PARSEVAL’S POWER THEOREM

x(t) & X(w)
° 2 1% 2

() dt=— | [X(®)| do
[ xofat= - o)
Spectral Density
ESD or PSD
if x(t) is energy signal - ESD
if x(t) is power signal - PSD

Application :-
i) Frequency content in energy spectrum.
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ii) Auto correlation & cross correlation.
Adaptive filter:-
Impulse response changes for every instant.

Example: For a given signal x(t)=eu(t)then it pass through a low pass filter (LPF), h(t).
1
Output signal energy E, = 3 then calculate cutoff frequency for low pass filter (LPF). wc=7?

Solution : x(t)=e"u(t)

H(w)
Comparing the original signal with its
shifted version.
i) Cross Correlation — Both are different
x() ’ | > y(0) signal
+ ii) Auto Correlation — Both are same
-We We .
signal
X (CO) = 1 o
2+ jo Ry (r):j x(t) y (t+ 1) dt
y(w) =X(w) . H(w) N
Advanced by Z. t + T —=p by
y(o)= jor 21 change of variable
-0, <0 <o Cross Ru (1) = | x(t-1)y (0 dt
o et T Correlation e
EX (t) = I 67Utdt = |:—:| = — 0
- -4, Ry (0= [ y(®Ox(t+1)dt
1 -0
~E (t)== e
8 Roy (1) = | x(0)y (t+7) dt
Applying Rayleigh’s theorem S
° 2
Ey(t): '[|Y(03)| do Auto Correlation Function :- The
- correlation of a signal with itself is called
1 L 1 46 auto correlation.
8 2w (2+jw)2 -
o w1 Rx(T) = j x(t) x (t+ 1) dt
—= ZI > do =
8 O U+w o
2 _ e 1 o Rx(r)=J x(t-T) x (t) dt
8 O U+w i
T _,[1 tan-1(%) Ry (1) = j x(t) x (t £ 1) dt
4 2 2", ”
T _tapt (& j Auto Correlation Function of Energy
Signal
1=%, w,= 2 Rx(1) = | x(t)x (t- 1) dt

Rx(t) = Rx(-7) if x(t) is real
3.9 CORRELATION
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Auto Correlation Function is even
function of t

F[Rx(1)] =T j x() x (t+1) e/ dt

0 —

=x(t) ]: X (t+1) e dr

= X(w) j x(t) e dt = X(w) X-(-w)

F[Rx(T)] = |x (w) | 2 = ESP = Energy
per
unit band widthRx(t) = x(t) * x(-71)
x(t) = e d(t), Rx(1) = ?

L

\

.

R, (1) =x(t)*X(-7)

X(t)=e™d(z), X(-t)=e*d(-7)
1
a—

X(0) > ——, X(-0) <>
a+jo

AT
a+Jc0 a- j

= ; PN
a’+®° a’+o’
efaM

2a
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GATE QUESTIONS(EC)

Q.1

Q.2

Q.3

Q.4

Which of the following cannot be the
Fourier series expansion of a
periodic signal?
a) x(t) = 2cost + 3cos3t
b) x(t) = 2cosmt + Tcost
c) x(t) =cost+ 0.3
d) x(t) = 2cos1.5nt + sin3.5mt
[GATE -2002]

The Fourier series expansion of a
real periodic signal with
fundamental frequency f£,is given

by g,08)=EL »C, @™ it is given
thatecz =3+/5 thenc_;zis
a)5+ j3 b) -3 -j5
c)-3+j3 d)3 - j3

[GATE -2003]

Choose the function f(t) - <t <
for which a Fourier series cannot be
defined.
a)3sin(25t)
b)4cos(20t + 3) + 2sin(710t)
c)exp (—[t]) sin(25t)
d)1
[GATE -2005]

The Fourier series of a real periodic
function has only

P. Cosine terms if it is even

Q Sine terms if it is even

R. Cosine terms if it is odd

S. Sine terms if it odd

Which of the above statement are correct?

Q.5

a)PandS
c)QandS

b) Pand R
d)QandR
[GATE -2009]

The trigonometric Fourier series of
an even function does not have the

a) dc term
b) Cosine terms

Q.6

c) Sine terms
d) Odd harmonic terms
[GATE -2011]

A periodic signal x(t) has a
trigonometric Fourier expansion

X(t) =2, + Y _ (a, cosNw,t+b, sin nwgt)

Q.7

n=1
If  x(t) :—x(t—% ), Wwe can
0

conclude that

An are zero for all n and bn are zero
for n even

An are zero for all n and bn are zero
for n odd

An are zero for n even and bn are
zero for n odd

An are zero for n odd and bn are
zero for n even

Let x(t) be a periodic function with

period T=10 . The Fourier series
coefficient for this series are
denoted by a, , that is

- k2
x(t)=> ae T
k=—o0

The same function x(t) can also be
considered as a periodic function
with period T'=40. Let b, be the

Fourier series coefficient when

period is taken as T". If i la,|=16
Ko

then ZDO: |b, |is equal to

k=—0

a)256
c)l6

b)64
d)4
[GATE -2018]
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EXPLANATIONS

Q.1

Q.2

Q.3

Q.4

Q.5

Q.6

Q.7

(b)
x(t) = 2cosmt + Toost
Ty =Z=2
2
Ty=—=2n

1

1
i_-_ 7
LR irrational
~ x(t) is not periodic and does not

satisfy Drichidt condition.

(d)
C_;L-=|:._E-

£3 = 3+j3
c3=C;=3-j5

()
All other functions are either
periodic or constant function.

(a)
The Fourier series of a real periodic
function has only cosine terms if it

is even and only sine sterms if it is
odd.

()
Trigonometric Fourier series of a no
even function has dc and cosine

terms only.

(a)

Signal has odd and half wave
symmetries. So, all an are zero and
bn are zero for n even

)

x(t) is periodic signal with time
period T =10 and its Fourier series
coefficient is represented as a, with

kz la,|=16

Now, the same functions x(t) can
also be considered as periodic
function with period T'=40 and

Fourier series coefficient is

represented as b,

We know that there is no change in
Fourier series coefficient on
applying time scaling on any signal x

(0).
If x(t)>C

n

Then x(at)—>C

n

So, kz la| = kZ b,|=16
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GATE QUESTIONS(EC)

Q.1

Q.2

Q.3

Q.4

Q.5

A linear phase channel with phase
delay T, and group delay T, must

have

a) T, = T, = constant

b) Tp oc fandTg oc f

) T, = constant and T, o f
d)

T, o fand T, = constant(f denotes frequency )

[GATE-2002]

The Fourier transform F{e*tu(t)}is

equal to_ 1 . Therefore F { 1 }
1+ jonf 1+ j2mt

is

a) efu(f) b) e-fu(f)

c) efu(-f) d) efu(-f)

[GATE-2002]

Let x(t) be the input to a linear, time-

invariant system. The required
output is 4x(t- 2). The transfer

function of the system should be

a) 4e' b) 2¢ 1%

C) 4e—j4ﬂf d) 2ej87rf
[GATE-2003]

Let H(f) denote the frequency
response of the RC-LPF Let f; be the

highest  frequency  such that
0=lfl <f 2502095 Then £ (in
Hz) is

a)327.8 b)163.9
c)52.2 d)104.4

[GATE-2003]

Let t,(f) be the group delay function
of the give RC-LPF and g = 100H=.
t;(£) inmsis
a) 0.717
c)71.7

b) 7.17
d) 4.505

Q.6

Q.7

Q.8

[GATE-2003]
The Fourier transform of a conjugate
symmetric function is always
a) Imaginary
b) Conjugate anti symmetric
c) real
d) Conjugate symmetric
[GATE-2004]

A rectangular pulse train s(t) as
shown in the figure is convolved
with the signal cos? (4nx10° £). The

convolved signal will be a

1

] ]

0

0.1msec
a) DC
b) 12 KHz sinusoid
c) 8 KHz sinusoid
d) 14 KHz sinusoid
[GATE-2004]

Let x(t) and y(t) (with Fourier
transforms X(f) and Y(f)
respectively) be related as shown in
the given figure.

1309

ThenY (f) is
a) —%X(f /2)e 12

b) —%X(f 1 2)e

¢) —X(f / 2)e"
d) —X(f / 2)e7>
[GATE-2004]
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Q.9

Q.10

Q.11

Match the following and choose the

correct combination.
Group 1
E - Continuous and aperiodic

signal

F- Continuous and periodic
signal

G- Discrete and aperiodic signal

H- Discrete and periodic signal

Group 2
1. Fourier representation is
continuous & aperiodic
2. Fourier representation is
discrete and aperiodic

3, Fourier representation is
continuous and periodic

4, Fourier representation is
discrete and periodic
a) E-3,F-2,G-4,H-1
b) E-1, F-3, G-2, H-4
c) E-1,F-2,G-3, H-4
d) E-2, F-1, G-4, H-3
[GATE-2005]

For a signal x(t) the Fourier
transform is X(f) . Then the inverse
Fourier transform of X(3f + 2) is
given by

a) lx l ej3r[t b) lx 1 e—j41‘:t/3
2 \2 3 \3

c) 3x(3t)e ™ d) x(3t+2)
[GATE-2005]

The output y(t) of a linear time
invariant system is related to its
input x(t) by the following equation:
y(t)=0.5x(t-tq+T)+x(t-tq)+0.5x(t-ta—
T) The filter transfer function H(w)
of such a system is given by

a) (1 + cos wT)e 1t

—jaat,

b) (1 +0.5cos wT)e

—jei,

) (1l + coswTe

—jaa,

[GATE-2005]

d) (1-0.5coswT) &

Q.12

Q.13

Q.14

Let > X jo) be Fourier
Transform  pair. The Fourier
Transform of the signal x(5t - 3) in
terms of X (jo) is given as

a) Lo u X(J—m)
5 5
jgio‘, -

b) le 5 X(J_(D]

5

i)

d) le“w x[—‘”j
5 5

The 3-dB bandwidth of the low -
pass signal e "u(t) Where u(t) is the
unit step function, is given by
a)iﬂz b) i«.,"*-ﬁ —1Hz
d)1Hz
[GATE-2007]

[GATE-2006]

Cc)ee

The signal x(t) is described by
1for—-1<t<+1

x(t) = .
0 otherwise

Two of the angular frequencies at

which its Fourier transform
becomes zero are

a)m,2n b)osm.157

c)o, T d)z2m.257

[GATE-2008]

Statement for Linked Answer Questions
15&16

The impulse response h(t) of a linear time -
invariant continuous time system is given
by h(t)=exp(-2t)u(t), where u(t) denotes
the unit step function.,

Q.15

The frequency response H{w) of this

system in terms of angular
frequency « is given by. H{w) =
1 qin [w)

a)1+j:n:u i
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Q.16

Q.17

Q.18

1 jad
c) I+jw

d) 24w
[GATE-2008]

The output of this system, to the
sinusoidal input x(t} = 2cos (2t) for
all time t, is
a)o
b)2-%cos (2t — 0.1257)
c) 27%5¢cos (2t — 0.1257)
d) 2-%%cos (2t — 0.257)
[GATE-2008]

Consider a system whose input x
and output y are related by the
equation

¥(t) = T x(f—Dh(2T)dr.

-

h(t)
>
0 M t

Where h(t) is shown in the graph.

Which of the following four
properties are possessed by the
system?

BIBO: Bounded input gives a

bounded output.

Causal: The system is causal

LP: The system is low pass

LTI: The system is linear and time -

invariant.

a) Causal, LP b) BIBO, LTI

c) BIBO, Causal, LTI d) LP, LTI

[GATE-2009]

A function is given by

f(t) = sin*t + cos2t. which of the

following is true?

a) f has frequency components at 0
and 1/2 = Hz.

b) f has frequency components at 0
and 1/ 7 Hz.

c) f has frequency components at
1/27 and 1/ 7 Hz

d) fhas frequency components at 0,
1/27 and 1/ 7 Hz

[GATE-2009]

Q.19

Q.20

Q.21

Q.22

Q.23

Q.24

The Fourier transform of a signal
h(t) is Hljw) = (2cosw) (sin2 w)/w. The
value of h(0) is
a)1/4

c)1

b)1/2
d) 2
[GATE-2012]

Let g(t) e and h(t) is a filter

matched to g(t). If g(t) is applied as

input to h(t), then the Fourier

transform of the output is

a) e—f:fz b) e—rcf2/2

C) e—n|f\ d) e—21rf2
[GATE-2013]

The value of the integral

f sinc?(5t)dt is.......

—00

[GATE2014, Set 2]
Consider the function
g(t) =e 'sin(2nt)u(t) where u(t) is
the unit step function. The area

under g(t) is.....
[GATE 2015, SET-3]

The energy of the signal x(t) = M
47t
[J
[GATE 2016, SET 2]

A continuous time-signal
X(t) = 4 cos(2007t) 4 8cos(400xt) ,
where t is in seconds, is the input to

a linear time invariant (LTI) filter
with the impulse response

2sin(300xt)
h(t) = 7t ’
600, t=0

t=0

Let y(t) be the output of this filter.
This maximum value of ly(t)! is.......

[GATE 2017, SET-1]

© Copyright Reserved by Gateflix.in No part of this material should be copied or reproduced without permission



GAIEHIX

ANSWER KEY:

2 3 4 5 6 7 8 9 10 | 11 | 12 | 13 | 14
a C C c a C a b C b a a a a
15 | 16 | 17 | 18 | 19 | 20 | 21 22 23 | 24
c d b b C d | 0.2]0.155|0.25| 8
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EXPLANATIONS

Q.1

Q.2

Q.3

Q.4

Q.5

(a)
Ble) = —at,
— 8w
T_ﬂ = =t
dflw)
T;' = da o
I, =T1; =t, = constant
()
flt) = e tu(t)
1
= 1+j2mf
f{—f) = efu(—1)
F(t) = f{—f)
(9]
ylt) = 4x(t — 2)
¥(s) = 42X (s)
¥(s) e
o = 4™

H(f) = 4e™7M = gg-i4nf

()
PRV
o=
1
H() = L+j2miRE
H({0) =1
B | _ 1 - 0.05
B leamigRic?

1
= ————— = 0.9025
1+amif] (RCIZ —

= 1.108 = 1 + 4n*f2(RC)?
= 0.108 = 1 + 4n*f2(RC)?

D.10g

L = am(RC2
D.22%

f, = 3
10T

= fimey = 52.2Hz

(a)

Hlw) =

1+jwRC

Blew) = —tan"*RCe
H(w) = —

1+jwRC
Ble) = —tan "*RCe
P o= 13
T T 1410 Examlnins

t; = 0.717ms
Q6 ()
Q7 (a)

T, = 0.1x 10~% = 10~*
£, =—=10% = 10kHz

T

cos? (4m x10%¢) has frequency =4kHz

BENEEE

4kHz ©  4kHz 0  1DKkHz 30kHz

So only at ‘0’, we get output after
convolution (only odd harmonics
are present.

Constant in time domain.

Q8 (b)
y(t) = —x[2(t + 1)]
x(t — ty) & X(f)e~IF 0t

ty = —

<(at) =2 x(£)

lz| “a

o=-=-2

) ==x(Qers

Q9 (9

Q.10 (b)
X [3{F+ %:]:I = %x (t;) E—ji.‘l‘t.-'!
Applying scaling Shifting property.
Q11 (a)

y(t) = 0.5x(t—tq + T) +
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Q.12

Q.13

Q.14

Q.15

U.E?{{t - tl:] - T:] + K{t— tﬂ :]

Taking Fourier transform

¥ (w) = [0.569 D 4

0.5elwi-ta-T] -I—E'j”tﬂ]X(m)

¥ial s T T
—juity wT jeaT

Tk [0.56%° + 057195 +1]

Yiw

— glutg

T [coswT + 1]

H (w) = (1 + coswT)e J«te

(a)

x(t) = X(ja)

x[5(t -] =1x(2).5

Using scaling and shifting property

(a)
Laplace transform of
1
-t —
e ul®) s+1
+magnitude at 3dB frequency
1
\I‘L 1 1
= ===
w2 =+1 o L4a?
w = lrad
#f=-—Hz
im
@
X(w) = [ _x(e it dt
. jurt
= [ eTitgr==
r =1,
_ e e
- —j - —jw
Liajw —j
= —(g¥ — g7l¥)
Jid
X{w) =
=¥ —glw =g
jw _ L _
= gl o
2e® —1=0
= ef® =1
= gt =41
= w= 7,27
(c)

h(t) = exp (—2thu(t)
Hlw) = [[_ k(e et dt
= Jﬁnxe':re'j“r dt

— _IF: g~ ([t g4

Q.16

Q.17

Q.18

- _ 1. Ig—.j:+_i':..-'_‘|t Ec
2+ jow
1

I+ jo

(d)

Input x () = 2cos (2t)

Frequency response
Klw) = 2nl5(w — 20 + 5(w + 23]

Hlw) = —

I+jw
Output ¥{w) = Hlw)X(w)
= ﬁ.}rr[ﬁ'im —2) + 5w + 2)]

=%.5{m - 2) +%5(m +2)
=Z12-Dslw-2) +

2 +i2)8lw + 2)

= f[z{aim -2 +8lw+ 2} +
ji2{6(w + 2) + 8w — 2)]]

= 21600 - 2) + 5(w + 2)]
—j;[8(w - 2) + 80 + 2)]

coglt minIt
— +_

H L.
= -‘—[—,; cos2t + —,=51t12t]
s /. ~d

-

= Zcos (2t— 0.25m)

= 27 %%cos (2t — 0.257)

®
Flt) == (1 — cos2t) + cos2t.
Frequency components are
f=0

f: = "m—_'-‘: === %HZ

FATS

(b)
y(t) = [ x(t — DA(20)dT.

-

h(t) &~

=~
s 1,

Q.19

It is not low pass filter .
But the system is LTI and BIBO

(c) -
Hijw) = 2 cos m.%
e +eI® 2aintw

w

- () o (2]
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Q.20

Q.21

Q.22

Let X(w) = —“‘:f“’
Then =it} = {é

—2 =t =2
otherwise

By time shifting property

x(t + 1) ; —3<tx-—1

h) =2dxt+1) +xt-1) : -1<t<l
Nt -1) 1<t=3
h(0) => [x(1) + x(-1)]

=1+1]=1
@
gld=e™
glf) = ™
h(f) = e

Y(f) = g(Hn(f)
Y(f) = e"':fz .e“jz
Y(f) = 27

0.2
'[sin c?(5t)dt

f(t)=sinc(5t)
=Sa(5nt)

TSa(t%j - 216G,

I:5n
2
T=10x

10nSa(5nt) <> 2nG,,, (o)
ESD =|F (o)

sz dt——J'ESD do

Jsinet (s)g :_IU

=ixix101c =1
2n 25 5
0.155

g(t)=e"'sin(2nt)

Area = I g(t)dt

Q.23
Q.24

Q.25

Isin 2nu(t)e'dt

21

2

> =0.155
S*+4n° |,

0.25
8

8
y(t) =%x8cos(20nt+¢)

=4cos(20mt +¢)
2
P, :47 =8W
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GATE QUESTIONS(EE)

Q.1

Q.2

Q.3

If an a.c. voltage wave is corrupted Q.4
with an arbitrary number or
harmonics, then the overall voltage
waveform differs from its
fundamental frequency component
in terms of
a) only the peak values
b) only the rms values
c) only the average values
d) all the three measures (peak,
rms and average values)
[GATE-2000]
What is the rms value of the voltage Q.5
waveform shown in figure? '
vit)
+100V
@ =3 2:':.5—_;1: 2n iy
-100 V1
a) 200/mvV b) 100/nV
c) 200V d) 100V
[GATE-2002]
Fourier Series for the waveform, f(t)
shown in figure is Q.6

f(t)

W

AN
0"\/'

a)
= [sintnt) + 2 sin3nt) + Zsinnt) + -]
b)

% [sin{*rrt:] — —i cos(3mt) + %sin{STrt:] + ]

_-:i: [n:u:us{‘rrt:] + icus{STrt:] + icns{ﬁﬂﬂ -I—]

d)

_-:i: [n:u:us{‘rrt:] — l;sin{ETrt] + isin{STrt:] + ]
[GATE-2002]

x(t) is a real valued function of a real

variable with period T. It's

trigonometric Fourier series

expansion contains no terms of

frequency w =2m(2k)/T;i k = 1,2, ..

Also, no sine terms are present.

Then x(t) satisfies the equation

a) x(t) = —x(t-T)

b) x(t) ==x(T —t) = —x(—1)

c) xlt) =x(T —t) = —x(t - T/2)

d) =(t) ==t —T) = =(t— T/2)
[GATE-2006]

A signal x(t) s

1,-T/4 <t=<3T/4
x(t) = ]—1,3T;=1- <t < TT/4

—x(t + T)
Which among the following gives
the fundamental fourier term of
x(t)?
a) % cus(% - f)

4 mt T
C); Slt‘l(: - I)

given by

b) f cns(% + f)
d) Es[n(% + f)
[GATE-2007]

Let x(t) be a periodic signal with
time period T.Let y(t) = x(t — t;) +x(t+
t;) for some t;. The Fourier Series
coefficients of y(t) are denoted by
b If by =0 for all odd K. then t; can

be equal to
a)T/8 b) T/4
c)T/2 d) 2T

[GATE-2008]

The Fourier series coefficients, of a
periodic signal x(t) expressed as

x(t) =E7 __xd"™T a3 re given by
a_,=2—jl;a_y = 05+ij0.2; 3, =j2;
a,=05-J0.2; a,=2+1]1,

and ak =0 for|k| > 2

Which of the following is true?
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Q.8

Q.9

Q.10

Q.11

a) x(t) has finite energy because
only finitely many coefficients
are non-zero

b) x(t) has zero average value
because it is periodic

c) The imaginary part of x(t) is
constant

d) The real part of x(t) is even

[GATE-2009]

The second harmonic component of
the periodic waveform given in the
figure has amplitude of

a)o
c) fm

b) 1
d) 5
[GATE-2010]

The Fourier expansion
fit) = a; + X7, 3, cosnwt + by sinnwt Of
the periodic signal shown below will

contain the following nonzero terms
f(t)

I_II_IOI I

a)ayand by,n=1,35..

b) ap and ap.n = 1,2,3,...00

C) 2.3, and by.n=1,3,5,...00

d)a;.a,and n=1,3.5,..0
[GATE-2011]

For a periodic signal
v(t)=30sin100t+100c0s300t+6sin(500t+m/4)
the fundamental frequency in rad/s
is

a) 100
c) 500

b) 300
d) 1500
[GATE-2013]

A band-limited signal with a
maximum frequency of 5 kHz is to
be sampled. According to the
sampling theorem, the sampling
frequency in which is not valid is
a)5kHz b)12kHz

Q.12

Q.13

Q.14

Q.15

c) 15 kHz d) 20 kHz

[GATE-2013]

Let g: [0,00) — [0,00) be a function
defined by g(x)=x-[x], where [x]
represents the integer part of x.
(That is the largest integer which is
less than or equal to x). The value of
the constant term in the Fourier
series expansion of g(x) is
[GATE-2014]

The signum function is given by
X

—;x*0
Sign(x)z{lxl
0; x=0
The Fourier series expansion of the
sgn(cos(t)) has

a) Only sine terms with all
harmonics

b) Only cosine terms with all
harmonics

c) Only sine terms with even

numbered harmonics
d) Only cosine terms with odd
numbered harmonics
[GATE-2015]

Let f(x) be a real, periodic function
satisfying f(-x) = -f(x). The general
form of its Fourier series
representation would be

a) F(x)=ao + X2, arcos(kx)

b) F(x) = Xi=1 besin(kx)

c) F(x)=ao + )=, azrcos(kx)

d) F(x)= Xy Qg sin(2ke1)x
[GATE-2016]

Let the signal
()= ThE o (= 1)*S(t — —)

2000
be passed through an LTI system

with frequency response H(w), as
given in the figure below.

© Copyright Reserved by Gateflix.in No part of this material should be copied or reproduced without permission



GAIEHIX

H(w)

-

-5000 & 5000 =

The Fourier Series representation of
the output is given as

a) 4000 +4000cos(20007t) + 4000
cos(4000mt)
b) 2000 + 2000cos(20007t) + 2000
cos(4000mt)
c) 4000 cos(2000mt)
d) 2000 cos(2000t)
[GATE-2017]

ANSWER KEY:

1 2 3 4 5 6 7 8 9 10 11

d) | (d | (@ | (& | @ | () | (¢ | @ | (@] (@] (@)
12 13 14 15

0.5 (d) (b) (c)
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EXPLANATIONS

Q.1
Q.2

Q.3

Q.4

Q.5

(d)

(d)
RMS value

- E{j;”(mojzdr +
[rhs (—1uoj2dt+f;m(mo)zdt}]n

3
E 1nu=n]m — 100V

T

)

+ f(t) is an even function with half
wave symmetry,

» dc term as well as sine terms=0
Only the cosine terms with odd
harmonics will be present.

+ Option (c) is correct.

(9]

Since trigonometric fourier series
has no sine terms and has only
cosine terms therefore this will be
an even signal i.e. it will satisfy

x(t) =x(-t)

Or we can write

¥Wt—T)=x{—-t+T)

but signal is periodic with period T.
therefore x(t—T) =x(t)

therefore

x(t) = x(T —t) (1)

Now since signal contains only odd
harmonics i.e. no terms of frequency

Imxtk

w=—"—",k=1234

i.e. no even harmonics.

This means signal contains half
wave symmetry this implies that

x(t) = —x(t —T/2) ..(ii)

form (i) and (ii)

x(t) =x(T—t) = —x(t—T/2)

(a)
According to definition of signal
given in question the x(t) will be as

4 x(1)

~T/4] 3T/4 T4
t—»

L
-1

So it is periodic with period

=317
T, =2T
~ Fundamental angular frequency
-
T, 2T
Now,

C; = (Exponential series coefficient
for k=1)
C, = 7 [ X(peiestat

o =

Co =2 [f 25 e et

[ é—1eiwatar]

1 — aT/4
cC, = —gTlwat}®
t jﬁi'u'-_u[{ © }_"'4 *

[g—fuwgt }::]

C, = o[2e/4 + 2674]

o Im . _im
|:1=__E'-"'" = —g 4
jm

1 T

211 1 ]
o L-"E - V2
Comparing it with

a jb
':1271:]_1

4 = = J.I'Jl: f

o
El
o
=

=~ Fundamental Fourier term will be

= g, coswpt + by sinwgt

= %mset) +$5“‘-{Et)
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Q.6

Q.7

Q.8

4 1 1
= —cos [Et—z]
L T 4

(b)

vit) = xlt — o) +x(t + tg)

Since y(t) is periodic with period T.
Therefore =t —t,) andx(t +t,) will
also be periodic with period T.

h‘k — ake—jkmutu + akejkmutu

a; is fourier series coefficient of
signal x(t) therefore

by = 2 [E—jkmutu + Ejkmutu]

by, = 2ay cos kwpty

Since b, = 0 for odd k

i.e. kwyty =k~ where

k=41, +3, -I_:S,

=  kwgty, =m/2

T T
=y *aTs

(9
a_,=2-1il,
a_, = 0.5+j0.2
a, =j2

a, = 0.5—j0.2
a, = 2+il
These are
coefficient.
From this we will find the values of
the  coefficient  of
trigonometric series.

Since x(t) is summation, a, + sin and
cosine terms (real).

But 3; = j2 which is imaginary.

So imaginary part of x(t) is constant.
x(t) can’t have finite energy because
it is a periodic signal and periodic
signal is always a power signal
having infinite energy and finite
power.

exponential  series

by by oo oy

(a)

The given signal is odd as well as
having half wave symmetry.

So it has only sine terms with odd
harmonics.

So for second harmonic
amplitude = 0.

term

Q.9

Q.10

Q.11

Q.12

Q.13

(d)

The pulse train is even and half
wave symmetry.

So, b, =10

a, = 0forn=2,4,6..%

Only ag.a, forn =1,3,5,7 ...ce present.

(a)

wy = 100
wy = 300
w3 = 500

H.C.F. of w{, w; and w3 =

H.C.F (100, 300, 500)
w = 100 rad /sec

(a)

{fs:]m[ﬂ = 2fn

(flmin =2%x5=1=kHz
So, f; = 10kH=

0.5

Given function g[x] = x - [x]
Where [x] is a integer part of x
Then function g[x] will be

gx)

— X

0 1 2 3
The value of the constant term (or)
dc term in the Fourier series
expansion of g[x] is
Areainone period
one period

1T
aoz?ff(x)dx:
0

:lxlxlz 0.5
2

(d)

So, cos(t) is
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So, sgn(cost) is a rectangular signal
which is even and has half wave
symmetry.

So, Fourier series will have only
cosine terms with odd harmonics
only.

Q14 (b)
Given that, f(-x) = - f(x)
So function in an odd function.
So the Fourier series will have sine
term only so

f(x)= 3 b, sin(kx)

Q.15 (o)
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GATE QUESTIONS(EE)

Q.1

Q.2

Q.3

Q.4

Let =t =r‘e::t( —5) (where rect

(=1 for —% ZHZ E and zero
otherwise). Then
sinc(x) = %, the Fourier

Transformér of =(t) +x(—t) will be
given by
a) sinc (%)
b) 2sinc (i)
C) 2sinc (i) cos (%)
d) sinc (i_[] sin (E)
[GATE-2008]

x(t) is a positive rectangular pulse
from t= —1to t = +1 with unit height

as shown in the figure. The value of
I |X(w) | * dew fwhere X(w) is the

Fourier transform of ={t)}is

x(t)
'y
1
>
-1 0 1 t
a) 2 b) 2
c) 4 d) 4m

[GATE-2010]

The Fourier transform of a signal

h(t) is Hljw) = (2 cosw) (sin2 w)/w. The

value of h(0) is

a) 1/4 b) 1/2

c)1 d) 2
[GATE-2012]

Let f(t) be a continuous time signal
and let F(w) be its Fourier
Transform defined by

Flw) = [7, f(De 7/ dt
And g(t) is defined by

g(t) = [, F(we ™ du

Q.5

Q.6

What is the relation between the f(t)

and g(t)?

a) g(t) would always be
proportional to the f(t).

b) g(t) would be proportional to the
f(t) if f(t) is an even function.

c) g(t) would be proportional to the
f(t) only if f(t) is a sinusoidal
function.

d) g(t) would never be proportion
to the f(t).

[GATE-2014]

A function f(t) is shown in the figure.

fit) A

12
/ -T2 ;
) 0 /
~1/2

The Fourier transform F(w) of f(t) is

a) real and even function of w

b) real and odd function of w

c) imaginary and odd function of w

d) imginary and even function of w
[GATE-2014]

A differentiable non constant even
function x(t) has a derivative y(t),
and their respective Fourier
Transforms are X(w) and Y(w).
Which of the following statement is
TRUE?

a) X(w) and Y(w) are both real

b) X(w) is real and Y(w) is
imaginary

c) X(w) and Y(w) are Dboth
imaginary

d) X(w) is imaginary and Y(w) is
real
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Q.7

[GATE-2014]

Suppose xi(t) and x2t have the
Fourier transforms as shown below.

Q.8

Q.9

— )

—2 -1 o] 1

Which of the following statement is

TRUE?

a) x1(t) and x2(t) are complex and
x1(t) x2(t) is also complex with
nonzero imaginary part

b) x1(t) and x2(t) are complex but
x1(t) x2(t) is also complex with
nonzero real part

c) x1(t) and x2(t) are complex but
x1(t) x2(t) is real

d) x1(t) and x2(t) are imaginary but
x1(t) x2(t) is real

[GATE-2016]

Suppose the maximum frequency in
a band limited signal x(t) is 5kHz.
Then, the maximum frequency in
x(t)cos(2000mt), in kHz,
is [GATE-2016]

Let x1(t) & X1(w) and x2(t) & X2(w)
be two signals whose Fourier
Transforms are as shown in the
figure below. In the figure, h (t) =
e-2ltl denotes the impulse response.

Q.10

Q.11

Q.12

X,(®) )

il s

-8, B 1 B B, -8 | B

2 2

? ity = o7 |—— 10

For the system shown above, the
minimum sampling rate required to
sample y(t), so that y(t) can be
uniquely reconstructed from its
samples, is
a) 2B1

c) 4(B1 + B2)

Xi(t)

Xo(h)

b) 2(B1 + B2)
d) o
[GATE-2016]

The value of the
2[% (%ztm)dt is equal to

integral

a) 0
)1

b) 0.5
d) 2

[GATE-2016]

The output y(t) of the following
system is to be sampled, so as to
reconstruct it from its samples
uniquely. The required minimum
sampling rate is

L X(0)
0007
9 1
1000w sing1s00r| YO
h{r}‘-‘—T 'll_"'
x(t) - X(®)

cos(1000rf)

a) 1000 samples/s
b) 1500 samples/s
c) 2000 samples/s
d) 3000 samples/s
[GATE-2017]

The transform of a

continuous-time signal Xx(t)is given

Fourier
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-
(10+ jco)2 ,
where | = J-1and odenotes

frequency. Then the value of
|Inx(t)| at t=1is (up to 1

by X(o)= —0 <M< 0,

decimal place). (In denotes the
logarithm to base e).

ANSWER KEY:

1 2 3 4 5 6 7
(c) (d) (c) (b) (c) (b) (c)
8 9 10 11 12
6 (b) (d) (b) 10
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EXPLANATIONS

Q1 (o)
x(t) =rectt—1/2]
) =1 D=t=1
=0 otherwise

Flx(®] = [_ x(® e ietd

1 o i P
= —Jut = — s
J5 1e71utdt o=

Wherexz(—t) =1,-1 =<t =0

0, otherwise
Flx(®©] = [ x(—teutat

i} s P
= [0, 1.eiutge = i (e-iut)e,

= i{ej“ -1)
L[ iotn it i o

== / e—juw) /
o" [E]:..- 2 ja ‘]E.J:"' 2
z [el@/ogmiwi2y .

- [ e,

F[X{ t:]] _ Einw, E.']ﬁ"'::

EII:II:u

Flx(t) +x(—t)] =
[E—jn:-.-': + E]:..-:]

sinw /2
= 2cosw, 2

= 9sm.;( = ) cos (“]

Q2 (d)

Jf; [X{ew)?ldw = fjx:{{m].}{'{m]dm

= [T 7 x®eietdt] . X (w)de
= [T 7 X (w)eiot dw] x () dt

= 2n [ [J7. S i(w)e 7Y doo x(

=2nf_ X ©x(0dt

Q.3

Q.4

= 2n [ lx(t)Pat
=2n [’ 1dt
=2nx2

= [_IX(w)|*dw = 4n

)

Hijw) = 2 cos w. =
(1]

_ /¥4 miniw

w

<o (22 o (2]

Let X(w)= &
1]

—2 =t =2
otherwise

Then =t} = {é

By time shifting property

x(t + 1)  —3=t=—1
R =34zt + D +x¢-1) ; -1l<t=1
Tl -1) ; 1<t<3

h(0) =2 [x(1) +x(-1)]
=-l1+1]=1
(b)
Given that,
F(w) = Tf(t)ej“t

and g(t)= T F(u)e™du

p(t) <> p(-F)
g(t) = FT.[FTF(1)] ....(0)

Put, equation (i) in (ii) so that the

p(t) <> p(f) } i)

Fourier transform gives the

additional negation.
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Q.5

Q.6

Q.7

Q.8

Hence g(t) would be proportional to
f(t) if f(t) is an even function.

(9

Given signal f(t) is an odd signal.
Hence F(w) is imaginary and odd
function of w.

(b)

For even function x(t) the Fourier
transform X(w) is always real. Y(t) is
a derivative of x(t) which is an odd
function and hence, Fourier
transform Y(w) is imaginary.

(9

By observing Xi(jw) and Xz(jw)we
can say that they are not conjugate
symmetric.

Since the fourier transform is not
conjugate symmetric the signal will
not be real.

So x1(t), x2(t) are not real.

Now, the fourier transform of x1(t),

x2(t) are not real.

Now the fourier transform of x1(t)
x2(t) will be Zixl( jo) X, (jo)
T

And by looking at X1(jw) and X2 (jw)
we can say that X, (jo)* X, (jo) will
be conjugate symmetric and thus

X, (t) x X, (t) will be real.

6kHz

Maximum possible frequency of

x(t) (2000mtt) = (f1 + f2)

= 5kHz + 1kHz = 6kHz

Q.9

Q.10

Q.11
Q.12

(b)

Given that,

Bandwidth of X,(®) =B,

Bandwidth of X,(®w) =B,

System has h(t)=e?"and input to
the system is X, (t)-X,(t)

The bandwidth of X, (t)-x,(t)is
B, +B,.

The bandwidth of output will be
B, +B,

So sampling rate will be 2(B, +B, ).
(d)

The Fourier transform of

—25|n(ttr /2) —2n rect(gj
T

sin(2nt) N rect(ﬂj
it 47

So T Me“"’“dt :rect(g)
' bt it 4

Putting ® = 0in above equation

T sin(2mxt) dt—1

Put a=10

e 'u(t)«"— 1_
10+ jo
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Apply multiplication by t property
[frequency differentiation property]

. d
e tx(t —X
ie X()(—)de ()

te™%u(t) & ji 1_
do| 10+ jo

te™%u(t) < {;]

(10+ jco)2

Inx(t)], =[in{te "u(t)}

~[in(t)+In[e** J+In[u(t)]]
=[In()+(-10t)+In[u(t)]
=[0+(~10x1)+In (1)
=|0-10+0|

=|-10|=10
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GATE QUESTIONS(IN)

‘

Q.1

Q.2

Q.3

f(x) , shown in the adjoining figure is
represented by f(x) =2, + E5.; {(
a, cos(nx)+ by sin(nx))}

the value of oy is

f(x)
A
1|
didials
=n - gl ¥ Eni I x":
150
a)o b)'zE
)= d) 2

[GATE-2010]

Consider a periodic signal x(t) as

shown below
)

It has a Fourier series
representation x(t) = Xi_ xa_jemme
Which one of the
statements is TRUE?
a)a; = 0. for k odd integer and T =3
b) a; = 0. for k even integer and T =3
c) a; = 0. for k even integer and T =6
d) a; = 0. for k odd integer and T =6
[GATE-2011]

following

For the periodic signal x(t) shown
below with period T = 8 s, the power
in the 10t harmonic is

Q.4

a)o b) %(ﬁj

1( 4 Y 1( 4V
2 E[mj 9 5(5—)

[GATE-2010]
A ideal square wave with period of
20 ms shown in the figure, is passed
through an ideal low pass filter with
cut-off frequency 120 Hz. Which of
the following is an accurate
description of the output?

A x(1)

00
OO

a) Output is zero

b) Output consists of both 50 Hz
and 100 frequency components

c) Output is a pure sinusoid of
frequency 50 Hz.

d) Output is a square wave of
fundamental frequency of 50 Hz.

[GATE-2018]
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EXPLANATIONS

Q.1

Q.2

Q.3

Q.4

a
'I(‘hz given function f(x) is periodic
function with period, T = 2r F(x) is
shown over one period from 0 to 2=
in fig.
The d.c value of
FG) =ap =2 f) Fl)dx

Arag undar f(x)
—==0

=

As can be seen from Fig.

g =

(b)
Clearly, period of the signal x(t) is 3
So, T=3
And  a =Z[fx(dat
=13 x(Dat
1
=3(1-1)
=0
So a; =0 for k even integer.

(a)

The given square wave satisfy odd
and half wave symmetry so it does
not have any eigen harmonic. Since
10th harmonic amplitude is 0. So Re
also 0

)

Given square wave passed half wave
symmetry. Thus only odd frequency
compound exist.

A [x(jt)

T

H(f)
1

r 3

&
—-150 —100 —50 50

The frequency response of filter is

r 3

»
Ll

—-120 120 f

At the output of filter only one
frequency component exist. Thus
output will have pure sinusoidal of
50 Hz.
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GATE QUESTIONS(IN)

Q.1

Q.2

Q.3

Q.4

A real function f(t) has a fourier
transform F( w ). The fourier
transform of [f(t) - f(-t)] is

a) zero b) real

c) real and odd d) imaginary

[GATE-2003]

If the waveform, shown in the
following figure , corresponds to the
second derivative of a given function
f(t), then the Fourier transform of
f(t) is

dif(t) &
de?

a)l + sinw
2[1-cosw)
)

b)1 + cosw
d) 2[1+eosw)

[GATE-2006]

The Fourier transform of a function

g(t) is given as Glw) = m:::I:.Then the

i +

function g(t) is given as,

a)s(t) + 2exp (-3t

b) cos3wt + 21exp (—3t)

C) sindwt + 7ecoswt

d) sin3wt + 21exp (3t)

Consider the signal x(¢) = {

Let x{ew)

denote

[GATE-2006]
e LE=10
0.t=20

the Fourier

transform of this signal. The integral

if_i X¥lw)deow iS
a)o
c)1

b):
d) ==
[GATE-2011]

The Fourier transform of a signal
h(t) is H(jw)=(2cosw)(sin2w)/ w.
The vlue of h(0) is
a)l/4 b) 1/2

1 d) 2

The Fourier transform of a signal
X(t), denoted by X( jo) is shown in
the figure.

4 X(jo)
1

Let y(t)=x(t)+e"x(t). The value

of Fourier transform of y(t)
evaluated at the angular
frequency w=05rad/s is

a) 0.5 b) 1

c) 1.5 d) 2.5

[GATE-2018]

arad /

5)
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EXPLANATIONS

: 2sin2om
Q1 (d) H(jo) = cosw- o
el +e’ 2sin2m
Q2 (o) ==
Rom the given plot, _ ® _
10 - 150 + 1) - 26(3+15(9) + 18(¢ - 1) :i{ejw .[25"‘ Zﬂ’j+ejm(25'n Zwﬂ
Take F.T on both sides 2 ® _ ®
Use the following pairs and Let, X (o) = 2sin2®
properties : _ ’ al
Let () — Flw), then = — juF(w) Then,
'“:L{,mj Flw) = —w?Flw) X (1) = 1;-2<t<?2
5(t) — 158Gt F1) = eti® 0 ; otherwise
—EuF*{F(;ﬂ =7{E1:]‘”—2+]e‘]‘”: 2cos(w) — 2 X(t+1) . 3ct<1
w kFlw) = 2 — COSwt,
> h(t)=SIx(t+1)+x(t-1) ; -l<t<l
Flw) = —(1 — coslw)) 2
tw? x(t-1) ;o 1<t<3
Q3 (a)
o) = 6() h(O):%[x(l)+ X(-1)]
Given , 6(w) === fil 1
Glw) = —“’w”:;” 1+—= = E[“l] =1
Use the F.T pairs: Q6 (o
) =1 A .-
e'”u{tj ~ i IX(JO)
If t replaced by (-t).w is !
replaced by (-] == i
e ul) > i |
e~ ult) + ¥ ul-t) - 3— +3f_a, 4 55 05 /)
_ 6
T 04 o
3t _, 2g-3t o 12
g 3+.u_ o+ (t) ( )+eJtX( )
. _ Y(jo)=X(jo)+X(i[o-1)
glt) = 1608 + 29'“"
Y (j0.5)=X(j0.5)+X(j[-0.5])
Q4 (c) _ _
Given =t =e 5t =0 1+05=15
=0t=10
() — X)), Xlw)
Area property:

[T df = = [T X(w) dw ™= x(t) = = 1

Q5 (9

© Copyright Reserved by Gateflix.in No part of this material should be copied or reproduced without permission



GAIEHIX

LAPLACE TRANSFORM

4.1 INTRODUCTION TO THE LAPLACE
TRANSFORM

For a general continuous-time signal x(t),
the Laplace transform X(s) is defined as

X(s) = Iix(t)e‘“dt

The variable s is generally complex-valued
and is expressed as
S=0+jo

The Laplace transform defined in Equation
is often called the bilateral (or two-sided)
Laplace transform in contrast to the
unilateral (or  one-sided) Laplace
transform, which is defined as

X, (s) = j;f x(t)e *dt

Where0™ =lim_,,(0—¢).clearly the bilateral

and unilateral transforms are equivalent
only if x (t) =0 for t<0. We will omit the
word "bilateral” except where it is needed
to avoid ambiguity. Equation is sometimes
considered an operator that transforms a
signal x (t) into a function X(s) symbolically
represented by
X(s) = L{x(1)}

and the signal x(t) and its Laplace
transform X(s) are said to form a Laplace
transform pair denoted as x(t) <> X(S)

4.2 THE REGION OFCONVERGENCE

The range of values of the complex
variables s for which the Laplace transform
converges is called the region of
convergence (ROC). To illustrate the
Laplace transform and the associated ROC
let us consider some examples.

Example:

Consider the signal x(t) =e-tu(t), where a is
real then the Laplace transform of x(t) is =
X(s)?

Solution:

X(s) = ji e *u(t)edt

X(s) =J'0°j e+t

X(S) - _ e—(s+a)t
s+a o
1
X(s)=—— Re(s) > -a
s+a

o 3]

s-plane

Fig. ROC for Example

Because
limt — coe " =0 only if Re(s+a) >0
or Re(s) > —a.

Thus, the ROC for this example is specified
in Eq. as Re(s) > -a and is displayed in the
complex plane as shown in Fig. by the
shaded area to the right of the line Re(s) = -
a. In Laplace transform applications, the
complex plane is commonly referred to as
the s-plane. The horizontal and vertical
axes are sometimes referred to as the a-
axis and the jw-axis, respectively.

Example:
Consider the signal x(t)—e *u(-t)a real
Its Laplace transform X(s) is =?

Solution:
X(s) = L Re(s) < —a
s+a
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4 Jm i (O]

7 N

Thus, the ROC for this example is specified
in Eq. as Re(s) < -a and is displayed in the
complex plane as shown in Fig. by the
shaded area to the left of the line Re(s) = -a.
Comparing Eqgs. and we see that the
algebraic expressions for X(s) for these two
different signals are identical except for the
ROCs. Therefore, in order for the Laplace
transform to be unique for each signal x (t),
the ROC must be specified as part of the
transform.

4.3 PROPERTIES OF THE ROC

As we saw in Examples, the ROC of X(s)
depends on the nature of the signal.

The properties of the ROC are summarized
below. We assume that X(s) is a rational
function of s.

Property 1
The ROC does not contain any poles.

Property 2

If x (t) is a finite-duration signal, that is, x
(t) =0 except in a finite interval
t, <t<t,(—oo<tandt, <o), then the ROCis

the entire s-plane except possibly s=0 or
s=00.

Property 3

If x (t) is a right-sided signal, that is, x (t) =
0 for t< t< oo, then the ROC is of the form
Re(s) > o,

Where c,,,, equals the maximum real part
of any of the poles of X(s). Thus, the ROC is
a half-plane to the right of the vertical line
Reb(s) = ©,,, in the s-plane and thus to the

right of all of the poles of X(s).

Property 4

If x (t) is a left-sided signal, thatis, x (t) = 0
for t > t2> -oo, then the ROC is of the form
RE(S) < O'pin

Where o, equals the minimum real part
of any of the poles of X(s). Thus, the ROC is
a half-plane to the left of the vertical line
Re(s) < o,,;, the s-plane and thus to the left

of all of the poles of X(s).

Property 5

If x (t) is a two-sided signal, that is, x (t) is
an infinite-duration signal that is neither
right-sided nor left-sided, then the ROC is
of the form o, <Re(s) <o,

Where o, and o, are the real parts of the
two poles of X(s). Thus, the ROC is a
vertical strip in the s-plane between the
vertical lines Re(s) = o, and Re(s) = o,.
Note:

That Property 1 follows immediately from
the definition of poles; that is, X(s) is
infinite at a pole.

LAPLACE TRANSFORMS OF
COMMON SIGNALS

SOME

A. Unit Impulse Function
d(t):
Using Egs., we obtain
LIs()] = 8(t)e *dt=1alls
B. Unit Step Function u(t)
L[u(t)] = j“; u(t)etdt = jo"j e *dt

o0

:_le‘“ == Re(s)>0
S ¢ S

Where o* = lim_,,(0+¢).

1

Example:
Find the Laplace Transform of following
signals?

1) e'u(t)

3) e*'u(-t)

2) e*u(+t)
4) e'u(-t)
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Solution: v 09
1) e—Stu(t) :J.e e dt: 5_3
- X(s) = [etu(-t)e “dt
1
u(® X(s) = s 3 ROC,Re (s) <3
1 1
—%'u(-t) & —,e’u(t) & —
- ) s 3 (t) T3
X(s)= je‘g"u(t)‘St 4) e'u(-t)

< e—(s+3)
I e e ldt = ]
S+3

+LROC, Re(s)>-3 |
S+3

\\\ X(s) = Te“”‘u (—t)e dt

_3 \\ \\\\\ X(S)Zi e et =

X(s) = —— ROC Re (s) <-3
s+3

e
s+3

/ - 1
e u(t) &> ——ROC, R_(s)< -3,
! 3 ( ) S+3 € ( )
O » 1
0 —e*u(-t)<>—— ROC,Re (s) < -3
| s+3
x(s)= Te“u(t)e“dt Example:
o Find the Laplace transform X(s) of x (t)
«< e’(5*3) = e_am ?
=[e -
N . Solution:
X(s) :is ROC, Re (s) >3 x(t)=e", X(s) =7
S —
| W
3) e*u(-t)

x(t)=e"

x(t)=e"u(t)+e"u(-t)
/“' Lo
1

1
— =R -a — >R _
s+a o(5)>-a s+a (s)>-2
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—2a
X(S):(SJra)(s—a)
X(s)= SZ_EZZ -a<R,(s)<a a>0
L<— ifa>o
\\\K§
\
—i<— ifa>o

AN

\

W

Common ROC

/)

\i
/)

1

Ifa<0 x(t)=e™"

7

S~ |

a<o

gl

I\

B

There is no common ROC, thus x(t) has

no transform X(s)

4.4 PROPERTIES OF THE LAPLACE
TRANSFORM

Basic properties of the Laplace transform
are presented in the following.

A. Linearity:
If
X, (t) & X,(s) ROC=R,
X, (t) <> X, (8) ROC=R,
Then
X, (t) +a,%,(t) > a,X,(s) +a,X,(s)
R>R,NR,
The set notation A 5B means that set
A contains set B, while A B denotes

the intersection of sets A and B, that is,
the set containing all elements in both A
and B. Thus, Eq. indicates that the ROC
of the resultant Laplace transform is at
least as large as the region in common
between Riand R2. Usually we have
simply R' =R, nR,

1) Unit impulse function:-

L[s(1)]= T S(t)e*dt=1alls

00

2) Unit step function:-

L[u(t)] = ]‘ u(t) e dt =T e dt

—n 0

S (: 1 Re(s)j >0

S S
[u(=t)] TR %Re(s) <0
Llu()+u(-t)] <« ROCu(t)
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11

s s
No common ROC then no Laplace
transform.

Ll u(t) -u(-t)] = L[ Sgn(t)]

11

\

No common ROC,
transform

the no Laplace

B. Time Shifting:

If x(t) < X(s) ROC =R
Then, x(t-t,)«<>e™*X(s) R=R
Equation indicates that the ROCs before

and after the time-shift operation are
the same.

C. Shifting in the s-Domain:

If x(t) <> X(s) ROC =R then
e 'x(t) <> X(s—s,) R=R+Re(s,)

Equation indicates that the ROC
associated with X(s - so) is that of X(s)

shifted by Re (so).This is illustrated in
Fig

i[O + Jm

{2} ib)

Fig, Effect on the ROC of shifting in the s-domain. (a) ROC of X(5): (b) ROC DFX(S-S&

D. Time Scaling:

If x(t)<>X(s) ROC=R

Then x(at) <> — X (i) R=aR

o \a
Equation indicates that scaling the time
variable t by the factor a causes an
inverse scaling of the variable sby 1l / a
as well as an amplitude scaling of X(s/a)
by 1/|al. The corresponding effect on

the ROC is illustrated in Fig.

.U

.

Fig: Effect on the ROC of Time scaling (3) ROC of X(s): (b) ROC of X{5/a)

E. Time Reversal:

If  x(t) <> X(s) ROC =R

Then X(—t) & X(-9s) R'=-R
'Thus, time reversal of x (t) produces a
reversal of both the o — and jw-axes in
the s-plane.

F. Differentiation in the Time Domain:

If x(t) <> X(s) ROC=R

XS Ho_p

Then, —tx(t) &
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Equation shows that the effect of
differentiation in the time domain is
multiplication of the corresponding
Laplace transform by s. The associated
ROC is unchanged unless there is a
pole-zero cancellation at s = 0.

4.5 THE INVERSE LAPLACE TRANSFORM

Inversion of the Laplace transform to find
the signal x (t) from its Laplace transform
X(s) is called the inverse Laplace transform,
symbolically denoted as

x(t) = LY{X(s)}
A. Inversion Formula

There is a procedure that is applicable
to all classes of transform functions that
involves the evaluation of a line integral
in complex s-plane; that is,

X(t) :i_jﬁ_ij(s)e“ds In this integral,
27TJ C+joo

the real c is to be selected such that if
the ROC of X(s) is o, < Re(s) <o,, then

0,< ¢ <o,. The evaluation of this

inverse Laplace transform integral
requires an understanding of complex
variable theory.

B. Use of Tables of Laplace Transform
Pairs:

In the second method for the inversion
of X(s), we attempt to express X(s) as a
sum X(s) = X1(s) +... +Xn(s)

Where X1(s), . . ., Xn(s) are functions
with known inverse transforms x1(t), . .
., Xn(t). From the linearity property it
follows that x(t) = x1(t) + - - +Xn(t)

C. Partial-Fraction Expansion:

If X(s) is a rational function, that is, of
the form

X(S): N(S) :k(s_zl) ........ (S—Zm
D(s) (S=Py)eeeen (s—p,)

a simple technique based on partial-
fraction expansion can be used for the
inversion of X(s).

4.6 THE SYSTEM FUNCTION
A. THE SYSTEM FUNCTION

We showed that the output y (t) of a
continuous-time LTI system equals the
convolution of the input x(t) with the
impulse response h(t)that is,

y(t) = x(t)*h(t)

Applying the convolution property we
obtain where Y(s), X(s), and H(s) are the
Laplace transforms of y (t), x (t) and h (t),
respectively. Equation can be expressed as

———3 ki)

—>
x(t)

y(=x(t)*h(t)

| 11

x(s) Y(s)=X(s)H(s)
—2 H(s) [———>
Figure: Impulse response and system Function

The Laplace transform H(s) of h (t) is
referred to as the system function (or the
transfer Function) of the system. By
Equation, the system function H(s) can also
be defined as the ratio of the Laplace
transforms of the output y (t) and the input
x (t). The system function H (t) completely
characterizes the system because the
impulse response h (t) completely
characterizes the system. Figure illustrates
the relationship of Equation.

4.7 CHARACTERIZATION OF LTI
SYSTEMS

Many properties of continuous-time LTI
systems can be closely associated with the
characteristics of H(s) in the s-plane and in
particular with the pole locations and the
ROC.

1. Causality
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For a causal continuous-time LTI system,
we haveh (t)=0 t<0

Since h (t) is a right-sided signal, the
corresponding requirement on H(s) is that
the ROC of H(s) must be of the form

Re(s) > o,

That is, the ROC is the region in the s-plane
to the right of all of the system poles.
Similarly, if the system is anti causal, then h
()=0t>0

And h (t) is left-sided. Thus, the ROC of H
(s) must be of the form Re(s ) <o

That is, the ROC is the region in the s-plane
to the left of all of the system poles.

min

2. Stability

A continuous-time LTI system is BIBO
stable if and only if J.jo |h(t)|dt <o

The corresponding requirement on H(s) is
that the ROC of H(s) contains the jw-axis

3. Causal and Stable Systems

If the system is both causal and stable, then
all the poles of H(s) must lie in the left half
of the s-plane; that is, they all have negative
real parts because the ROC is of the form

Re(s) >o,,,, and since the jw axis is
included in the ROC, we must have

O max < 0.

4.8 THE
TRANSFORM

UNILATERAL  LAPLACE

A. Definitions

The unilateral (or one-sided) Laplace
transform Xi(s) of a signal x(t) is
defined as

X, (s) = jo“f x(t)e dt

The lower limit of integration is chosen
to be 0- (rather than 0 or 0*) to permit x

(t) to Include & (t) or its derivatives.
Thus, we note immediately that the
integration from 0- to 0*is zero except
when there is an impulse function or its
derivative at the origin. The unilateral
Laplace transform ignores x (t) for t < 0.
Since x (t) in Eq. is a right-sided signal,
the ROC of Xi(s) is always of the form
Re(s) >o,,, ,that is, a right half-plane in

the s-plane.

max !

. Basic Properties

Most of the properties of the unilateral
Laplace transform are the same as for
the bilateral transform. The unilateral
Laplace transform is wuseful for
calculating the response of a causal
system to a causal input when the
system is described by a linear constant
coefficient differential equation with
nonzero initial conditions. The basic
properties of the unilateral Laplace
transform that are wuseful in this
application are the time-differentiation
and time-integration properties which
are different from those of the bilateral
transform.

They are presented in the following:-

1. Differentiation in the Time
Domain

% <> sX,(s)—x(07)
Provided that
lim d);—it) <> 5$X,(s)—x(0") Repeated
application of this property yields
X, 2 (5) - x°(0°)
dt
d:;:gt) <> s"X,(s)—s""x(0")
—"?x(07) - .....—x"P(0") where
coodix(t
x'(07) = Tg)

t=0"
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2. Integration in the Time Domain

t 1
[ x(@dre =X,
0 S

[ x(mdr e Ix (s)+1 [ " x(1)dt
-0 S Sv=®

Table 4.1 Important Laplace Transform pair

. System Function:

Note that with the unilateral Laplace
transform, the system function H(s) =Y
(s)/ X (s )is defined under the condition
that the LTI system is relaxed, that is, all

initial conditions are zero.

s. (v F(s) f(t) F(s)
No.
1. |o(1) 1 14. | cosha,t S
s? — ¢
2. | J(t-a) eas eatsin h e, t o,
3. |u(®) 1 etcos hm,t s+a
S (s+a)’ — ¢
4. Ju(t-a) e sin (w,t+ 0) | ssind -, cosd
s s’ + @}
5. ﬂu(t)' . (-1)n n1+1 cos(,t + 0) scos&z— 60025"‘ 0
n! S S+ w,
positive integer
6. |eatu(t) 1
s+a
7. the 1
al u(t) (s+a)™
8. |[sin (@,t) u(t) @,
s’ + @}
9. | cos (@,t) u(t) S
s’ +@f
10. | tcos (@,t) u(t) s? — ¢
11. | tsin (w,t) u(t) 2,5
(s’ + @)’
12. | eatsin (w,t) o,
u(t) (s’ +a)° +
13. | eatcos (w,t) s+a
u(t) (s+a)’ + o]
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Table 4.2 Properties of Laplace transform

S.No. | Property Time domain Frequency domain
1. Linearity afi(t) £ bfz(t)aand |aFi(s) £ bFz2(s)
b are constants
2. Scalar multiplication kf(t) kF (s)
3. | Scale change f(at),a>0 1 F( SJ
a \a
4. Time delay f(t-a),a>0 F (s) eas
5. s-shift eatf(t) F(s +a)
6. Multiplication by t» tof(t),n=1, 2,....... 1) d"F(s)
ds"
7. Time differentiation f'(t) s F(s) - f(0)
(1) s2 F(s) -sf(0)-f*(0)
fr(t) st F(s) - sm1 f(0)-sn-2
£(0) - ......- f'1(0)
8. Time integration L(t—u)™?t F(s
& | =W ¢ Wy FE)
5 (n=1)! S
9. Frequency (-t) f(t) Fn (s)
differentiation -t f(t) F(s) = drF(s)
(1) &)= "5
F”(s)
10. | Frequency integration f(t) i
T j F(s)ds
11. | Convolution f1 (t) * f2(t) Fi(s) Fz2(s)
t
= j f (1) f,(t—1)dt
0
12. | Final value f(wo)= !im f(t) IingsF (s)
13. | Initial value f(0*) =lim f(t) lims F(s)
t—>0~ S—®©
14. | Time periodicity f(t_) =f(t+nT) 1_ Fi(s)
n= 1, 2, ....... 1—e sT
t
where Fi(s) =I f (t)edt
0
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Example
Find Laplace Transform
rectangular waveform.

of periodic

T T 3T t Period 2T
Solution :
S F(s)
F(s)= dt =+
(S) 1_ efst
L[f(t)] 't

l 2T 2T
:ﬁ[ j Aedt + j (A)e‘S‘dtJ
1-e2| 4 )

— é(e—st) +ée_5t _ée—st
S S S

— 1 é( _e’ST)Z—A 1_E7ST
1-e?" S S|1+e*"

L[#(1)])=2ann( |

Example
Laplace Transform of periodic saw tooth
waveform

Solution

ét O<t<T

f(t) =
© 0 otherwise

LIF(D)] =

B A
TS*(1-¢")

.
%éjte‘“dt
1-e* Ty

(1-e™" —-STe™)

Example
Laplace Transform of full wave rectified
output

£(t)

T/2 T 3T/2

Solution:
f(t) =Asin (1)ot o<t<T/2

TI2

L[f(t ]_ — jsm oot e~"dt
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GATE QUESTIONS(EC)

Q.1

Q.2

Q.3

Q.4

Q.5

The transfer function of a system is

given by H(s) = 1 . The impulse
s%(s-2)

response of the system is

a) (2 *e? () b) (t* e2t) U(t

c) (te2t) U (t) d) (te29)U(t)

(*denotes convolution, and u(t) is a

unit step function)
[GATE-2001]

The Laplace transform of a
continuous -time signal x(t} is
X(s) = :f If the Fourier transform

of this signal exists, then x(t) is
a)e™ult) — 2e~tu(t)
b) —etul(—t) + Ze~tu(t)
) —e™tu(—t) — Ze tu()
d) e®ul—t) — 2e~tu(t)
[GATE-2002]

The Laplace transform of i(t) is

given by I(s) =—— As t— o the
value of i(t) tends to

a)o b)1

c)2 d) o=

[GATE-2003]

Consider the function f(t) having
Laplace transform

F(s) = 53::“:.;: Rels] = 0
The final value of f(t) would be :
a)o b)1

c)-1=f(em) =1 d) e

[GATE-2006]

If the Laplace transform of a signal
y(t) is¥is) = l_rl,then its final value

E(=

is
a)-1 b)0
o)1 d)Unbounded

[GATE-2007]

Q.6

Q.7

Q.8

Q.9

Q.10

Given that F(s) is the one-sided
Laplace transform of f(t), the
Laplace transform of j (o)de is

0

a) SF(S) —f (0) b) 1 F(s)

d)1

S

[GATE-2009]

) [ (e [F(5)~ £0)]

A continuous time LTI system is
described by
divrty dyit)

dx(t)
—_ = 2 —=
A+ 3yt = 27 + d(t)

Assuming zero initial conditions the
response y(t) of the above system
for the input x(t) = e~ u(t) is given by
a)(e* — e u(t) b) (&' — e~ Ju(t)
c) (e + e Ju(t) d) (* + ¥ Ju(t)
[GATE-2010]

If the unit step response of a
network is (1 —e™) then its unit

impulse response is

a) me™™ b) a=te ™

C)(l—a e ™ d) (1 —a)e™
[GATE-2011]

An input x(t} = exp(—28) ult) +5(t—6)

is applied to an LTI system with

impulse response h(t} =ult) . The

output is

a)[1 — exp (280 ]ult) + u(t + 6)

b) [1 — exp (-2 ]ult) + u(t — 6)

c) 0.5[1 — exp (—26) Jult) + u(t + 6)

d)0.5 [1 — exp (—26) Jult) + u(t — 6)
[GATE-2011]

If F(s]=£[f(:}]=,2(57+1) then the
S +4s+7

initial and final values of f(t) are

respectively

a)o,2 b) 2,0

c)0,2/7 d)2/7,0
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[GATE-2011]

Q.11 The unilateral Laplace transform of
f(t) is= “— The unilateral Laplace

B° +8+1

transform of t f(t) is
a) ——=— b)-—

(5% +3+1)2 (5% +3+1)2

C) ] d) 28+1

(5% +5+112 (5% +3+1)2

[GATE-2012]

Q.12 The impulse response of a system is
h(t) = t u(t). For an input u(t - 1),
the output is

a) %u(t)
t(t-1)
2

c) (=17 _21)2 u(t-1)

b) u(t-1)

2
-1
d) t

u(t-1)
[GATE-2013]

Q.13 A system is described by the
following differential equation,
where u(t) is the input to the system
and y(t) is the output of the system.
y(t)+5y(t) =u(t)
When y(0)=1 and u(t0 is a unit step
function, y(t) is
a)0.2+0.8e™ b) 0.2—0.2e ™™
c) 0.8+0.2e™ d) 0.8—0.8e™

[GATE 2014, SET-1]

Q.14

Q.15

Let the signal f(t)=0 outside the
interval [T,,T,], where T, and T, are
f(t)|<oo. The

region of convergence (RoC) of the
signal’s bilateral Laplace transform
F(s)is

finite. Furthermore,

a) a parallel strip containing j{2
axis
b) a parallel strip not containing
JQ axis
c) the entire s-plane
d) a half- plane containing the j{2
axis

[GATE 2015, SET-2]

Consider the following statements
for continuous-time linear time
invariant(LTI) systems.

[.  Thereis no bounded input
bounded output (BIBO)
stable system with a pole in
the right half of the complex
plane.

II.  There is no casual and BIBO
stable system with a pole in
the right half of the complex
plane.

Which of the following is correct?
a) BothIandII are true
b) BothIand Il are not true
c) Onlylis true
d) Only Ilis true
[GATE 2017, SET-1]

ANSWER KEY:

1 2 3 4 5 6 7
b d c C d b b a
9 10 11 12 13 14 15
d b d C A C d
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EXPLANATIONS

Q.1

Q.2

Q.3

Q.4

Q.5

Q.6

Q.7

(b)
Impulse response of system is
L [H(s)]
=2 :;.:-::. = 5% . 5+ = (£7e™ u(t)
(d) 5-3 5_3
}l{s:] = 3:—_3—: = =:s+ﬂ_:'s—:‘1

s-: A B

(s+1[3-23 a8+1  s8-2
5—s=A(s—2) +B(s+1)
g=23=3E

= B=1

g=—16=—-34

= A=-2

Axl(t) = —2etuld) + e®fu(—t)

]

limi,_.(t) = lim,_, sI(5)
. Hm‘g"'nss:jj;sj =2

(9

En\

\/‘ A Q.8

L [F(s)] = sinw,t

F(t) = sinwgt
~1=f@)=<1
(d)

Final value theorem is applicable Q.9
only when all the poles of system

lies in left half of s-plane.

+ s =1 is right s-plane pole

=~ Unbounded.
(b) e e
A ar] = B2, D _Fe

With zero initial condition .

(b)

d?yity
dt?

dyy(
+4728 + 3y(0)

_ &
=2—— +4x(t)

Taking Laplace transform on both
sides
( Assuming zero initial conditions),
52Y(s) + 42Y (=) + 37(s)
= 2sX(s) + 4X%(s)

Tig I3+4
Or ) = 32 +48+3

28+

T lm+lE+n
Given that,
x(t) = e Tu(t)
__t
X(s) = 8+2
v(s) = (3411543342

T g+ e+
1 1

2+1 2+3
Taking inverse Laplace transform
on both sides,

Y(t)= (¢~ — e=2) u(t)

(a)

Unit step response

s(t) = (1 —e™™)

So, unit impulse response is

_dsny _d . g
h() = at am T )

= g™

(d)
x(t) = e ult) + 5(t— 6)
X(s) = i+ g™

HG) =1

= Y(=) = X(s).H(s)

> Y@ =

> Y@ =3 (-5s) i

Taking inverse Laplace transform
,we have
y(£0.5 (1 — el + u(t— 6)

Q.10 (b)

© Copyright Reserved by Gateflix.in No part of this material should be copied or reproduced without permission



GAIERIX

Fis} _ _ Ns+1) 1
&) =Lf @0 == SY(s)-y(0)+5Y(s)=¢
Initial value, 1
lim,_,f(t) = lime__. sF(s) (S+5)Y(5)—1=;
= slim (s+5)Y(s)=11
. 28201+ B S
e TR (s+1)
s, Y=
[L+0+0)
Final value, A B (s+1)
lim,_ o f(£) = limg_, .. sF(s) ?+(S+5) 5(s+5)
\ 3+l
= S limy e e A=02
B="2-038
Q11 (d) ] ~ 5
L] = (-1 25 () Y(s)=——+—
o s (s+5)
In this problem. B 5t
Given, y(t)=0.2+0.8e
LIFO] = 7 =16 014 (©
. c
We need Lt ROC of a finite duration signal is
Litf0)] = (-1)* £ (s) entire s-plane
ﬂ -
= _EF (=)
_ _i[ 1 ] Q.15 (d)
ds =:1+=+1 A BIBO stable system can have poles
- [n:==+=+1:-=] *(2s+1) in right half of complex plane, if it is
— [ 25+ ] a non causal system. So, statement-I
(frertl® is wrong.
A causal and BIBO stable system
should have all poles in the left half
Q12 (c) of complex plane. So, statement-II is
h(t) = tult)
correct.
Taking Laplace transform
HG) =%
x(t) = ult —1)
Taking Laplace transform
X.{f] =0
+g =~ HE)
¥(s) =H(=) x(s)
1 e™F 7%
Ve =5 T =%
Taking the inverse Laplace
transform _
V) = u - 1)
Q.13 (a)

y(t)+5y(t)=u(t)
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GATE QUESTIONS(EE)

Q.1

Q.2

Consider the function. F(s) = ——

ala?+3a+2)
where F(s) is the Laplace transform
of the function f(t). The initial value
of f(t) is equal to
a) 3

0):

b):
d) 0
[GATE-2004]

The Laplace transform of a function

f(t) is Fl) = ﬁ Ast — oo, f(t)
approaches
a) 3 b) 5
17
c) — d) oo
)5 )

[GATE-2005]

Common Data Questions 3 & 4
Given f(t) and g(t) as shown below:
&(t)

(O

A

0

Q.3

Q.4

Q.5

1 1 I—I
_I -t It

1 0 3 5

g(t) can be expressed as
a) gltd=f2t-3) b)
g® =1(5 -3)

c) g =f(2t-2)

.

d) g =1(:-3)
[GATE-2010]

The Laplace transform of g(t) is

a) f{EES — &%) b) f (=55 — e~35)

)20 - ) d) (e — &)
[GATE-2010]

Let the Laplace transform of a
function f(t) which exists for t = 0 be

F.(s) and the Laplace transform of its
delayed version flt — t)be F;(s).F,(s)
be the complex conjugate of F(s)
with the Laplace variable set as

Q.6

Q.7

Q.8

A E Ty
Pyl
inverse Laplace transform of G(s) is

a) anideal impulse &(t)
b) anideal delayed impulse &{t— 1)
c) anideal step function u{t}

d) an ideal delayed step function
u(t— 1)

8= o+ juw IfG(s) = , then the

[GATE-2011]

The unilateral Laplace transform of
f(t) is =—— The unilateral Laplace

52 +3+1

transform of t f(t) is
a) - ——— b)-
(32 +3+1)2

) —= d)

(52 +3+1)2

(32 +3+1)2
Iz+1

(32 +3+1)2

[GATE-2012]

Assuming zero initial condition, the
response y(t) of the system given
below to a unit step input u(t) is

U(s) ’ Y(s)
_..——-’ =
]
a) u(t) b) tu(t)
2
c) %u(t) d) e fu(t)
[GATE-2013]
Which one of the following
statements is NOT TRUE for a

continuous time causal and stable

LTI system?

a) All the poles of the system must
lie on the left side of the jw axis.

b) Zeros of the system can lie
anywhere in the s-plane.

c) All the poles must be within
sl =1

d) All the roots of the characteristic
equation must be located on the
left side of the jw axis.

[GATE-2013]
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Q.9 The Laplace Transform of
f(t)=2+/t/m is s3/2, The Laplace
Transform of g(t)=+/1/tm is

35~/
a) g
b) s /2

b) 5_1/2

d) 53/2
[GATE-2015]

Q.10 The Laplace Transform of f(t) =

e2tsin(5t)u(t) is

5 5
a) $2—4s+29 ) 5245
) s—2 ) 5
¢ $2—45+29 s2+5

[GATE-2016]

Q.11

Q.12

The solution of the differential
equation, for t>0, y"(t) + 2y’(t) +
y(t)=0 with initial conditions y(0)=0
and y’(0)=1, is (u(t) denotes the unit
step function),

a) tetu(t)
c) (e+tetu(t)

b) (et-tet)u(t)
d) etu(t)
[GATE-2016]

Consider a Linear Time Invariant
system with transfer function

H(s) = —

(s+1)

If the input is cos(t) and the steady
state output is A cos(t+a), then the
value of A is

[GATE-2016]

ANSWER KEY:

1 2 3 4 5 6

d a d c b d

7 8 9 10 11 12

b c b a a 0.707
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EXPLANATIONS

Q.1

Q.2

Q.3

Q.4

m}u

(d)

Fls) = ——

sl +334+2)

By initial value theorem

Limt__.n H:t:] = Ltg—_-:: SF{S:]
@
F':S:] — 58" +138+6

slzf+23+7)
By final value theorem,
Lim,__ F(t) = Lim,_, sF(s)
6

(d)

1 J ; 3 5
Since g(t) has width of 2-unit and
f(t) has 1 unit therefore we have to
first expand f(t) by 2 unit and for
this we have to a scale f(t) by %
ie. flt) = F(%t)

Now shift it by three unit to get g(t)
glt) =£,-3)

s =1()
-1¢-)

(<)

gl®) = ult) 3<t<h
=0 t=3.t=3

= gt} = ult - 3) —u(t—3)
Lig(t)} = Liuct — 3)}

1 _g 1 _
=g _ 5
] ]

—L{u(t — 5)}
— f{e'“ — e 55)

—-35

=T (1 - o)

]

Q.5

Q.6

Q.7

Q.8

(b)

F,(t) = LIf(t— 1)} = e *'F, (5)
GE) = 8(t—1)

(d)

If LIf(t)] = (s)then
Lit)] = (~1* TF ()
In this problem.

Given,

LIf()] :

= 2 +a+1 =
We need
LeF®] = (Dt S5 )

fs)

ﬂ_
= _EF{S:]

_ i[ L ]
T dsls?ya+r

] % (25 + 1)

[ 1
(82 +5+1)2

_[ 25+1 ]
T Lis?+a+ )2

(b)
x(£) = ult)

Apply Laplace transform
x() =1

[ |

H(s) =7 (given)

¥(s) =H(5) X(5)

=L

=2

s

|
fa |

Taking inverse Laplace transform

y(t) = tult)

(@
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For a causal and stable LTI system
the ROC must be right sided and it
must include the s=jw line (o=0)
For all the poles must lie within
|s| = 1 then all poles will lie between
-1to +1 We know that ROC does not
include any pole, so in this case ROC
will not be able to include == jw
line (¢ = 0). Thus the system will not

be stable .Hence this statement is
NOT TRUE.

Q9 (b)
Given that,

f(t) L.T. 873/2

2 L L.T. S—3/2
\/ 27

Tofind Laplace transform of \/It
T

Usin g property that :
if f(t) —=T—F(s)

then,%f(t)—L'L)— j F(s)ds

$0,2- /i—>”' 2571
mt
1 L.T. -1/2
Thus, /———)S
mt

Q.10 (a)

Laplace transform of sin5tu(t) —— — >
s°+25
5 5

e*sin5tu(t)— g =—
(s—2)°+25 s°—4s5+29

Q.11 (a)

The differential equation is
Y'(t)+2y’ () +y(1)=0
S0, (s*Y (s) ~sy(0) ~ y'(0)) + 2[s Y (s)

—Y(0)]+Y(s)=0
S0, v(s) = YO +y(0) +2y(0)

(s> +2s+1)
Giventhaty'(0)=1y(0)=0
1

S0,Y(s) =
©) (s+1)°

So, y(t) = te"'u(t)

Q.12 0.707
1

H(S) =m

puts = jo,

H(jo) =

jo+1

. 1
H(jo)| = T
Qinput x(t) = cos(t)
Herex =1rad/sec
and| x(t)|=1
Hence, steady state output

y(t) = x(0) [x| H(jo) |, cos[t+ LH(jw)]

A= x(®) [x[H(jo) |,y

A:i:0.707

V2
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GATE QUESTIONS(IN)

Q.1

Q.2

Q.3

Q.4

Identify the transfer function Q.5
corresponding to an all-pass filter
from the following:

1-sT 1-s71

a) 1+st b) 1+st2

C) 1-:51 d) 1:?;‘[
Q.6

[GATE-2005]

Let the signal x(t) have the Fourier

transform X{w). Consider the signals

yl(t) = ﬁ x(t -t;)] where t; is an

arbitrary delay .The magnitude of

the Fourier transform of y(t) is

given by the expression

a) 1X(w)l. Jw| b) [X(w)l. w

C) w? [X(w)l d) lewllX(w)].e —utd
[GATE-2007]

u(f)represents the unit step function
.The Laplace transform of u{t — 7} is
a)= b) =

- 7
z d) e = Q

[GATE-2010]

The Laplace Transform
representation of the triangular
pulse shown below is Q.8
x(t)
1
t
) [1+e™%]

) [1—e"%+ 8™ %]
C)s—:[l — e~ 4+ 27 %]
d) 01— 27+ 7]
[GATE-2013]

If X(s), the Laplace transform of
(S+2)

(S+1)(S+3)’
,then the value of x(t) as t— o is

signal x(t) is given by

[GATE-2016]

A system 1is described by the
following differential equation:

dy(t) _dx(t)
T + Zy(t) = _dt + X(t) B

x(0)=y(0)=0

Where x(t) and y(t) are the input
and output variables respectively.
The transfer function of the inverse
system is

s+1 S+2

a) 5 b) T
s+1 s—1
IV S s

[GATE-2017]

The Laplace transform of a causal
signal y (t) is Y(s) =E. The value of

the signal y (t) at t=0.1s

is units.
[GATE-2017]

Unit step resonance of a linear time
invariant (LTI) system is given by
y(t)= (1—e‘2t )u (t). Assuming zero

initial condition, the transfer
function of the system is
a) by 2
s+1 (s+1)(s+2)
1 2
c) — d —
) S+2 ) S+2

[GATE-2018]
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a a C d 0 b -2.195 d
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EXPLANATIONS

Q.1
Q.2

Q.3

Q.4

Q.5

Q.6

Q.7

Q.8

()

(a) »

F{x_[t —tglh= e M2 N{Jw)
F{i{x[t -t} = Jw. e 44" X (Jw)
V()| = w1 (@)

(0

Laplace transform of u(t)=1/s
Use Time shifting property:

If the L.T of f(t) is F(s),

Then L.T of x(t)= f(t — 1) is

X(s) = e 5TF(s)

A L.Tofult —T]ISES

(d)
x(t)=r(t)-2r(t-1)+r(t-2)

X (s) _iz[l—Ze’S +e’25]

(0) ,

tho(t):Sm:O

(9

d{j(tt) L 2y(t) = dxd(tt) 4 x(1)

So, H(s) = % = :J%

-2.195

S+2 . .
y(s) = —— isproper converting
S+6

to strictly proper
4

:l——
y(s) S+6

y(t)=35(t)—4e™U(t)
y(0.1) = 0—4e*'U(t) =—2.195

(d)

Given unit step response

y(t)= (1—e‘2‘)u (1)
impulse response

d

n(B)=Sy ()
h(t)=5(t)—e™5(t)+2eu(t)

— 20y (t)

L{h(t)} = Transfer function

T.F=L{2e"u(t)} = s%z
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Z-TRANSFORM

5.1 Introduction to Z - Transform

For a general discrete-time signal x[n], the
z-transform X (z) is defined as

0

X(z)= > x[n)z™"

The variable z is generally complex-valued
and is expressed in polar form as Z = re/®
Where r is the magnitude of z and (1 is the
angle of z. The z-transform defined in
equation is often called the bilateral (or
two-sided) z-transform in contrast to the
unilateral (or one-sided) z-transform,
which is defined as

0

X, (z)=> x[nlz"

n=-0

Clearly the bilateral and wunilateral z-
transforms are equivalent only if x[n] = 0
for n< 0. We will omit the word "bilateral"
except where it is needed to avoid
ambiguity.

As in the case of the Laplace transform,
equation is sometimes considered an
operator that transforms a sequence x[n]
into a function X (z), symbolically
represented by

X(2)=3{x(n]
The x[n] and X (z) are said to form a z-

transform pair denoted as
x[n] <> X(z)

5.2 THE REGION OF CONVERGENCE

As in the case of the Laplace transform, the
range of values of the complex variable z
for which the z-transform converges is
called the region of convergence. To

z-transform and the
let us consider some

illustrate  the
associated ROC,
examples.

Example:
Consider the sequence x[n] = a"u[n], a is
real then by equation the z-transform of

x[n]is?
Solution:
X(z)= ia”u[n]z‘n = Zw: (az‘l)n
N=—o0 n=-0

For the convergence of X (z) we require
that

3 ez <o
n=-0

Thus, the ROC is the range of values of z for

which |az’1|n <1lor, equivalently, Z| > |a|
Then
X(2)= 3 (2] = Ll e

Fig ROC of the Form |z|>|a]|

Re(z)
-

Unirt circle

e
Im{z)
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Rei{z)

expressions of X (z)for two different
sequences are identical except for the
ROCs. Thus, as in the Laplace transform,
specification of the z-transform requires
imeo) both the algebraic expression and the ROC.

Fig. ROC of the Form |z|<|a|

Im(z)

-1=a<=0

Re(z)
*

Im(z)

a=<-1

Alternatively, by multiplying the numerator
and denominator of equation by z, we may
write X (z). As from equation, we see that
X(z) is a rational function of =z
Consequently, just as with rational Laplace
transforms, it can be characterized by its
zeros (the roots of the numerator
polynomial) and its poles (the roots of the
denominator polynomial). From equation
we see that there is one zero at z = 0 and
one pole at z =a. The ROC and the pole-zero
plots for this example are shown in Fig. In
z-transform applications, the complex
plane is commonly referred to as the z-
plane.

Example: Consider the sequence x [n] = -
amu [-n - 1], its z-transform X (z) is given by

Solution:

1
X(2)= i<l
Again, as before, X (z) may be written as

zZ
X(2)=L i<

Thus, the ROC and the pole-zero plots for
this example are shown in Fig. Comparing
equation, we see that the algebraic A
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5.3 PROPERTIES OF THE REGION OF 1
CONVERGENCE (ROC) a) x(n) =| 5 |nu(n) + 5 [nu(n)

As we saw in the Examples and the ROC of ~ b) x(n) =(1 nu(n) + —)n u(-n-1)
X (z) depends on the nature of x[n]. The 3

properties of the ROC are summarized 0) X(n) _ 1 nu (n) " 1 nu (-n-l)
below. We assume that X (z) is a rational 2 3
function of z. Solution
1 z 1
Property 1 a) > n u(n) o—7 |z|>E
The ROC does not contain any poles. z 5
Property 2 (lj n u(n) < il |z|>1
If x[n] is a finite sequence (that is, x[n] =0 3 7—= 3
except in a finite interval N;<n<N, 3
where N1 and N2 are finite) and X (z)
converges for some value of z, then the ROC
is the entire z-plane except possibly z = 0 or
Z =00,
Property 3 .
If X[n]is a right-sided sequence then, the >
ROC is entire z plane except z=0
Re(2)
Property 4
If x[n]is a left-sided sequence, then the ROC
is entire z plane except z=00
1
Property 5 || > 5

If x (n) is a two-sided sequence, then the
ROC is entire z plane except at z=0 and z=o

Z-TRANSFORMS OF SOME COMMON
SEQUENCES

A. Unit Impulse Sequence §[n]:
From definition

X(z)= i&[n]z‘“ =z%=1Forallz

B. Unit Step Sequence u[n]
Setting a = 1 in equation, we obtain
1z
1-z% z-1

u[n]«

|z|>1

Example
Find X (z) & its ROC for given discrete
sequence x[n]?
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Z
R
2 3
1
==< |z| < =
3 2
9 @nu(n) 7> L
Z
©o—7
Z_i
2
@]nu(n) 2> 2
Z
©o—
Z_i
3

There is no common ROC, X[z] is not
valid for given x (n).

Example
Find X (z) & its ROC for given discrete
sequence X (n) =a Inl?

Solution:
x (n)=a Inl
a) x (n) for a <1 and a > 1, X(z) & ROC for
both cases
x (n)=a Inl 0<a'<1

x(n) =aru(n) +a ™ u(-n-1)

a”u(n)ei(l z|> a)

a”u(-n-1)<—>il z |<1
oL e

a
Unit circle
Im(z)
5 lRe(Z)
Z Z
X(z) =—2—-—2_
z-a ,_1
a
2
X(z)=a 1 Z

a -(z—a)(z—lj
a

a<| z| <£,0<a<1, overlapped ROC
a

d) a>1
x(n)= alnl a>1
a>1
i
0 n
Z Z
X(Z):n——l
_ ,_1
a

1
Poleatz.a, z=—
a

1
a<|zl< =, a>1
a

Do not overlap. There is no common
ROC. Thus x (n) will have no X (z)

5.4 THE INVERSE Z-TRANSFORM

Inversion of the z-transform to find the
sequence x[n]from its z-transform X (z) is
called the inverse z-transform, symbolically
denoted as

xX[n] = Z1[X (z)]
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A. Inversion Formula:

As in the case of the Laplace transform,
there is a formal expression for the
inverse z-transform in terms of an
integration in the z-plane; that is,

x[n]= N((z)z “dz

Where C is a counter clockwise contour
of integration enclosing the origin.
Formal evaluation of Eq. requires an
understanding of complex variable
theory.

. Use of Tables of z-Transform Pairs:

In the second method for the inversion
of X (z), we attempt to express X (z) as a
sum X(z) =X1(z) +...+Xn(2)

Where X1(z),.... Xn( z) are functions
with known inverse transforms x1[n], . .
. Xn[n]. From the linearity property it
follows that

x[n]=x,[n]+.....x,[n]

. Power Series Expansion:
The defining expression for the z-
transform equals is a power series
where the sequence values x[n] are the
coefficients of z-". Thus, if X (z) is given
as a power series in the form

X[z] = ix[n]z‘n

n=—oo

+x[-2|2 +x[-1]z+x[1]z +x[2]2 2 +......

We can determine any particular value
of the sequence by finding the
coefficient of the appropriate power of
z'1. This approach may not provide a
closed-form solution but is very useful
for a finite-length sequence where X (z)
may have no simpler form than a
polynomial in z-1.

. Partial-Fraction Expansion:
As in the case of the inverse Laplace
transform, the partial-fraction
expansion method provides the most
generally useful inverse z-transform,

especially when X (z) is a rational
function of z. Let

N@ (z-2)....(z-2,)
X(Z)_D(z)_k(z—pl) ...... (z-p,)

Assuming n 2 m and all polesi are

simple, then
X(z) _C_o+ C

c c
+—2 4. +—0

z Z ZI-pP, Z-p, Z—-p,
:C—0+ X Ck
Z S Z-Py
Where
Co = X(z)|Z .
X(z2)

«=(2-p)—
Z=py

Hence, we obtain

X(z)=c,+c,

=C +chz >
k

Inferring the ROC for each term in
equals from the overall ROC of X(z) and
using we can then invert each term,
producing thereby the overall inverse z-
transform If m > n in equals, then a
polynomial of z must be added to the
right-hand side of equals the order of
which is (m - n). Thus for m> n, the
complete partial-fraction expansion
would have the form

Zb 2% + ch

has multlple-order poles, say pi is the
multiple pole with multiplicity r, then
the expansion of X(z)/z will consist of
terms of the form

+...+C,
_'pl Z'_'pn

IfX (2)

Xl XZ xr
z-P, (z—P1)2 (z-P)
Where
1 d r X(2)
=g 0 P
r=p;
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5.5 FUNCTION OF DISCRETE-TIME LTI
SYSTEMS

THE SYSTEM FUNCTION

The output y[n] of a discrete-time LTI
system equals the convolution of the input
x[n] with the impulse response h[n]; that is
y[n] =x[n] *h[n]
Applying the convolution property of the z-
transform, we obtain
Y[z] = X|z] H[Z]
Where Y (z), X (z), and H (z) are the z-
transforms of y[n], x[n], and h[n],
respectively.
Equation can be expressed as

H (Z) = E
X(z)

The z-transform H (z) of h[n] is referred to
as the system function (or the transfer
function) of the system. By equals the
system function H (z) can also be defined as
the ratio of the z-transforms of the output
y[n] and the input x[n]. The system
function H (z) completely characterizes the
system.

Characterization of Discrete-Time LTI
Systems:

Many properties of discrete-time LTI
systems can be closely associated with the
characteristics of H (z) in the z-plane and in
particular with the pole locations and the
ROC

1. Causality:
For a causal discrete-time LTI system,
we have Eq.

h[n]=0 n<0

Since h[n] is a right-sided signal, the
corresponding requirement on H(z) is
that the ROC of H(z) must be of the form
I Z | > I'max
That is, the ROC is the exterior of a
circle containing all of the poles of H(z)
in the z-plane. Similarly, if the system is
anti-causal, that s,
h[n]=0 n>0

then h[n] is left-sided and the ROC of
H(z) must be of the form

| Z | < rmin

That is, the ROC is the interior of a circle
containing no poles of H(z) in the z-
plane.

2. Stability
In Sec. we stated that a discrete-time
LTI system is BIBO stable if and only if
Eq.

S°|h[n]| <0

The corresponding requirement on H(z)
is that the ROC of H(z) contains the unit
circle(thatis, |z]| = 1).

3. Causal and Stable Systems

If the system is both causal and stable,
then all of the poles of H (z) must lie
inside the unit circle of the z-plane
because the ROC is of the form| z |
>rmax, and since the unit circle is
included in the ROC, we must have
I'max< 1.

Example

A causal discrete time LTI system is
described by

y(n)—%y(n-l)+%y(n —-2)=x(n)

When x (n) & y (n) are input and output of

the system, respectively

a) Determine the system function H (z).

b) Find the impulse response h (n) of the
system

c) Find the step response s (n) of the
system.

Solution
3 1

a) Y(z)—zz’lY(z)gz’zY(z):X(z)
3., 1., B
r(l—zz +§z jY(z)_X(z)

Y(z) 1

X@ 1-3,441,0
4“8

H(z) =
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B z
o, 3.1
Z°——z7+=
4 8
H(z) z A B
b = =
ST O XSO AR R
2 4 2 4
Z _
A:—1 =2
Z_i
4,1
4
Z
B=—"7 -1
Z_i
2.t
4
27 V4 1
@)= -1 121>
z-= z-=
2 4
Talking the inverse Z - transform of
H(z)
17 17
h(n)=2|2|=| —|=| [u(n
) [u M]u
) x(n) =u(n) e X(z2)=——1z| >1
Y(2)=X(2)H(z)
23
N 1 1y 1At
a-n(z-3)(z-4])
Y(z2) A, B C
z z-1 , 1 1
2 4
Where
z 1 1 8
AL, T2 I
2 4 3 4
1
7 O B
G Y L
2 2 4
1
2
(z-1) ;1 4 3,13
2 474

Z Z 1 z
. -2 T2 1
z-1 ,_ 1 3, 2
2 4

Taking the increase Z-transformation Y

(z)
y(n)=s(n) =%u(n){§}n 2. u(n)%[ﬂn u(n)

Y(z) =

w|

|z|>1

Example

The Discrete time system for what values k
is the system BIBO stable?

x(n)

+

q(n-1) z-1 —4—q(m)

Solution

am=x()+3 a(n-1)
y(n)=y(n)+§ q(n-1)
Q(Z)=X(Z)+§Z'1 Q)

Y(z)=Q(z)+§ QD 2

(1-§z1)Q(z) =X ()

(1 § 71Q () =Y (2

v 1+Ez
H(z) = (z_~3" "3

X(2) _1+Ez’1 ;K
2 2

|z

:

k k
System has one zero at z=- 3 one poleatz = 2
The system will be BIBO stable if ROC
contains the unit circle, | Z | =1,
Hence was the system is stable only if | k | <2
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5.6 THE UNILATERALZ-TRANSFORM

A. Definition:
The unilateral (or one-sided) z-
transform X,(z) of a sequence x[n] is
defined as equation.

X, (z)= ix[n]z’n

and differs from the bilateral transform
in that the summation is carried over
only n > 0. Thus, the unilateral z-
transform of x[n] can be thought of as
the bilateral transform of x[n] u[n].
Since x[n]u[n] is a right-sided sequence,
the ROC of X,(z) is always outside a
circle in the z-plane.

B. Basic Properties:

Most of the properties of the unilateral
z-transform are the same as for the
bilateral z-transform. The unilateral z-
transform is useful for calculating the
response of a causal system to a causal
input when the system is described by a
linear constant-coefficient difference
equation with nonzero initial
conditions. The basic property of the
unilateral z-transform that is useful in
this application is the following time-
shifting property which is different
from that of the bilateral transform.

Time-Shifting Property

then for
m+1

If x[n] < Xi(z),
x[n-m]e 27X (2)+ 7

x[-1]+z "2 x[-2]+....+ x[-m]
x[n+m] e z"X,(z)-2"x[0] -

2" x[-2]+...+ x[1] ... 2x[-m]

m = 0,

C. System Function
Similar to the case of the continuous-
time LTI system, with the unilateral z-
transform, the system function H (z) = Y
(z)/X (z) is defined under the condition
that the system is relaxed, that is, all
initial conditions are zero.

STABILITY OF DISCRETE-TIME LTI
SYSTEM

Let the LTI discrete-time system transfer
function is
N(z) b,z"+b, 2" +...+bz+b,

H(Z)= n n-1
D(z) a,z2"+a,,z" +...+az+a,

Where

D(z)=a,z" +a, ,2" " +...+3,z+a, =0
is characteristic equation of the system.
Stability of system represented by equation
is tested based on fulfillment of necessary
and sufficient conditions.

5.7 RELATIONSHIP BETWEEN Z AND
LAPLACE TRANSFORM

For a general signal x (t) is sampled at
sampling rate 1/T to get discrete value x
(kT) which has z-transform

X(z)= > x(kT)z™*
k=—o0
The same general signal x (t) can be
considered as the impulse sample at the
same rate 1/T and may be represented as

0

x(t)= > x(KT)3(t—KT)

k=—c0
Equation is form the basic property that
any arbitrary signal can be represented as
weighted [x(kT)] sum of shifted delta
sequence.
Laplace transform of Equation is

X(s) = i r(kT)a—ksT

If e*sT = z, Equation can be rewritten as

0

x(s)= > r(k)z* =X(2)

k=—o0

Thus,
Z=eST
Inz=sT

s=£InZ
T

Relationship between Laplace transform
and z-transform is summarized as

(i) s:%lnz (i) X(s)=X(z)|,
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GATE QUESTIONS(EC)

[GATE-2004]

Q.1

Q.2

Q.3

Q.4

The region of convergence of the z-
transform of a unit step function is
a)lzZl =1
b)lzl =1
c)(real part of z)>0
d) (real part of z)=0

[GATE-2001]

If the impulse response of a
discrete-time system is
h[n] = —5"u[-n —1]. then the system
function H(z) is equal to

a) ~? and the system is stable
-5

b) _2_and the system is stable
z-5

c) —% and the system is unstable
z-5

d) _% and the system is unstable
z-5

[GATE-2002]

A sequence x(n) with the z-
transform X(=) = A + 72
- 2z + 2- 3z"*is applied as an input
to a linear, time-invariant system
with the impulse response

h(n) = 28 (n-3) where

1, n=0
d(n) = _
0, otherwise
The outputatn =4 is
a) -6 b) zero
c)2 d) -4

[GATE-2003]

The z-transform of a system is
_ z

e z—02

If the ROC then the

impulse response of the system is

a) (0.2)nu[n]

b) (0.2)2u[-n-1]

c) -(0.2)ru[n]

d) -(0.2)"u[-n-1]

is|z|] = 0.2,

Q.5

Q.6

Q.7

Q.8

A causal LTI system is described by

the difference equation

2y[n] = ay[n—-2] — 2x[n] + Px[n—1]

The system is stable only if

a) |af =2, |B] <2

b) |a| >2,|B]>2

c) |a| < 2, any value of

d)|B| < 2, any value of a
[GATE-2004 ]

The region of convergence of z-
transform of the sequence
(%) ut) - (]) u(-n-1) mustbe
b) Iz| }E
d) E < |zl =0

[GATE-2005]

5
a)|z| {E

5 ]
)<< lz| =

If the region of convergence of X1 [n]
+ x2 [n] is%<|z|<§x/a2+b2, then

the region of convergence of x1[n] -
x2 [n] includes

a)%<|z|<3

3 1 2
C)E<|Z|<3 d)§<|z|<§

[GATE-2006]

The z - transform X[z] of a sequence
X [n] is given x[z] = _%° It is
given that the region of convergence
of X[z] includes the unit circle. The
value of x[0] is
a)-0.5

c) 0.25

b) 0
d) 0.5
[GATE-2007]

Statement for Linked Answer Questions
9and 10:
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5V

Q.9

Q.10

Q.11

Q.12

In the following network, the switch
is closed at t = 0~ and sampling starts

from t = 0. The sampling frequency
is 10 Hz.

~ 10gF )

) X(z)
°'| S x(n) 0
20K ; aflph'r z-transform
200K (f. = 10Hz)

AN

The samples x(n) (n = 0, 1, 2,

....... ) are given by

a) 5(1-e-0.05n) b) 5e-0.05n

c) 5(1-e>n) d) 5e-5n
[GATE-2008]

{x(n)} is real -valued periodic

sequence with a period N. x(n) and
X(k) form N-point Discrete Fourier
Transform (DFT) pairs. The DFT
Y (k) of the sequence

y(n) = iEf:‘[:}x{ﬂx{ﬂ +7) 1S
a) |1x(k))?
b) 2N XXk + )
0) 15V XX (k+ 1)
d) 0
[GATE-2008]

The ROC of Z-Transform of the
discrete time sequence

x(n) = (%)n u(n)—(%)n u(-=n-1) is

1 1 1
a)§<|z|<5 b) |z|>§

c) |z|<% d) 2<|z|<3

[GATE-2009]

A system with transfer function H(z)
has impulse response h(.) defined as
h(2) = 1, h(3) = -1 and h(k) = 0
otherwise. Consider the following
statements.

5;: H(z) is a low-pass filter.

5;: H(z) is an FIR filter.

Which of the following is correct?

Q.13

Q.14

Q.15

a) Only 5, is true
b) Both 5, and 5; are false
c) Boths; and 5;are true, and 5, is
areason for s,
d) Both 5, and 5; are true, buts;is
not a reason for 5,
[GATE-2009]

Consider the z-transform

) = 52 + 427t + 3:0 = |z] = o=

The inverse z-transform x[n] is

a) 56[n + 2] + 38[n] + 48[n-1]

b) 56[n-2] + 36[n] + 46[n +1]

c) 5u[n +2] + 3u[n] + 4u[n - 1]

d) 5u[n - 2] + 3u[n] + 4u[n + 1]
[GATE-2010]

Two discrete time systems with
impulse responses hy[n] = §[n-1]
and h;[n] = &[n- 2] are connected in
cascade. The overall impulse
response of the cascaded system is
a) §[n-1] + §[n - 2]
b) §[n - 4]
c) 6[n - 3]
d) 8[n - 1]6[n - 2]

[GATE-2010]

The transfer function of a discrete
time LTI system is given by

2—22‘1

H(z) = 3 1
1->774+ 277

4 8

Consider the following statements:
S1: The system is stable and causal

for ROC: |z| > %
S2: The system is stable but not

causal for ROC: |z| < %

S3: The system is neither stable nor

causal for ROC: 1. |z| <L
4 2

Which one of
statements is valid?
a) Both S1 and S2 are true

the following

© Copyright Reserved by Gateflix.in No part of this material should be copied or reproduced without permission



GAIERIX

b) Both S2 and S3 are true

c) Both S1 and S3 are true

d) S1, S2 and S3 are all true
[GATE-2010]

Q.16 Two system H,(z} and H,(z) are
connected in cascade as shown
below. The overall output v(n) is the
same as the input x(n) with a one
unit delay. The transfer function of
the second system H,(z) is

1-0.4z""
x(n) = H1(2)=E1 362_1; — Flz) = y(n)
=-ubz
[1-n.Bz—1) ri1-mez—t)
)z'ilij.—n..u"i) ) (1-04z—1)
zmi{1-n4z-t) [1-0.4271)
) (1-mEz—1) )x'iil—n.az'iil

[GATE-2011]

Q.17 If x[n]:(l]lﬂl—{f)ﬂu[wﬂ then the

region of convergence (ROC) of its
Z-transform in the Z-plane will be
a); <zl <3 b)z<lzl <=
Q):<lzl<3 d);<lzl <2
[GATE-2012]

Q.18 A discrete time all-pass system has
two of its poles at 2./30° and

0.2520°, Which one of the following
statements about the system is
TRUE?

a) It has two more poles at 0.5/30°

and 4.0°.

b) It is stable only when the impulse
response is two sided.

c) It has constant phase response
over all frequencies.

d) It has constant phase response
over the entire z-plane.

[GATE-2018]
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ANSWER KEY:

2 3 4 5 6 10 | 11 | 12 | 13 | 14
a b b d * a a a C
15 16 17 18
c b c b
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EXPLANATIONS

Q.1

Q.2

Q.3

Q.4

Q.5

(a)

h(n) = u(n)

H(z) =7 ,1.z7"

For the convergence of H(z)
I ) L

ROC is the range of value of z for
which

lz"torlzl = |1]

(b)

h[n] = —5"u[-n —1]
H(z) =%7___h(n)z™"
H(z) =%5___-5"z7"
Letn =—-k

= _F-= (5z71)F
=1-Fz (57 12)*

1
=1- -y
1-57"%z

15712l < 1.zl < |5] Q.6

(b)
viz) = H(@X(2)

H(z) =2z7°

2¥(z) = 2278

(z* + 22— 2z +2-3z7%

=2(z+z7t-2z7°

+227F-3z77)

Taking inverse of z-transform

yln) = 2[6(n+ 1) + Q.7
&n—1) —26(n - 2)

+26(n—3) —36(n = 7))

Atn=4,y(4) =0

Q.8
(d)
: z
H(z) = TTo3 -0z
z
HG) = 1-mzz—1
ROCis |z] = 0.2
Comparing with,
—a"ul-n—-1) = 1_—:3'1’ lzl <a
Q.9

We get,h(n) = —(0.2)"u(—n — 1)

)

2y[n] = ay[n—2] — 2x[n]
+ Bx[n—1]
Taking z-transform
2Y(z) = a¥(z)z % - 2X(z)
+BX(z)z (=) [2 — az 7]
= XG)[Bz"" - 2]
Yiz) _ fp="i-2
ﬁ_ (:—nz':)
For system to be stable, £ can be of
any value
2-az 23>0
2z —a=10
-

z = |:E =1

42
lal < 2

For system to be stable all poles
should be inside unity circle.

(9

z-tranusform ]
of (£) ut — (%) ul-n-1

1 1
T +[1‘ ]
1-=z-1 _[&)

: 1 I.;»' z

ROC ROC

_ 5 — B
= |zl = =zl = -
2oz <2

& 3

(d)

ROC remains the same for addition
and subtraction in z-domain.

(b)

X[z] = 93 _.
1-2z7

« ROC includes unit circle

= Left handed system
= x(n) = =(0.5)(2)"u(—n - 1)

=x(0) =0
(b)

_ 200 w107 5
Vr(s) = (:nnxmhr ID_ESJS

__ SxZxidixibxin ™S
T mx1pSxipSs+1
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Q.10

Q.11

Q.12

Q.13

Q.14

i s
T zm+1 8405
Vo) = 5e70%

Therefore, samples
x(n) = 5e-0sn/10

— 5g—005n
")

a
x{n)] =(1/3)"um) - (1/2)"u(-n-1)
(1/3)"u(n) is right sided signal so
ROC will be

lzl = %[.e% < |z]...(i)
—(1/2)"u(-n—-1)is left sided signal
so ROC will be

lzl <172 ..(ii)
From (i) and (ii) we see that ROC of
the function will be

1/3 < |z] <1/2
(a)

h(2) = 1
h(3) = -1

hik) = 0 other wise

E

L J

It is finite impulse response . It is
not low pass filter

@
Gln+ny] e zM0X(z)
=5z + 4z P+ R0z
#(n) =56(n + 2]+
45(n — 1) + 38(n)

© 3
hy[nl = 6ln—1] = H,(z) =z
h,[n] = 8[n—1] l Hy(z) =277
Overall
domain,

H{Z:] = HL{Z:]H:{Z:]
S

=

impulse response in z-

=z

Q.15

Q.16

Q.17

Overall impulse response in discrete
—time domain ,
h[n]6[n - 3]

(]

1. A discrete -time LTI system is
causal if and only if the ROC of its
system function is the exterior of
a circle, including infinity.

2. A discrete -time LTI system is
stable if and only if the ROC of
its system function includes the
unit circle, |z|=1

-1 -1
|:1.—42 )I+|:1—:z )

H{Z:I = r__l_:I2_1;| 1 _:iz —1:|

Or
1 1
H{Z] - 1—:2_1 + 1—;2_1

for ROC: |z] >% the system is

stable and causal
for ROC: |z] =:i ROC does not

)

include unit circle .So, system is not
stable .

for ROC: % < |z| <%ROC does not

include unit circle .So, system is not
stable .
Also ROC is not the exterior of Izl =f

So it is not causal.

(b)

ylnl = x[n - 1]

Taking z-transform of both sides
Y(z) = z (=)

Y& _ 1

X[z

For cascaded system

H(z) = H,(z). H,(2)

_ [1-paz—t)

- Iii—n.sz'in:{z:]

z-1-nEz~1)
(1-paz~1]

Z—L

s Hylz) =

(©) N
Lets,[n] = (3)

And x; [n] = G)n ufn]
= x[nl = (2) ulnl+ (2) uf-n - 1]
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(%) uln] & —ROC:2l > For ROC 0.25<|z| < 2
1y~ . Impulse response corresponding to
(5) umn =1l (%) RO el <3 pole 0.25/0°will be right sided
And Impulse response corresponding to
x,[n] = (;)” u[n] ‘z*r_f?ﬂ ROC: |2 > & pole 230° will be left sided.
‘1 2 i So, for stability, impulse response
~ROCis < |z] <3 should be two sided.

Q.18 (b)

Location of poles are

P, =2.30° = 2e"

P, =0.25/0° = 0.25¢e"

According to concept of all pass
filter, location of zeros are
reciprocal conjugate of location of
poles and vice-versa. So, location of

zeros should be

zlzl*z L 1 gse™-05.30°

P, ( @i ) 2671

1 1 1
ZZZ—:

P, (0_25610 )* B 0.25e 1
But, in option (A), 0.5230°and 4.£0°

are given as pole location. So, option
is incorrect..

=4 =4,0°

|} <025 025<[z|<2 |/>2

non-causal and non-causal and causal and
unstable stable unstable
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GATE QUESTIONS(EE)

Q.1

Q.2

Q.3

Q.4

If u(t) is the unit step and §(t) is the
unit impulse function, the inverse z-
transform of F(z) = Ll fork > 0is
Z 3

a)(-1)k8(k)
b) 8(k) - (-1)*u(k)
c) (-1*u(k)
d) u(k) -(-1)* 8(k)

[GATE-2005]

A discrete real all pass system has a

pole at z = 2230° it therefore

a) also has a pole at 0.5230°

b) has a constant phase response
over the z-plane are
|H(z)| = const

c) is stable only if it anti-causal

d) has a constant phase response
over the wunit circle are
\H(e/™)| = const

[GATE-2006]

The discrete - time signal x[n]

©X(z) = i 3 7", where
= 2+n

denotes a transform-pair

relationship, is orthogonal to the
signal

a) ¥, [n] & Yi(z) = Z(Ej z"

b) ¥, [n] ©Y2 (2) = $:(sr )y

c) Yy [n] Y3 (2) = 22"”‘2‘”

d) y, [n]eVYs(z)=2z4+3z2+1
[GATE-2006]

Consider the discrete -time system
shown in the figure where the
impulse response of G(z} is

g0) =0,g(1) =g(2) = 1.g(3) =gl@) = =0

]

Q.5

Q.6

Q.7

This system is stable for range of
value of K
a)l-1.1/2]
c) [-1y2.1]

b)[-1.1]
d) [-1/2.2]
[GATE-2007]

X(z)=1-3z ¥(z) = 1+2z"% are Z -
transmission of two signals x|[n],
y[n] respectively. A linear time
invariant system has the impulse
response h[n] defined by these two

signals as
h[n] = x[n-1] = y[n]
where * denotes discrete time

convolution. Then the output of the

system for the input d [n - 1]

a) Has Z - transform z1X(z) Y(z)

b) Equals d[n - 2] - 36 [n - 3] + 20
[n-4]-68[n-5]

c) Has Z - transform 1 - 3z1 + 2z2
— 673

d) Does not satisfy any of the above
three.

[GATE-2007]

Given X(z) =_ ¢
(z-a)*
residue of X(z)z»1 at z = a for n20
will be
a) an-1
c) nar

with |Z| >a, the

b) ar
d) nanl
[GATE-2008]

H(z) is a transfer function of a real
system. When a signal x[n] = (1+j)»
is the input to such a system, the
output is zero. Further, the Region

of Convergence (ROC) of (1—3z*1]H
2

(z) is the entire Z-plane (except z
=0). It can then be inferred that H
(z) can have a minimum of

a) One pole and one zero

b) One pole and two zeros

c) Two poles and one zero
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Q.8

Q.9

Q.10

Q.11

d)

d) Two poles and two zeros
[GATE-2008]

The z-transform of a signal x[n] is
given by 4z3 + 3z1 + 2 - 622 + 273. It
is applied to a system, with a
transfer function H(z) = 3z1 - 2. Let
the output be y(n). Which of the
following is true?
a) y(n) is non causal with finite
support
b) y(n) is
support
c) y(n)=0:|n|>3
d) Re[y(2)].v= - Re[y(@)],.»; Im
y@)w=Im[y@)] ;-7 <O<x
[GATE-2009]

causal with infinite

if xtd= (9" = (9 uld then the

region of convergence (ROC) of its
Z-transform in the Z-plane will be

a)ic:lZlc:E b)i::lzl::f

0)-<lzl <3 d)%c:lZ‘lc:E
[GATE-2012]

Let X(Z) = 1_2_3 be the Z-transform

of a causal signal x[n]. Then, the
values of X[2] and x[3] are

a) 0andO
c)1landO

b)0and 1
d)1and1
[GATE-2014]

Consider a discrete time signal given
by x[n]=(-0.25)"u[n] + (0.5)"u[-n-1]
The region of convergence of its Z-
transform would be

The region inside the circle of radius
0.5 and centered at origin.
The region outside the circle of
radius 0.25 and centered at origin.
The annular region between the two
circles, both centered at origin and
having radii 0.25 and 0.5
The entire Z plane

[GATE-2015]

Q.12

Q.13

circle

Let S= Y, _,na™ where |a|<1. The
value of a in the range 0< a < 1, such
hat S=2ais

[GATE-2016]
The pole-zero plots of three

discrete-time systems P,Q and R on
the z-plane are shown below.

L Im(z) Im(z)
2 poles = g
x0.5
Re(z) RE[EJ
x—0.5
Unit Unit
circle .
() (i)
Im(z)
R
Re(z)
Unit
circle

(iif)
Which of the following is the TRUE
about the frequency selectivity of
these systems?

a) All three are high-pass filters
b) All three are band-pass filters
c) All three are low-pass filters
d) P is alow-pass filter, Q is a band-
pass filter and R is a high-pass
filter.
[GATE-2017]
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ANSWER KEY:

1 2 3 4 5 6 7
b c b a b d a
8 9 10 11 12 13
a c b c 0.29 b
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EXPLANATIONS

Q.1

Q.2

Q.3
Q.4

(b)

Fl@)=1-—=1-—

Z+1 14zt

= 5(k) - (—1)*u(k)

()
For causal system, If all the poles are
inside the

/‘- N 24307
Unit Circle then system is stable, and
converse in true anti-causal system.

(b)
(a)

Given

g(1) =g(2) = 1, otherwise 0

i.e. gln) = 8[n —1] + &[n — 2]

therefore

Glz) =z7t4 =271

Therefore overall transfer function
of closed loop system

_ Gl
TG = 1-kG(z)
T{Z] _ z 14z

1-kiz~1l4272)

or T(z) —_ =L

zi-kiz+1)
So the system will be stable if it’s
outer most pole will lie inside the
unit circle

Location of poles
_ +htv kK +4k

=1

k12 + 4k

k+VkT+ 4k < 2

VET 4k = (2 — k)
=k +4k < (2 -k)*
=k*+4k <4 +k*—4k
=8k < ¢4

k::%

Q.5

Q.6

Q.7
Q.8

(b)
X(z)

Y(E) = (1+2279)

(1-3z1)

h[n]

#(n- 1) = y[n]

= Hlz] ==z"1%(z). Y(2)

= H[z] =211 -3z71).(1 + 227

> Hlz]l =z (1 + 222 -3z - 627%)

=Hlz]l =(z7* -3z + 2278 —6z7%)

When input
I(n) =8[n— 1]
Thenilz] ==z

Therefore output

P(n) =hln] =1[n]

= P(z) = H(z)I(z)

Plz)=(z ' -3z +2z7 Gz ) z™?
>Pz) =2z?-3z3+227% -6z
~Pln) =68n—2]-36n-3] +

26[n—4] — 66[n — 5]

@
@) = o5
. ZI:I—I.X{Z:] - ::zz_r;:l:

Since z=a is a pole of second order
therefore residue at z=a

= ﬁ [i{(z —a)% :;zz_r;;.:}]ﬂ =2

= [nz""],.,

= na""?t

(@)

(@)

y[nl = z[n] = Hn]
ylz] = x[z]H[z]
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ylzl = (4273 + 3271 1 2-

6z® +22%)(3z71 - 2)

=12z74 1+ 0z 2 Lpzt— 18z 4+
Bzt — 8z % — Az"! — 4 + 1227 — 427
= -4z +1827 — 18z + 12z27% +
9z72 — 4 — gz ¢

ylnl # 0forn <0

Therefore it is non causal with finite

support.

Q9 (9 N
Lets,[n] = (3)

And x;[n] = (EJD u[n]
= x,[n] = (3]” ulnl+ G)_u u[-n— 1]

n z
(3) ulnd & oG el >

g

(%)_ ul— n—l]-t—-?l— ROC: |zl <3
2 1

And

— (Y ural & —E—ROC: t
% [n] = () u[n] HD—F ROC: |zl = -
~ROCis = < |z] <3

Q.10 (b)

X(2) = —

1-273
From z — transform definition

X(2) = Z x[n]z™"

n=-o

1+23+

1—-—23)1
1—z

Q.11

Q.12

Q.13

=x(0)+x@W)z " +x(2)z* +x(3)z°...

1
X@) =1
By comparision x(2) = 0and x(3) =1

=1+0-z'40-22+1-2°%...

(9]

X[n]=(-0.25)"u(n) +(0.5)"u(-n-1)
Signal x[n] is sum of two signals, one
is right sided [(-0.25)"u(n)] and
other is left sided [(0.5)"u(-n-1)].
The right sided signal will have pole
at location with magnitude 0.25. So,
ROCis |Z] > 0.25.

The left sided signal will have pole
at location with the magnitude 0.5.
So,ROCis |Z] <0.5.

So, ROC of X(z) (Z transform of x(n)
will be)

0.25<|Z]| <0.5

0.29
The Z-transform of
1

(1-az™)
az™
(1-az™)?

a'u(n)—

andna"u(n)

azt z A7
(1 azly =
IfweputZ=1 in above equation we
get

00

(1~ a) z

=0

. a
Since, » na"=2a=
Z? (1-a)*
S0 2= >—=>a=0.29
1-a)
(b)
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GATE QUESTIONS(IN)

Q.1

Q.2

Q.3

Q.4

Given x(z)= 1/2_1+ 1/3_1 |a] and
1-az 1-bz

|b]<1 with the ROC specified as

lal<|z|<|b], x[0] of  the

corresponding sequence is given by

a)1/3 b)5/6

c)1/2 d)1/6

[GATE-2004]

The region of convergence of the z-
transform of the discrete -time
signal x[n]l = 2"u[n] will be

a)lzl =2 b) lzl =2

C) |zl :=-$ d) |zl {%

[GATE-2008]

H(z)is a discrete rational transfer
function. To ensure that both H(z)
and its inverse are stable its
a) Poles must be inside the unit
circle and zeros must be outside
the unit circle
b) pole and zeros must be inside
the unit circle
c) poles and zeros must be outside
the unit circle
d) poles must be outside the unit
circle and zeros should be inside
the unit circle
[GATE-2010]

Consider the difference equation
yln] — %y [n —1] ==x[n] and suppose
that =[xl = G)ﬂu[ﬂ] . Assuming the
condition of initial rest, the solution
forylnl.n=01is

a3()) -2 b)-2() ()
d:0)" +:0Q)

SHERHE)
[GATE-2011]

Q.5

Q.6

Q.7

Q.8

The system function of an LTI
1—12‘1

3
1—12‘l

4
The above system can have stable
inverse if the region of convergence
of H(z) is defined as

system is given by H(z)=

1 1
a <— b <—
) |z| 2 ) |z| T

1 1
c)|z|>— d) |z|<—
)II4 )II3

[GATE-2014]

The transfer function of a digital
o b,
system is given by:——————;
1-77"+a,z
where a, is real.

The transfer function is BIBO stable
if the value of a, is:
a)-1.5

c) 0.5

b) -0.75
d) 1.5
[GATE-2014]

The z- transform of x[n] =a™, 0|a]
<1, is X(z). The region of
convergence of X(z) is

a) la < |2] < li

ol
b) |z|>«
Q) J2] >—
|o]
d) |z|< min @a ,i}
o]

[GATE-2015]

The Region of Convergence (ROC) of

the Z-transform of a causal unit step

discrete-time sequence is

a) |z|<1 b) |z|< 1

c) |z|>1 d) |z|=1
[GATE-2017]
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Q.9 Consider two discrete-time signals:
x1(n) = {1, 1} and x2(n) = {1, 2}, for
n=0, 1. The Z-transform of the
convoluted sequence x1(n) * x2(n)
is

a) 1+2z1+3z2 b) z2+3z+2
c) 1+3z1+2z2 d)z2+3z3+2z74
[GATE-2017]

Q.10 Let y[n]=x[n]*h[n] , where =
denotes convolution and x[n] and

h[n] are two discrete time

sequence. Given that the z-
transform of y[n] is

Y(z)=2+3z"+127, the z-transform
of p[n]=x[n]*h[n-2] is
a) 2+3z+127

b) 3z+1z7°
) 2z° +3z+1

d) 2z°+32°%+z7*

[GATE-2018]
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EXPLANATIONS

Q1 (o)
1 1
X(Z): 2 " 2 1 Y(z) 1
(1—az ) 1-bz o Hiz) = P
ROC :[a|<|z| <|b] Forinputx[ﬂ]:G] ufn]
1, \n 1, \n : )
. x[n] :E(a) u[n]—g(b) u[-n-1] XG@) = 2y, 2l >
Y(z) = HE)XGE)
X[O] = 1 _ i z z
I_l—%z'ij I_z—%:l - I_l—%:ll_z—%:l
Yzl z -1 2
z (1-3)z-3) . (1-3) + (z-2)
Q2 (a) Y@ =54+5
x[n] = 2"u[n] = 1
x(z) =¥ __x[n]z™" n n
= 5 2ufn =" syl =[-2(5) +3(3) Juc
=;2"z" Q5 (C)
e E)“ o If poles lie inside the unit circle then
- “=D{z T 1ozt it will be stable only if Roc include
ROC = 2z7 1 <1=lzl = 2 unit circle or Roc is extension of
circle whose radius is given by outer
Q3 (b) most pole.

The discrete time system with
rational transfer function, H(z] is

stable if the poles of H(z) lie inside stable system.
the unit circle in the z-plane.
~ For H(z) and its inverse 1/ H(z) to Q6 (O
be stable, both the po]es and zeros Transfer function of the digital
ofH[z) must lie inside the unit circle system is,
in the f%;)p:}ane H (z)= —1—zlbi 2z ; a,isreal
2
= Zbo—z ’ a= _1
Z°-7+a,
The stability of a two-pole system
5 ”(’J s can be investigated by a stability

In this case |z| >%ROC will give

criterion method called “schr-cohn”

stability test”.

In this approach the reflection

coefficients K1 and Kz are to be

Q4 (b) . calculated from the denominator
ylnl = 2yln — 1] = x[x] polynomial. This method states that
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a second order system is stable if its y[n]=x[n]*h[n]
reflection coefficients |ki| <1 and

_ : Convolution in linear shift
|kz| <1. It is also given that,

invariant operation,

a
Kz=az and K1 =
e "1va, X[n]*h[n-2]=y[n-2]=p[n]
Thus —l<a,<+L—1< a _ 4 Apply time shifting property
1+a, P(z)=2?(z)=22"+32"+z"
These two conditions are satisfied
by 0.5

Note: An alternative approach to
solve this problem is trial and error
method. Each option is substituted
for ‘a,’ in the system function and
poles are to be calculated. The value
‘a2’ which gives both the poles
inside the unit-circle is the suitable “

)

a,’. Here ‘a,= 0.5 satisfies the
condition.

Q7 (a)

x(Ma™ =a"u(n) + @/ o)"u(-n-1)

2] > oz < X
a

Q8 (0

Q9 ()
X, [n]={L Bxx,[n]={1 2}
So, x[n] = x, [n]*x,[n] ={L3, 2}
x(z)=1+3z"+2z7

Q.10 (d)
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DISCRETE — TIME FOURIER TRANSFORM

6.1 INTRODUCTION TO DTFT

1) The Discrete - Time Fourier Transform
(DTFT) X (e'*) of a discrete - time
signal x (n) is expressed as

o0

X(e™)= > x(ne*" or

DTFT x (n) = X (e!?)
And Inverse Discrete - Time Fourier
Transform (IDTFT) is expressed as

_ 1 T jQ\A QN
x(n) =2 j X (€)' *"d0)

Or IDTFT X (e**) = x(n)

2) From equations, it is clear that x (n) and
X (&) are a symbolical representation,
this may be expressed as
x (n) «2 5 X(e")

Discrete Time Fourier Transform
(DTFT)

x(n) DTFTX(Q)

X (n) & X(Q)

X ( n) IDFT X (Q) Fourier Transform Pair

X (Q) =D x(n)e* Analysis equation

N=—o0

X (n) =2i_[ X(Q)e**"dQ) Synthesis equation
T 2n
Where x (n) — non periodic sequence

Fourier Spectra
X (Q) = |X (@) | e*® >phase spectrum
l
Magnitude spectral
X(Q) | — an even function of Q)
Ifx (n) real ® (1) — odd function of ()

Convergence of X (2): Same as continuous
time, the sufficient condition for the
convergence of X (Q) is that x (n) is
absolutely summable, that is

Y X (n)|<oo

N=-o

If ROC of X (z) contains the unit circle, then
the Fourier transform X (Q) of x (n) equals
X (z)

X(Q)=X(2) |z=e2

X(@Q)=) x(n)e,

N=-0

0

X(Q)= Z X (n)z™"

In DTFT time is discrete where as
frequency is continuous. Since Discrete
time signal can uniquely be represented
over 2T units. It may be “0 to 2m” or “~m to "
F[J (n)]=1
Z[Jo (n)]=1

Flo m]=Y 8m)e™ =1

0 (n) is absolutely summable and ROC of
Z-transform of 0 f (t) contains unit circle.

Example
Find the Discrete Time Fourier Transform

ofx(n)=a"u() | a |<1

Solution:
X@=Y o me™™

= Z (ae ™" )n

=1+ae @+ (ae )2+ .o,
1

X(Q)= —

(@) 1-ae ™

a" u (n) - absolutely summable
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X (@) = L
1-acosQ+aj sinQ
Y [xm)|<eo
1
MORE

\/ (1—acosQ)’ + (a sinQ)’
XUU4Xﬁ)|z:éQ

X () |= =
J1-2a cosQ +a?

Put a= i
2

1 1

X (n)=[5} u(m), |x(@)|= J1.25—cosQ

Example: Find the Discrete Time
Fourier Transform of

x(n) = —a"u(-n-1) aisreal
Solution:
1
X(z)= zZ|<]a
()= 1 2] <]al

X (/) exists for |a|> 1 because the ROC
of X (z) then contains the unit circle. Thus,

X()=X(e")=

1-ae™® [l >1

Example: Find the Discrete Time Fourier
Transform of me rectangular pulse
sequence

x (n) =u(n) -u(n-N)

WL

Answer:
x(n)

0
N-1 1— -N
X(Z)zz Z_n=#,|2|>0
n=0 -

Thus X (e!?) exists because the ROC of X (z)

includes the unit circle.
Hence

X (Q) =X (e*)

1_e7jQN
T 1e R

gjoN2 (e+jQN/2 _ e—jQN/Z)

g0 (ejg/z _e—jQ/Z)

.(QNJ
Sin| —
—jQ(N-1)/2 2

(%)

e

6.2 PROPERTIES OF DISCRETE TIME
FOURIER TRANSFORM

A.

Periodicity :

X (Q+2m) =X(Q)

Values of () (radians) only over the
range o < () < 2mor

-1 < () < 1t while in continuous w
(radians/second) over the entire range
-0 < W <00

Linearity: a, x; (n) + a,X, (n) & ax;
(@) + ax, ()

Time Shifting : x(n - no) & e X(Q)

Frequency Shifting : - e '™ x(n) &
X(Q - Qo)

Time Scaling : - x(at) < ﬁ X (gj in
a a

continuous
Let m — positive integer
X(n/m) = if n=km,
_ x[K] k=
xm[n] = integer
0 if n#km

xm[n] & X(m{)
As signal spread in time (m > 1), its
Fourier Transform is compressed.

The X(mQ) is periodic with periodﬁ,
m

since X(Q) is periodic with period 2m

Conjugation: - x (n) = x (-Q)

Time Reverse : - x(-n) = X(-01)
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H. Duality :- X(t) & 21 x(-w) = As parseval’s theorem (or identity) for
continuous Discrete Time Fourier Transform
x (n) & X(2)
X(t) Fourier Series C, = x[-K]
X(t) Fourier Series C, =x(-k)

«—Kk
I. Differentiation in Frequency:
nx(n) & A
do

J. Differencing:
x(n) -x(n-1) < (1-e ) X(Q)

K. Accumulation :
N 1
Z x[k] © 1 X(0) 5(9)+ = X(Q),
e
[a]<n
The accumulation is the discrete time
counter part of integration.

L. Convolution:
X, () ® x3(n) < x; (2) x, ()

M. Multiplication :
1
X, (n) xz(n) & o X (Q) ® x,(Q)
® denotes the periodic convolution

%2(Q) = | X1(6) x,(Q - 0)do

2
The multiplication property is dual
property of convolution.

N. Addition Properties :-
If x(t) is real.

x (1) = Xe () + X, (n)
x (n) © X(Q) = A(Q) +jB(Q) =
| X() | e

X (-0Q) = X" ()

0. Parseval’s Relations: -

i 1
é&m@m:gi&mno
Q)dQ
zzlmmv-——jwmﬂwn

Vi
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Table 6.1 PROPERTIES OF DISCRETE TIME FOURIER TRANSFORM

S. | Name of Property Time - Domain Frequency - Domain
No Expression Expression
1 | Notation x(n) X(e'?)
2 | Linearity aixi(n) + azxz2(n) aiXi(e ) + azXz(e )
3 | Time -shifting x(n - no) e 2n0X (e 1)
4 | Frequency -shifting e 2 onx(n) X(e ™)
5 | Frequency- nx(n) _dX(e*?)
differentiation do
6 | Conjugation x*(n) X*(ei?)
7 | Time - reversal x(-n) X(el%)
8 | Parseval’s theorem © . n _ L
PIRAWEA(Y 1 j X, (") X, (e)dQ
N=-w 21 n
9 | Multiplication x1(n) x2(n) 17 .
o [ X)X, ()
10. | Modulation x(n) cos Q;n EX(ejQ+Q°)+1X(ejQ+Q°)
2 2
11 | Scaling x(pn) X[Q]
P
12. | Convolution x(n) ® y(n) X(e)Y(el?)
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Table 6.2 FEW USEFUL DISCRETE TIME FOURIER TRANSFORM PAIRS

x(n)=3(n)

S. Discrete Time signal x[n] Discrete Time Fourier
No. Transform
1
x(n) AX(CJ “)
1
n
"334 133 >

0 forn<O

2
A J\X(ejﬂ)
1 1
® > N N o
E L n
e IVAVAR VA
3
J\X(e}lﬂ)
1
(9]
Qc Qc >
4
a" for n>0 ) —
x(n) = { K = e
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6.3 DISCRETE FOURIER TRANSFORM
(DFT)

Discretizing in frequency of Discrete Time
Fourier Transform is resulting Discrete
Fourier Transform therefore in Discrete
Fourier Transform both time & frequency
are discrete.
DFT
x(n) DFT X(k)

“—
Sampled spectrum of Discrete Time Fourier
Transform is Discrete Fourier Transform.

| u

Xk
2Ty k

N

L OtoN-1

- N — point
X(e*) = Zw: X(n)e

Discrete Time Fourier Transform
N-1 .2m

X(K) = Zx(n)e_Jﬁlm

n=0

N-1
X(K)=Y x(MW'k=0,1, ... ,N-LW=e "
n=0

2m
W, =e N phase factor

— Z- Transform on unit circle at
. . 2 .
equidistant point (an is called as

Discrete Fourier Transform

. 2n T,
— Frequency resolution = — = =
N N

— Zero padding is used for error

correction & error detection.

The inverse Discrete Fourier Transform
(IDFT) is given by

N-1
x (=Y x (KW n=0,1,..... , N-1
n=0

Discrete Fourier Transform pair x (n) & X

(k)

A. Important features of Discrete
Fourier Transform are as follows

1. There is a one to one correspondence
between x(n) & X[K]

2. There is an externally fast algorithm,
FFT (Fast Fourier Transform) for its
calculation.

3. Discrete Fourier Transform is closely
related to Discrete Fourier Series &
Discrete Time Fourier Transform

4. The Discrete Fourier Transform is the
appropriate Fourier representation for
digital computer realization because it
is discrete and of finite length in both
the time & frequency domains.

B. Relationship  between  Discrete
Fourier Transform & Discrete
Fourier series
X[k] = NCk

C. Relation between Discrete Fourier
Transform & Discrete Time Fourier
Transform

X[k] =X[Q] | = %k

6.4 PROPERTIES OF DISCRETE FOURIER
TRANSFORM

[m] mod N =m + iN —=Integer
0< [m] modN < N

Example

x (n) =6(n-3),x[(n - 4)] mods
Solution

X[(n-4)] mod6 =6(n-7) mode
=§(x-7+6)=46(n-1)

1. Linearity:

a1xq1(n) + ayx,(n) © a;xq (k) + ax;,(k)
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2. Time Shifting:

N
x[n = ne] ., © WS"X[K], W, =e ()
3. Frequency Shifting:

WK x[n] < X[k - Ko] mod N
4. Conjugation:

x*(n) = X*[-K] mod N

5. Time Reversal:

X [-n] modN < X[-K]mod N

6. Duality:

X[n] & Nx[-K]modN
7. Circular Convolution:

X1(n) ® x;(n) © X;[k] X;[K]
Where

N-1

x1(n) ® x,(n) = Z xi(i) X5 (1 - i) modN
8. Multiplicatior;:

1
x1(n) xz(n) & N X1 [k] @ X, [K]

Where
N-1

XK ® X,[K] = Y (i) %k - ) moan

9, Additional: -

When x(n) is real

X (n) = Xe(n) +X,(n)

x[n]oX[k]= A[k]+jB[k]= | X[k] | e/®XI
Then,

X [-k] modN © X*[K]

Xe[n] « Re [X[K]] = A[K]

Xo[n] & Ima. [X[k]] = B[K]

A[K] = A [-K] mod N, B [-K] modN = -B[K]
X [-K] | moan = | X[K] |,

Q [-K]moan = -Q[K]

10.Parseval’s theorem:
N-1 N-1

S ==Y x(K)F

k=0

>

(Parseval’s Identity)

TWIDDLE FACTOR (W =e7?™) phase
factor

2n

: J
W=e 2T, Wy=¢
[2n
Wnk _ e_J(ank
N =

Im

NP4

-
Evaluation of twiddle factor Divide circle in
4 equal parts

Forn=4
WIW, W
]
AN
=
W W W,
W2, WE WS =1
WLW2, WP =-j
W2, WE W0 =-1
W3 W, Wit =+
For N=8
W85 , W;S W86 ’ WE;IA W87 , W815
W, W2 W, W, W
W2, Wit W2, W;° Wi, W,
we, w1, Wit wz o
V2
1] —1+]
W5 »———=, Wg'=-1, Wy =
8 8 \/E
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TWIDDLE FACTOR MATRIX
WxN

(0] (6] [ (6]
WN WN WN WN

(0] 1 2 . N-1
Wy Wy Wy Wy

o) 2 4 . 2(N-1)
WN WN WN WN

o) 3 [ 3(N-1)
WN WN WN WN

o) 4 8 . 4(N-1)
WN WN WN WN
wo o ownt o wiNY e wN-Y*
whoowy owl o wy 11 1 1
(0] 1 2 3 - -
Wy Wy Wy Wy L5 1]
(0] 2 4 6 - _ -
Wy owhoowy o w 1 -1 1 -1
(0] 3 6 9 - 1
whoowdowd o wy ] -1

N- Point Discrete Fourier Transform

X[K] = [W] nxn [x (n)]
Fourier Transform
N-1
X[kl =) x(n) WR*
n=0
k=0,1,2,3..N-1
For N - point IDFT

L W] e [X (0]

N - point Discrete

x[n] =

X[n] = x(k) Wy K

N

1 N-1
N k=0
n=0,1,23..N-1

Matrix Multiplication of Discrete Fourier

Transform is applicable for sequence

whose length is in power of Two ...... 2,4,8,
16...
M A S
Compute DFT— | Multiply=Add—Store

Direct computation of N-point Discrete
Fourier Transform requires N2
multiplication and N(N-1) number of
addition.

Example

Find 4 - point Discrete Fourier Transform
ofx(n) =11, 2, 3, 4]

Solution
X[K] = [Wax4] [x (n)]
X(0) 1 1 1 1 1
Xy _ 1 44 -1 ] 2
X2) 1 -1 1 -1 3
X(3) 1 ] -1 4 4
4X4 4X1

[10+,1-2j-3+4j,1-2+3-4,1+2j-3 -4j]
X[k] =[10,1 -2 + 2j, -2, -2 -2j]

X [K] = [10,42,2, V2]

% X [k] =09, 135, 180, 225]

Example

Find Inverse Discrete Fourier Transform
(IDFT) of the sequence
[10,-2 +2j -2-2-2j]
1 *
[x (n)] =7 [Waxa] " [X[K]]

Solution:
1 1 1 1 10
— 1 - -1] * -2 +2j
xm=— 1 11 1 2
1 j -1 4 -2 -2j
1 1 1 1 10 X(0)
_ 11 j -1 4 22+2j  X(1)
- 4 1 -1 1 -1 -2 T X(2)
1 -+ -1 ] -2 -2j X(3)
Example

Consider two sequence x (n) & h(n) of
length 4 given us

= n
x (n) = cos(n 2)

n=0,1,2,3..

DWW N R
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o

n=0,1,23..

a) Calculate y[n] =x[n]*h[n]
circular convolution directly

b) Calculate y[n] by Discrete Fourier

Transform
x[n] =[1,0,-1,0] and h[n] = {1 %a

by doing

N |~

Example

N-point Discrete Fourier Transform of
following sequence x|n]
a)x (n) = §[n]
b) x (n) = 4(n) - 4(n - N)
N-1
x[n]=) &(n) Wy =1
n=0

k=0,1,2,3..N-1

Solution:
a)
d(n) e
X[k]
16
| k
N-1
X(n)
]
n
0 N-1
U d

N-1
N ke W
b) xfld = ), WA = g
. P
k#00sinceWy"=e N =™ =1
k%0
N-1 N-1
x[0]=) Wy=) 1=N
n=| n=0
Linear Convolution:
a)
x(n)
h(n) 1 0 -1 0
1 1 0 -1 0
1 1 0 1 0
2 2 2
1 1 0 1 0
4 4 4
1 1 0 1 0
8 8 8
x (n) * h(n)
[ 1 -3 -3-1-1 }
248 4°8"°
Wrap around
N - Point 1, —, —3, _—3, _—1, _—l,
4 8 4 8
N - Point circular convolution
3 3 -3 -3
4°8" 4 8
3 3 -3 -3
ym=7 572"

3
b) X[k] =) x(m)W,"=1-W*k=0,1,2,

=1+ % A +% W +% Wik k=0,1,23
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Important Property
Y[k] = X[k] H[K]
1

= —-j2m/N
=1-W2K 1+ % WX + . W2k 1 = w3k Wn=e — phase factor

8 Periodicity: WX+N = WX
Y
= 1+1Wi‘+£ fk+lwfk+£ fk Symmetry: Wy 2 < _WN
2 4 8 2

_ 1 fk_ 1 W4—k 1 W5k W W4
2 4 8 E I
Xample
=1- l+ 3 WK +1W43k 3 2k, 3 wik
4 8 8 8

Letsetx (n)=[A 2,3,4,5,6,7,B]if X (0)

. . =20andX(4)=0,N=8
Thus by the definition of Discrete Find A & B?

Fourier Transform

We get .
o 33 3 3 SO]llthIll
Y =% 8" 28 X (0) =} x(n)
n=0
Example 20=A+1+3+4+5+6+7+B
20=21+A+B
Consider the finite length complex A+B=-7
exponential sequence X4 =Y xMm)(-1)n
[n] e/’n 0<ns<N-1 *) % () (1)
X[n] = .
0 otherwise =A [(+1)] +2(-1) +3(1) +4(-1) +5(1) +6(-1)
a) Findx (Q) +7 (1) + 8(-1)
b) Find N-point Discrete  Fourier 0=A-B+3
Transform X[k] of x (n) A+B=-7
Solution A-B=-3
> - 2A=-10
- jQon
X(@)=) x(n)e A=-5B=-2

N=-u

=

-1

=

-1

=) elonemin - §' -j(@-Qon Direct Computation | Multiplication
= a0 = of 8 - point| 8 =64N?
_ 1-e Discrete  Fourier | Addition N(N-1)=56
1— g i@-00) Transform 8x7
e —j(@-Q0)N/2 e—j(Q—Qo)N/Z _ e—j(Q—Qo)N/Z M=2=4
1 e i(Q-00)/2 e—j(Q—Qo)N/Z _e—j(Q—Qo)N/z , —) —
_ oia-an (N=D) sin[(Q-QO0)N/2] . L, TATEXIER
2 sin[(Q-Q0)/2] wd $=—
2nk k.2n 4 o
X[k] =X[Q]a = =X L
[k] = X[Q]a N [ N } 2
.12 N
2 sin| | “Zk-Q0 |~ Sototal M= 4 x 4 = 16
[ 37 Je-q01 N -1 N 2
X[kle M A=2x4=8
sin 2n k—00 1 The complexity associated with direct
2 computation of Discrete Fourier Transform

can be reduced by Fast Fourier Transform
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FAST FOURIER TRANSFORM

1) Decimation in Time Fast Fourier
Transform (DITFFT)

2) Decimation in Frequency Fast Fourier
Transform (DIFFFT)
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GATE QUESTIONS(EC)

2
Q.1 Let x(n) = GJ u(n),y(n)= x?(n) and Q3
Y(eV) be Fourier transform of y(n).
Then Y(el9) is
a) 1 b) 2
4
c) 4 d) 4
3
[GATE-2005]
Q4
Statement of Linked Answer Questions
2 and 3:
A sequence x(n) has non-zero values as
shown in the figure
x(n)
1 1
L
2 -1 0 1 2 |;;
Q.2 The sequence y(n) =x(§—1) for n
even will be =0, for n odd
2
s i S Q.5
a) -I.ll.2.4.(|l “>
2
12 i i /2
b) 'l.u.z.-t.t!t u)
2
/2 1 IV
- - | - | - - L J I - - >
C) -3 -1 1 3 =] n Q6
2
1/2 1 1 42
- = | - - - | - I - @ >
-5 -3 -1 1 3 n
d)

[GATE-2005]

The Fourier transform of y (2n) will

be

a) e /%% [cos 4w + 2 cos 2w +2]

b) [cos 2w + 2 cos w +2]

c) e7/¥ [cos 2+ 2 COS @ +2]

d) eJ:&[cos 2@ + 2 COS w +2]
[GATE-2005]

A signal x(n) = sin(won +f) is the
input to a linear time-invariant
system having a frequency response
H(ei»). If the output of the system
Ax(n -no), then the most general
form of Z H(ei*) will be

a) —nyw, + B for any arbitrary real

b) —mpw, + 2zk for any arbitrary
integer k.

c) muwy+ 21k for
integer k.

d) —mpuw, .

any arbitrary

[GATE-2005]

A 5 - point sequence X [n] is given
as

X[-3]=1, x [-2] =1, x[-1] = 0, x[0]
=5, x[1]=1

Let X(ei®) denote the discrete - time
Fourier transform of x [n]. The

value of TX (e"‘”)da) is

-

a)5
c)lén

b)10n
d)5+j10
[GATE-2007]

{x(n)} is real -valued periodic
sequence with a period N. x(n) and
X(k) form N-point Discrete Fourier
Transform (DFT) pairs. The DFT
Y (k) of the sequence

y(n) = 228 x()x(n +7) is

a)|x (k)2

b) £l X)X (ke + 7)
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Q.7

Q.8

Q.9

Q.10

€) TN X)X (ko + 1)
d)0
[GATE-2008]

The 4-point Discrete Fourier
Transform (DFT) of a discrete time
sequence
{1,0,2,3}is
a) [0, -2+ 2j,2,-2-2j]
b) [2, 2 + 2j, 6, 2-2j]
c) [6,1-3j, 2, 1 + 3j]
d)[6,-1+3j,0,-1-3j]

[GATE-2009]

For an N-point FFT algorithm with N
= 2m, which one of the following
statements is TRUE?

a) It is not possible to construct a
signal flow graph with both
input and output in normal
order

b) The number of butterflies in the
mt state is N/m

c) In -place computation requires
storage of only 2N node data

d) Computation of a butterfly
requires only one complex
multiplication.

[GATE-2010]
The first five points of the 8 -point
DFT of a real valued sequence are 5,
1-j3, 0, 3-j4 and 3+j4 the last two
points of the DFT are respectively
a) 0,1-j3 b)0,1+j3
c) 1+j3,5 d)1-j3,5
[GATE-2011]

The DFT of a vector [a b c d] is the
vector [a B y 6&]. Consider the
product

a b c d
d a b c
=la b d
[p g r s]=[a bc cdoab
b ¢ d a

The DFT of the vector [p q r s]is
a scaled version of

a)[a2 ﬂz 72 52]
b)[a VB Jr 5]

Q.11

Cla+p p+6 S+y y+al
d)fe g r o]
[GATE-2013]

Let X[k]=k+1, 0<k <7 be 8-point

DFT of a sequence x[n], where
X[K]= 3 x[n]e ™" The value
(correctn:zo two decimal places) of
3 x[2n]is___.

"

[GATE-2018]
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ANSWER KEY:

1 3 4 5 7 8 10
b b * d d a a

11

3
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EXPLANATIONS

Q.1

Q.2

Q.3

Q.4

(d) )
x(n) = (l) u(n)

2

yo) = 2260 = ()" ()

2

= (1" u(n)
y@ = (2) uem
1
Y& =
Put z=e¥
iy 1
F{g-l :] - 1-%9'."-1.'
F 1 4
Ve =1173
()

y(n) = x {E -1) ,n even
=n forn odd
n=0yhn) ==x(-1)=1
n=2,yln)=x(0)=2
n=4,y(n) =x(1)=1
n=6,yln) ==x(2) = 1,2

(c)

y(2n) = x(n - 1), seeing in graph
Fn) = y(2n)

- %5{ﬂ+ 1) +6(n) + 28(n -1)
+50n-2) +36(n - 3)

Taking z-transform
Flz) =2z +1 42271

+z 24227

z =g
Fel@) =2ei® 41 4 2¢7i0
+E—:jn.‘- _l_EE—!j:.:-

2
— E_,—jn.'-(% el 4 g 4 2y
elo 4 %‘e_]“")

= E—jm[—E:jm"'E_:jm + Ejt..'-
+e71e 4 2]
fin) = e 1¥[cos2w + 2cosw + 2]

(b)

y(n) = Ax(n - ng)

Q.5

Q.6
Q.7

Q.8

Q.9

A sinwgln —ng) + @]
~EE =y (= 1)

8(w) = -ny [ dew

= —ngug + &

To avoid phase change k should be
an integral multiple of 2m

s Blw) = —ngewy + 2mk

(b)

X(e®) =¥ + e 10+ 54+ e
v [T ed¥dw = 0ifaz 0

[T X(e™)dw = |E}'—U+Ea—u+5m +ETIE
B i oon - g

=5om+ om=10mn

*)
(d)

4-point DFT of sequence {1,0,2,3} is
given as

1 1 1 17[t
1 -1 -1 1][]

1 -1 1 -1|2

1 1 -1 —1l3
142 43 6

-2 43 |-143
1+2 3| | ©
1-2 -3l 1-1-3

(d)

For an N-point FFT algorithm with
N =2", computation of a butterfly
requires only one complex
multiplication and two complex
additions.

a
'g‘h)e given function f(x] is periodic
function with period , T = 2r F(x) is
shown over one period from 0 to 2=
in fig
The d.c value of
FO) =ap =1y fdx

Arag undar fx]
g = =10

-

As can be seen from Fig.
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Q.10 (a)
DFT of vector [a, b, c,d] is [a By 6]
1 1

o 1 a
¥yl |1 - -1 —j||b
Bl |11 -1 1 -1||c
& 1 jltd

i -1
at+h + -:-I—d]

i.e.

_la—ji b— c+id
T la-tb + c—d
atj] h—c —jd
Now, it is given that

(i)

[P g r s]=
a b c d
d a b ¢
[abcd]cdab]
h ¢ d a

= [a® + bd + c*bd ab + ab+]
cd + cd 2ac + b? + d* 2ad + 2be  ...(10)
DFTof [p a r s]lisgiven as

1 1 1 1
1 -5 -1 j
[p g r 5] 121 1 21
1§ -1 -

(p+q+r+sip—jg—pr+js)

- [{p—q+r—s]{p+jq—r—js]
= [a? g2y 67

Check:
Ptq+r+s=1>(a"+c?+2bd
+(2ab + 2cd) + (b* + d* + 2ac)
+i{2ad + 2Zhc)

...[From (ii) equation ]
=(a+b+c+d?

=3 ..[From (i) equation |

Q11 3
X[k]=k+1, 0<k<7

X[k]=1{1,2,3,4,56,7,8)

Find

S x[2n] = x[0] + x[2]x[4] + x[6]

n=0

N point Discrete Fourier Transform (DFT)

N-1 —jgkn
X(K)=>_x(n)e
n=0
For K=0

Adding (i) and (ii)

X(0)+X(4)=2[x(0)+x(2)+x(4)+x(6)]

x(0)+x(2)+x(4)+x(6)=w
145,
2
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GATE QUESTIONS(IN)

Q.1  4- point DFT of a real discrete -time

signal x[n] of length 4 is gives by Q.3 Three DFT coefficients, out of the
Xkln=10123and k=0123 . It is DFT coefficients of a five-point real
given that x[0] =5.X[1] =1+i1, sequence are given as: X(0)=4,
%[2] = 0.5,X[3)and x[0] respectively are X(1)=1-1j and X(3)=2+j2. The zeroth
a)1-71.875 b)1-;1.500 value of the sequence x(n).

c)1+;1.875 d)0.1-;0.11.500

[GATE-2010] a)l b)2 3 d)4

Q.2 X(k) is the Discrete Fourier
Transform of a 6-point real
sequence x(n). If X(0)=9 +j0, X(2) =
2+j2,X(3)=3-j0,X(5)=1-j1,x(0) is
a) 3 b) 9
c) 15 d) 18

[GATE-2014]
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EXPLANATIONS

Q1 (a)
As signal is real,
X[kl =X"(N-k)
~X[E]=1 —l
and X[0] == Lk:a{kj
—;{5 +1+11 +05+1-]1)

=1.875

Q2 (a)
Given 6 point DFT of x[n] with
X (0)9+j0
X(1)=1
X(2)=2+j2
X (3)=3-j0
X(4)=2
X (5)=1-j
= By symmetry properties
X(1) =x* (5)=1+4j
X(4) =x* (2)=2-j2
X[0]=

Lx(0)x(2)+1(2) +x(3)+x(4) (5]

:%[9+1+2+3+2+1]=3

Q3 (b)
Since x[n] is real
s0, X[k]=X"[N-K]
X[2]=X"[3]=2-j2
X[4]=X"[1]=1+1]j

So,X[4]=%§X[k]

_A4+1+2+2+1
5

=2
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SAMPLING THEOREM

Sampling is a process to convert a
continuous-time signal to a discrete-time
signal.

7.1 SAMPLING THEOREM

“A band-limited signal can be reconstructed
exactly if it is sampled at a rate atleast
twice the maximum frequency component
init”

fs =2 fm fm — Modulating freq.
1 2
— 2 — fs — Sampling freq.
Ts fm pHng fred
T_mz Ts
2

Sampling - Different types of sampling are
1. Ideal sampling

2. Practical sampling

(a) Natural sampling

(b) Flat top sampling

Ideal Sampling:
Sampling though Ideal impulse train
Impulse Train:

5r, ()= Y 8(t-nTy)

Where Ts;= Sampling time
Analog continuous to Analog discrete

F Z O(t-nTy) © wq z O(w - n wg)

Fourier transform of impulse train is
another impulse train with amplitude

1
suppressed by T with same period.

S

7.2 IDEAL SAMPLING

X (t) =X - X5 (t)
b1, (1)

Xs (£) =x (£) Z 8(t-nTy)

Fourier Transform

Xs (m)=2—];tX((u)*%i 6(w-nwyg)

s N=—w

1 27
Xs (w) = T Z X (w - n wy), ws=—

s N=—0 s
w; — sampling rate
Assume band limited signal (spectrum)

x(t) X(w)
S
8z, (1) 6z, (w)
L) e
Xs (t)

il

L

Xs ((o)=_|_ii X (w-n wy)

S

= Ti [X(w)+X(w- wg)+X(w- 2w )+X(w- wy)
S

+ X(w- 2wg)+ ... ]

Xs (w) is a periodic function of w, consisting

of a super position of shifted replicas of X

1
w) scaled by —
(w) =

S

Output frequencies are:
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0‘)1'1’1

Wg = Wy
205 * Wy,
3wg * wpy,

OO wxE

i) Thus as long as the sampling frequency
fs is greater than twice the signal
bandwidth B, Xs (w) will consist of
non overlapping repetition of X (w).

ii) x(t) can be recovered from its sample Xs
(t) by passing the sampled signal
through an ideal low pass filter of
Bandwidth B Hz.

iii) The minimum sampling rate f; = 2B
required to recover x (t) from its
samples Xs (t) is called the Nyquist rate.

f,= 2B = Nyquist rate

1
T.= — = Nyquist interval
° 2B Ya

Case 1.

wg = 2 Wy, = critical sampling
Case 2.

ws > 2 Wy, = over sampling
Case 3.

W < 2 Wy, = under sampling

Case 1.
Ws =2 Wy

Xs (w) = Ti i X(w - 2wm n)

s N=—0

WS +Wm
Ws

Critical sampling no overlapping takes
place.

Case 2. wg = 2 0y, wg = 3wy,

Xs (w) = Ti i X (w-3wmn)

s N=—n

IVAVIVA

-2wg [ wm O] wy%-wm| +2ws
- Wy

n=-1 n=0 n=1 n=2
To avoid overlapping of signals wg - w,, >
(*)m
Le. wg > 2wy,

Case 3.
Ws <2 Wy , W < Wy

o Xs (w) = Ti i X (w-nwy)

s N=-w

2Wi W |0 W 2Wip

Ws +2wg

Aliasing (overlapping of nearby spectral
component), spectral folding

X s(w)

Aliasing — replacing by retransmission
with proper sampling frequency.

ws2 2wm: to avoid aliasing

Minimum Sampling rate — Nyquist rate =
20m

Example

If the continuous time signal x (t) = cos
1250 mtt is sampled at sampling frequency
fy= 10 Hz, then find the discrete time
sequence X (n) ?

Solution:

X (t) = x(nTy) = cos (1250 m nTy)

} =cos 125mn
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7.3 ALIASING

(wg >2w,) Xs (w) ©Xs (t) no longer

contain all info of X (w). Hence x (t) is not

recoverable from sample Xs (t).

Wg < 2 Wy, (loss of information) is due to

superimposition of high frequency

component to low frequency component.

This phenomenon is called frequency

folding of Aliasing.

The Aliasing can be minimized or avoided

by

(1) Selecting high
(ws > W)

(2) Using anti
sampling.

sampling frequency.

aliasing filter before

Anti Aliasing Filter:
An analog filter is used before sampler to
alternate signals with frequency higher

than % (wg = sampling frequency)

Example
Calculate minimum sampling frequency for
following signals?

a) Xx,(t)= Wy =200

Wg = 2w, =2 x 2001
Nyquist Rate = 400
Nyquist frequency « f; = 200 Hz T

= fl =0.05sec. (Ts=Nyquistinterval)

S

Sin200xt
it

sin ZOOEtT
Tt

b) X, (t) = [

_ | 1-cos400mnt
(nt)2 2
Wg=2%xwWy=2x400m=800m
f; =400 Hz

c) X, (t) =5cos 1000mtcos 4000t
=5cos 5 x 1037t + sin 3 x 103t
oy =5x%x 1031
N.R. = 100007 = 2 x @y,
f. = 5000 Hz

d) X, (0 = e~Stu(g) * SN
it
. oT
t sin——
rect (—j < 2T 2
T oT
Tsin w N
2 o 2T rect(?j, T/2=a
F.T
X, (w)=—— rect (ﬂj (w=width)
J[0) 2a

0, =a
Nyquist rate = 2a
Example

Calculate minimum sampling time for
following signals?

a) x(t) =cos 2mt + cos 5mt
o, = 5T, wg =10, f;= 5Hz

2w, 5T, = 1sec =sec

cos mtt
mt

sin mt

b) x (t)=cos (2mt). +cos (2mt).

®,,= 3T
Hence, minimum sampling frequency
0,220y =2 % 3= 6T

2—“22><31T

S

Al A
v
w

B
IN
Wl

Example:

Two signals x;(t) & X,(t) are band limited
to 3 kHz & 4 kHz respectively. Find the
Nyquist rate for the following signals.

(a) x1(3t)

(b) x,(t-3)

(c) x4 (28) + x(1)

(d) x1(t) - x2(t)
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(e) x1 (1) * x2(t)
Solution
a) X (3t) Fourier Transform % X1 (%j o

expand in freq. domain by factor 3.
(BW)x; =3 kHz, BW (x;) = 4 kHz
O, (x7(3t)) =3 x 3 =9 kHz,
w,=2x9=18kHz

b) X, (t - 3) Fourier Transform e /3¢t
X2(w) only phase shift
(BW)x, =4 kHz
O (X2(t-3)) =4 kHz,
w,=4x2=8kHz

c) X (2t) + x,(2t) Fourier Transform % X

(%] + x5 (w)

(BW)x; =2 x3 =6 kHz, BW (x;) =4 kHz
O (X1(2t))= 6 kHz, o, =2x6 =12 kHz

d) X (t).x,(t) Fourier Transform Xi (w) *
X2(w)
The spectrum of both signals when
multiplied (convolution in frequency
domain) has the sum and difference
frequencies terms.
3+4=7kHz (4-3)=1kHz
o, =2 x BW Highest =2 x 7 =14 kHz

e) The spectrum of x; (t) * x, (t)
(multiplication in freq. domain) extends
to 3 kHz. (Lowest among the terms.);
Hence the Nyquist rate is 6 kHz = 2 x
3kHz.

7.4 SAMPLING OF BAND PASS SIGNALS

Low pass signals

X(w)=0 |oo|>Boru)m

w highest = wm
X(w)=0
Band pass signals

wL > wand WH< W

w highest = w1 =wc+ wm

Case 1

If either wuor wLis harmonic of sampling
frequency

o,,then ws =2 (wn -w.) (wH - wL)

Example

wH = 10.2 Mhz, w. =10 Mhz

wH=51x.2 wg = 2(.2) = 0.4 Mhz

wL=50X.2 Ts= 1 == 2.5 psec.
4X10

Case 2

If wL or wuis not harmonic of sampling

frequency

_ 2(w, + o) f o 2f,

N (")
0, + o,

Largest integer — [M] = 5 =
®

w., o

S S [M]

m

Example

Given the signal m (t) = 5cos 1000t cos

7000mt. Find the minimum sampling rate

based on

a) The low pass
theorem and

uniform sampling
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b) The band pass sampling theorem.
Solution
a) m (t) =5cos 10001t cos7000mt
= 2.5 cos 5000t + 2.5 cos 70007t
2.5 kHz 3.5 kHz
fm = 3.5 kHz
fs=2X3.5=7kHz
b) fu =3.5kHz fL = 2.5 kHz

£ = 2X3.5khz
[M]
M= 3;15= 3.5 - truncate
[M] =3
fs = 2X3.5khz =2.333 kHz
Summary

Sampling Theorem

“A band-limited signal can be reconstructed
exactly if it is sampled at a rate atleast
twice the maximum frequency component
init”

f,>2f

Where fs is sampling frequency, fm is
modulating frequency

g(t)

NAREEE
ST

C

Impulse train
8TS (1= z o5(t— nTs)

Where Ts = Sampling Time
Analog continuous to Analog discrete
conversion

i d(t—nT;) = o, i d(o—nawg)

N=—o0 N=—o0

Aliasing Effect:
Overlapping between nearby
Component

spectral

Type of Sampling

i) Ideal Sampling (Realize by Ideal Switch)

ii) Natural Sampling (Realize by switch)

iii) Flat top Sampling (Realize by Sample &
Hold circuit)
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GATE QUESTIONS(EC)

Q.1

Q.2

A 1 KHz sinusoidal signal is ideally

sampled at 1500 samples/sec and

the sampled signal is passed

through an ideal low-pass filter with

cut-off frequency 800 Hz. The

output signal has the frequency

a) Zero KHz b) 0.75 KHz

c) 0.5 KHz d) 0.25 KHz
[GATE-2004]

A signal m(t) with bandwidth 500
Hz is first multiplied by a signal g(t)
where

0

g = > M) 5(t-05x10"k)

R=—c0
The resulting signal is then passed
through an ideal low pass filter with
bandwidth 1 kHz. The output of the
low pass filter would be

Q.3

Q.4

An LTI system having transfer

2

function 5
S°+2s+1

sin(t + 1) is in steady state. The

output is sampled at a rate ws rad/s

to obtain the final output {y(k)}.

Which of the following is true?

a) y() is zero for all sampling
frequencies ws

b) y(.) is nonzero for all sampling
frequencies ws

c) y(.) is nonzero for ws > 2, but
zero for ws < 2

d) y(.) is zero for ws > 2, but
nonzero for ws < 2

[GATE-2009]

and input x(t) =

A band -limited signal with a
maximum frequency of 5 kHz is to

a) o (t) b) m(t) be sampled. According to the
c)0 d) m(t) 8(t) sampling theorem, the sampling
[GATE-2006] frequency in which is not valid is
a) 5kHz b) 12kHz
c) 15kHz d) 20kHz
[GATE-2013]
1 2 3 4
C b a a
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EXPLANATIONS

Q1 (g

1k = 1.5k = 2.5k or0.5k
LPF has f. = 0.8k
= Only 0.5 k will appear at output.

Q2 (b)

4 M(f)

[ 11

-500 500
mit) git) « Mif) = Gif)

20 kHz | 20 kHz
After low pass filtering with
fr = 1kH=z output is zero

Q3 (a)

X — |Hs) = S—H — X(5)
s 425 +1
x(£) = sin(t + 1)
w = lrod /sec

&
X(s) = et = gt = =
w? +z2 12452 24l
¥i2)
His) = P
¥(s) = HE X(s)
41 td td
vis) = 2 +2z+l ® 241 F4Zz+l
&
vis) = (z+102

¥(£) = (t+ 1)e~ 0
¥{oo) = lim,_, sy(s)

o
=lim——=0
z—=0 (24102
So at steady state y(.) remains zero

for all sampling frequencies ;.

Q4 (a)
{.f.;:]min = zfrr
(flmin =2%x5=1=EkHz

So, £ = 10kHz
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GATE QUESTIONS(IN)

Q.1

Q.2

The spectrum of a band limited
signal after sampling is shown
below. The value of the sampling
interval is

AAA"

100 0 100 150 350 400 600
a) 1ms b) 4ms
c) 2ms d) 8ms

[GATE-2006]

Let z(t) be a continuous -time real,

valued signal band -limited to F Hz.

The Nyquist sampling rate , in Hz

for y(t) = x(0.5¢) + x(£) - x(2¢) is

a)F b) 2F

c)4F d)8F
[GATE-2007]

Q.3

Q.4

Q.5

The continuous time  signal
x(t) = cos(100mt) + sin (300mt) is
sampled at the rate 100Hz to get the
signal x,(t) = E o x(nT)6(t -nT, )T, =
Sampling period The signal x,(t] is
passed through an ideal low pass
filter with cutoff frequency 100Hz.
The output of the filter is
proportional to

a)cos(100mt)

b) cos(100nt) + sin (1007t)
c) cos(100xt) - sin (100mt)
d) sin (100xt)
[GATE-2011]

The highest frequency present in the
signal x(t) is fmax. The highest
frequency present in the signal y(t)
=x%(t) is
a) %fMax
C) 2fmax

b) fimax

d) 4fmax
[GATE-2015]

If a continuous time signal
x(t)=cos(2mt) is sampled at 4Hz, the
value of the discrete time sequence

x(n)=51is
a)-0.707 b) -1
o d)1

[GATE-2017]
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EXPLANATIONS

Q.1

Q.2

Q.3

b
{,e{ X(f) be the spectrum of the band
limited signal, x(t) . X:(f) be the
spectrum of the sampled signal X;(z)
X(f) = fL i = X(f - kf,)
Where f_is the sampling frequency

i.e. X(f) is repeated at
+f  *2f L £3f Bl

From the given spectrum of X.(f) in
the question, f, = 230 s/sec
~Sampling interval,

T':—f:— EEUXIUUM—‘I'ms
(9

x(t) band limited to FHz
ie. fpn=FHz

vt} = x(0.5¢) + x(£) - x(2t) is
x(t) - maximum frequency

= 2FHz,

x(0.5t) -maximum frequency
= %Hz.

x(2t) - maximum frequency
= 2FHz.

),-‘{ﬂ - maximum frequency
F
= max {F,;,EF] =2F

Nyquist rate
= 2 ¥ maxfrequency

= 2= 2F =4FHz

(b)

Highest frequency component in
x(t) is 150 Hz. So, the Nyquist
sampling rate is 300Hz.But x(t) is
sampled at 100Hz. While cost (100xt)
with frequency 50 Hz will be
recovered satisfactorily after passing
through the low-pass and sin (300xt)
will get aliased resulting in filter
output sin (100mt) . cos(100zt) doesn’t

contribute to aliasing

Q.4

Q.5

(©)

Multiplication in
corresponds to
frequency domain
X2 (t) = x(f)*x(f)
Using limit property of convolution
x2(t) have maximum frequency 2fm.

time domain
convolution in

(4

x(nTs):c052ﬂ><2=cos%n =x(n)

x(n) = cos%Z =0

© Copyright Reserved by Gateflix.in No part of this material should be copied or reproduced without permission



GAIEHIX

GATE QUESTIONS(IN)

Q.1

Q.2

Q.3

The bilinear transformation w=%
a) maps the inside of the unit circle
in the z-plane to left half of the w-
plane
b) maps the outside of the unit
circle in the z-plane to left half of the
w-plane
c) maps the inside of the unit circle
in the z-plane to right half of the w-
plane
d) maps the outside of the unit
circle in the z-plane to right half of
the w-plane

[GATE-2002]

A linear time invariant system with
system function H(z)=1+z1+z2 is
given an input signal sampled at
18kHz. The frequency of the analog
sinusoid which cannot pass through
the system is

a) 2 kHz
T
c) 12kHz

b) 6kHz
d) > kHz
[GATE-2003]

Bilinear transformation avoids the

problems of aliasing connected with

the use of impulse invariance

through

a) mapping the entire imaginary
axis of the s-plane on the unit
circle in the z-plane

b) pre-filtering the input-signal to
impose bank-limitedness

c) mapping zeros of the left half of
the s-plane inside the unit circle
in the z-plane

d) up-sampling the input signal so
that the bandwidth is reduced.

[GATE-2003]

Q.4

Q.5

Q.6

Q.7

A digital notch filter with a notch
frequency of 60Hz 1is to be
transformed into one operating at a
new notch frequency is 400Hz. A
low-pass to low-pass

. 1-az .
transformation Z'1=ﬁ is used on

the first to obtain the new notch
filter. Then the value of a should be

a) -0.95
c) -0.46

b) 0.95
d) 0.46

[GATE-2004]

A digital filter has the transfer
function:
z2+1

H(z) ~724081
If this filter has to reject a 50 Hz
interference from the input, then the
sampling frequency for the input
signal should be

a) 50Hz
c) 150Hz

b) 100Hz
d) 200Hz

[GATE-2006]

A digital filter having a transfer

-1 -3
. _ DgtDiZ “+PaZ .
function H(z) = T is

implemented using Direct Form -I
and Direct Form -II realization of
[IR structure. The number of delay
units required in Direct Form -1 and
Direct Form -II realizations are ,

respectively
a) 6and 6 b) 6 and 3
c)3and 3 d) 3and 2

[GATE-2010]

Shown below is the pole -zero plot
of a digital filter
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Q.8

Q.9

Im

6" order pole
at the origin

Which one of the
statements is TRUE?

following

a) This is a low pass filter
b) This is high pass filter
c) This is an IIR filter
d) This is an FIR filter
[GATE-2011]

A discrete-time signal x[n] is
obtained by sampling an analog
signal at 10 kHz.

The signal x[n] is filtered by a
system with impulse response h[n]
= 0.5{6[n]+ 6

[n-1]}.The 3dB cutoff frequency of
the filter is:

a) 1.25 kHz
c) 4.00 kHz

b) 2.50 kHz
d) 5.00 kHz
[GATE-2014]

Let 3 + 4j be zero of a fourth order
linear-.phase  FIR filter. The

complex number Which is NOT a
zero of this filter is

Q.10

Q.11

3 4.
3.4 b) > 42
a) 3 -4j )25 251
3 4 1 1.
I d) =—=
) % 5! )37

[GATE-2015]

Consider a low-pass filter module
with a pass-band ripple of in the
gain magnitude. If M such identical
modules are cascaded, ignoring the
loading effects, the pass-band ripple
of the cascade is
a) 1-(1-6)M

c) (1- 8"

b) &M
d) (1-8)M
[GATE-2015]

The signal x[n]=sin (nn /6)/( mn)
is processed through a linear filter
with the impulse response h[n] =
sin(o.n)/( © n) where o >n /6.
The output of the filter is
a) sin(2w.n)/(mn)
b) sin(nn/3)/(nn)
c) [sin(nn/6)/(nn)]?
d) sin(nn/6)/(=nn)

[GATE-2015]
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EXPLANATIONS

Q.1

Q.2

Q.3
Q.4
Q.5
Q.6

(a)
. . Z—
The bilinear transformation ® =——
z+1
maps inside

the unit circle in the z-plane to left half of
the w— plane.

For z inside of the unit circle O<z<1

forO<z<1

z-1 (—)ve
O=—-"= =(—)ve

z+1  (+)ve (=) Q.7
= o— plane if lies left half of w-plane
forz<1.
(c)
Given, fs = 18 kHz and we know that,
f >2f
(<h

2

18

f, s? kHz = 9kHz

So, the system will pass the signal which

is having frequency components less than
9 kHz, Q8

So, the correct option is (c) which is
having frequency 12 kHz is greater than 9
kHz, which cannot pass through the given
system.

(b)
(9
()
(b)

Given H(z) = %

This T.F corresponds to a 3rd order
digital filter

D F -1 realization requires 2N delays
D F -II realization or canonic
realization with minimum number
of delay elements requires N delays.

Where N is the order of the order of
the filter

~ D F -Irequires 6 delay

D f- Il requires 3 delays

(d)
From the given pole-zero plot of the

digital filter, the system function
iz+1"Jiz—lfl|§z+%\ll§z—%\liz+2fl[z—2j
Hiz) = — =

F4
- 212 -1 (2 -) (P - 9]
= z7 8 [(z* - 1.252° +%] (=2 - 4]]
= z's[zs‘ —4z* ~1.257% + 622 + %zz -1]
- z5[25 _ 5254 + 62522 —1]
=1-525z%625z"% -1z
h(n) = (e vor e 0,0,1,0,-5.25,0,6.25.0 -
10,0 u..)

As the impulse response,
h(n)=Inverse Z.T of H(z) has only
finite duration =7 samples, the given
digital is an FIR filter.

(b)
Clearly, period of the signal x(t) is 3
So, T =3

And  gg =:[fx(ddt
= {3 x(daz

1
=3(1-1)
=0
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So a; = 0 for k even integer

Q9 (d)
The property of a FIR filter is that if
Zo is a zero then the remaining

Zeros are
So option (D) is not matching with
any of this.

i [ Zo]* {i}*

ZO ZO

\2 \J

3 .4 . [3 .4
=i [3-44] |2+
{25 J25} [3-41] {25”25}

So options (D) is not matching with

any of this .
Q.10 (a)
Q11 (d)

sin on sinfn | | sinyn
RN
Where y = min(a,[3)
Output g(n) = x(n)* h(n)

In frequency domain they will be
multiplied.
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ASSIGNMENT QUESTIONS

Q.1

Q.2

Q.3

An input x[n] with length 3 is
applied to a linear time invariant
system having an impulse response
h[n] of length 5, and Y(w) is the
DTFT of the output y[n] of the
system. If |h[n]| < L and |x[n]| < B
for all n, the maximum value of Y(0)
can be

a)15LB
c)8LB

b) 12 LB
d) 7 LB

The two-sided Laplace transform of

x(t)=eu(t)+e*u(-t) is

-5
a) X(s)=—5——,-3<5<2
)X6) sS°+s—6
b) X(s):z_—s, 2<6<3

S"+s—6
Q) X(§)=5——, —3<c<-2
) X(s) s’ +s—6

-5

d) X(s)=5——, -3<o<-2
) X(s) s’ +s—6

For the signal x[n] shown in figure
x[n]=0f0r n<-3andn>7
If X(w) is the Fourier transform of

x[n], which one of the following is
TRUE?

Q.4

a)X(0)=5
b) ji x(w)do=2mn

c) the phase ZX(w) odd function
d) X(w) = X(-w)

Two systems T1 and T are cascaded
to get the system T as shown in fig

Q.5

Q.6

Which one of the following
statements is TRUE?

T
L e T S

a) If both T1 and T> are linear then
T is NOT necessarily linear

b) If both T: and T, are time
invariant then T is NOT
necessarily time invariant

c) If both Ty and T are non-linear
then T is NOT necessarily non-
linear

d) If both Tiand T are causal then
T is NOT necessarily causal

%, n=0
T
Ifx[n]= sinon , the energy
, n#0
mn
of x[n] is
a) 2 b) 1
T n
1 3
c) — d) —
) 2n ) T

The pole-zero plot of the transfer
function (Ha(s)) of a linear time
invariant system in s-plane is shown
in Fig. The corresponding impulse
response ha(t) is sampled at 2Hz to
get the discrete-time impulse
response sequence h[n]. If the right
half of the s-plane is mapped into
the outside of the unit circle, which
one of the following shows the
equivalent pole-zero plot of H(z) in
the z-plane (the concentric circles

are |z| = land|z| =1)?
e
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Double poles T

Q.7 The z-transform x(z) of a sequence

x[n] is given by

Q.8

Q.9

Q.10

Z3O

X(2)=—
(Z—ZJ(Z—2)(Z+3)

If X(z) converges for |z|=1 then x][-
18] is

a) _1 b) _2
9 21
c_1 d_2
10 27

The z-transform X(z) of a real and
right-sided sequence x[n] has
exactly two poles and one of them is
at z = /2 and there are two zeros at
the origin. If X(1) =1, which one of

the following is TRUE?
a)

2
X(z) = 2z

22 ROCist<[]<1
(z—1)° +2 2

27 1
b) X(z)=———,ROClis|z|> —
) X(2)=———,ROCis|7| > 2

27° .
c) X(z)=—2,ROCls|z|>1
(z—-1)"+2
d) X(z)—i ROCis|z|>1
Z+1

The impulse response h[n] of a
linear time invariant system is real.
The transfer function H(z) of the
system has only one pole and it is at

vA =%.The zeros of H(z)are non-real

and located at |z = %.The system is

a) Stable and causal

b) Unstable and ant-causal
c) Unstable and causal

d) Stable and anti-causal

A signal x(t) is band-limited to W Hz,
and y(t) =X’ (t)+ X(t)+1 .The
Nyquist sampling frequency of y(t)
is
a)3w
c)12w

b) 6 W
d)27 W
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Q.11 A signal x(t):cos(lO t)cos(lOOt)is
passed through a system whose
impulse response is

H(®) = exp(—j100— j2(w-100)).
If y(t) is the system output, then
a)

y(t) = cos [10 (t - %U cos(100(t—1)
b)
1
y(t) = cos(10(t—1)) cos [1 00 (t - EU
c) y(t)=cos(10(t—2))cos(100(t—1))

Q.15

d) y(t)=cos(10(t—1))cos(100(t —2))

Q.12 The output w[n] of the system
shown in fig. is

n
y(n)
2L v Y 9 o wisy e e
k=-x
a) x[n] b) x[n-1]
) x[n] - x [n-1] d) 1 (x[n-1]+
2
[n])

Q.13 Which one of the following is a
periodic signal?

a) x,(t)= 2ej[t+%Ju(t)

b) x,[n]=u[n]+u[-n]
9 Q.16
xX,[n]= i (8[n—4k]—8[n—1-4k]}

d) x,(t)=e"

Q.14 If the input-output relation of a
2t

system is y(t) = I x(t)dt, then the

o
system is
a) linear, time invariant and Q.17
unstable

b) linear, non-causal and unstable
c) linear, causal and time invariant

d) Non-causal, time invariant and
unstable

Which one of the following can be
the magnitude of the transfer
function |H(jw)| of a causal system?

a)

[Hw)]
/
/ .
-W 0 W o
b)
4 [H(w)|
W 0 W w
c)
[H{jw)]
v >
w 0 W w
d)
[Hjw)|
wow ‘0- ¥

Consider the function H(jw) = Hi(w)
+ jH2(w), where Hi(w) is an odd
function and Hz(w) is an even
function. The inverse Fourier
transform of H(jw), is

a) areal and odd function

b) a complex function

c) a purely imaginary function

d) a purely imaginary and odd
function

The Laplace transform of the signal
given in Figure, is
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Q.18

Q.19

Q.20

Q.21

b) A(l_ecs]
S
d) —A[l_e_csj
S

If X(z) is the z-transform of x[n]=

|
(%) ,the ROC of X(z) is

a) _A(l_ecs]
S

a) |z| > 2
b) |z| <2

1
c) —<|z| <2
)2 ||

d) The entire z-plane

In a linear phase system, Tty the
group delay and T, the phase delay
are

a) Constant and equal to each other
b) tgis a constantand 1, o ®

c) a constant and t, o ®

d) t,0m and 1,00

A signal m(t), band-limited to a
maximum frequency of 20 kHz is
sampled at a frequency fs kHz to
generate s(t). An ideal low pass filter
having cut-off frequency 37 kHz is
used to reconstruct m (t) from s(t).
The minimum value of fs required to
reconstruct m (t) without distortion
is

a) 20 kHz
c) 57 kHz

b) 40 kHz
d) 77 kHz

If the signal x(t) shown in figure
(right sided) is fed to an LTI system
having impulse response k(t) as
shown in figure (left sided) the
value of the DC component present
in the output y(t) is

Q.22

Q.23

Q.24

Q.25

Q.26

x(t) 2 k(1)

[ [ |

-1 0 1? 14 0 1 f
a)l b) 2
c)3 d) 4

The impulse response h[n] of an LTI
system is

h[n] =u[n + 3] + u[n - 2] - 2u[n - 7].
Then the system is:

1) Stable 2) Casual

3) Unstable 4) Not casual
Which of these are correct?

a) 1 and 2 only b) 2 and 3 only
c) 3 and 4 only d) 1 and 4 only

Consider the following statements:
Fourier series of any periodic
function X(t) can be obtained if

1
1. j|x(t)|dt4w
0

2. Finite number of discontinuous
exist within finite time interval t.
Which of the above statements
is/are correct?

a) 1 only b) 2 only
c) Both 1 and 2 d)neither 1 nor
2

The Fourier transform of unit step
sequence is

1

a) nd(Q) b) e
3(Q I d) 1-¢7°

c) md( )+1_e_p ) I-e

If X(w) = 8(w - wo) then X(t) is

a) e b) 8(t)
c) %el‘%t d)1

Which one of the following is a
Dirichlet’s condition?

a) I|X(t)|£oo
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Q.27

Q.28

Q.29

Q.30

Q.31

b) Signal x(t) must have a finite
number of maxima and minima
in the expansion interval

c) x(t) can have an infinite number
of finite discontinuities in the
expansion interval

d) x2(t) must Dbe
summable

absolutely

The output of a linear system for
step input is, t2 et. Then the transfer
function is

a) % b) i3
(s+1) (s+1)

S 1
TR D Gy

The frequency response H({l) of a
system for impulse sequence
response
h[n]=6[n]+8[n-1]is

Q

_ Q) 8
a)H(Q)—Zcos(zJé >

b)H (Q)=cos Q/L-Q
A)H(Q)=2cos o, _2
2

d)H(Q):ZA—%

Z and Laplace transform are related
by

Inz
a) s=In b) s=—
) z ) T
c) s=z d) s=l
Inz

Convolution of two sequences Xi[n]
and Xz [n] is represented as

a) Xi(z) * X2(2) b) Xi(z) « X2(z)
c) X1(z) + X2(z) d) X1(z) / X2(2)
The Z-transform of - u (-n -1) is:

a) —Z_with | Z/>1
Z-1

b) iwithO<|Z|<1
Z-1

Q.32

Q.33

Q.34

Q.35

Q.36

¢) =2 with | Z|=1
Z—1

d) 2 with | Z| =0
Z-1

The Z-transform of X(K) is given by

Tyl
X(2)= o
1-Z")Y1-e"Z7)
The initial value x (0) is
a) Zero

b) 1

c)2 d)3

Unit step response of the system
described by the equation y (n) +y
(n-1)=x(n)is

7? Z
Q) ——— hb———
(Z+1)(Z-1) (Z+1)(Z-1)
9 Z+1 a) Z(Z-1)
Z-1 (Z+1)

A function of one or more variables
which conveys information on the
nature of physical phenomenon is
called

a) Noise b) Interference

c) System d) Signal

The output y(t) if a continuous-time
system S for the input x(t) is given
by:

y(H) = [ x(Wdh.

Which one of the following is
correct?

a) Sis linear and time-invariant

b) S is linear and time-varying

c) Sis non-linear and time-invariant
d) Sis non linear and time-varying

What is the period of the sinusoidal
signal x(n) = 5 cos [0.2 tn]?

a) 10 b) 5

1 d)o
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Q.37

Q.38)

Q.39

Q.40

Q.41

When y(t) —Y(jo): x(t)—X(jo):
h(t)iT)H(jE)). Whatis Y (jw)?
. XGo)
H(jow)
b) X(jeo)H(jo)
¢) X(jo)+H(joo)
d) X(jo)—H(jow)

For good quality signal transmission
all frequency components should
have the same transmission delay, tq
and same phase shift- ¢ s. What can

be said about the statement?

a) Correct

b) True for tq but true for @,

c) Not true for tq but true for @

d) Both tq and @, are not involved in

quality

Consider the function F(s)= 2

s+’

where F(s) is the Laplace transform
of f (t). What is the steady- state
value of f (t)?

a) Zero

b) One

c) Two

d) A value between -1and +1

The transfer function of a linear-
time invariant system is given as
1

(s+1)

What is the steady-state value of the
unit-impulse response?

b) One

d) Infinite

a) Zero
c) Two

An audio signal is band limited to 4
kHz. It is sampled at 8 kHz. What
will be the spectrum of the sampled
signal?

a) - 4kHz to 4 kHz

b) - 8 kHz to 8 kHz

c) Every 4n kHz and repeating

Q.42

Q.43

Q.44 A

Q.45

Q.46

d) Every * 8 kHz and repeating as
well as at zero (k integer)

A signal occupies a band 5 kHz to 10
kHz. For proper error free
reconstruction at what rate it should
be sampled?
a) 10 kHz

c) 5kHz

b) 20 kHz
d)(10 + 5)x 2 kHz

Laplace transform of sin(wt +a) is
sCcos oL+ msina
a)

s* +

b) ——cosa

ST+

S .

€) 5——sina
S +m
SSin oL+ ®cos o

s* +

d)

system defined

y [n]= X xiK]

is an example of
a)invertible system

b) Memory-less system
c) non-invertible system
d) Averaging system

Which one of the following functions
is a periodic one?

a) sin(10 wt) + sin(20 wt)

b) sin(10t)+ sin(20 rtt)

c) sin(10 mt) + sin(20t)

d) sin(10t) + sin(25t)

What is the average power for
periodic non - sinusoidal voltages
and currents?

a) The average power of the
fundamental component alone
b) The sum of the average powers of
the harmonics excluding the
fundamental

c) The sum of the average powers of
the sinusoidal components
including the fundamental
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Q.47

Q.48

Q.49

Q.50

Q.51

d) The sum of the root mean square
power of the sinusoidal components
including the fundamental

Which one of the following is the
correct relation?

a) F(at) «<»aF(w/a)

b) F(at) «»>aF(am)

c) F(t/a)«>aF(w/a)

d) F(at) «<>(1/a)F(w/a)

The Fourier transform of a function
is equal to its two - sided Laplace
transform evaluated

a) on the real axis of the s- plane

b) on a line parallel to the real axis
of the s - plane

c) on the imaginary axis of the s -
plane

d) on a line parallel to the imaginary
axis of the s - plane

If the Fourier transform of f(t) is F(j

® ), then what is the Fourier
transform of f(t)?

a) F(jo)

b) F(-j o)

c)-F(jo)

d) Complex conjugate of F(j ®)

If f(t) is an even function, then what
isits Fourier transform F(j ®)?

a) j: £(t)cos(2mt)dt
b) 2 j: £(t)cos(ot)dt
c) 2 jo‘”f(t) sin(ot)dt
d) [ t(®sinQot)dt

What is the Laplace transform of
cosm,t ?

®, S

a b

) s*+ ) ) s* +o;
o, S

C —_— —_—

) (s+m,) (s+®,)

Q.52

Q.53

Q.54

Q.55

Which one of the following is the
impulse response of the system
whose step response is given as

c(t)=05(1-¢)u(t)?
a) e2tu(t)

b) 0.538 (t) + e2tu(t)

c) 0.50 (t) - 0.5e2tu(t)
d) 0.5e-2tu(t)

—with [z| > 1, then

If X(z) is . !
what is the corresponding x(n)?
a)en b) en

c) u(n) d) d (n)

Multiplexing is possible if signals are
sampled. Two  signals have
bandwidths A=0to 4 kHzand B=0
to 8 kHz respectively. The sampling
frequency chosen is 12 kHz. Which
one of the following is correct? This
choice of the sampling frequency

a) is correct since A and B have an
integral relationship of 2

b) will not lead to aliasing

c) does not obey sampling theorem
d) can never lead to multiplexing

Match List - I with List - II and
select the correct answer using the
code given below the Lists:

List-1 List-11
[Function in time [Corresponding
Domain transform Laplacf(t)]
F(s)]
1.0
A.smojtu(t—t,) S+
O*)O —tyS
B. sinw,(t—t,)u(t—t 2{ }e '
0( 0) ( 0) S2 + ('05
C.sinw,(t—t,)tu(t o
(-t e

NCEREOR

(&)
((Doto - tan_l ?0

D.sin o, tu(t) 1

4. —=—=sin
s”+ o,
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Code:

Q.56

Q.57

Q.58

Q.59

Q.60

w,t, —tan

Ve
7]

A B C D
a) 3 1 4 2
b) 4 2 3 1
c) 3 2 4 1
d) 4 1 3 2
Energy of a power signal is

a) Finite
c) Infinite

b) Zero
d) Between land 2

The discrete time signal x(n) is

I n=1
defined by x(n)=4—-1 n=-1 And
0 n=0

[n]>1
Which one of the following is the
composite signal y(n) = x(n) + x(-n)

for  all integer values of n?

a)o b) 2

C) o d) —o

Which one of the following is the

mathematical representation for the
average power of the signal x(t)?

a) lf(’ch-:lt
T

b) %JT.Xz(t)dt

C) Elx{t] dt
L uo] TR
d) T—> 0o~ j X2 (t)dt
T—T/2

Which one of the following systems
described by the following input -
output relations is non-linear?
a)y(n)=nx(2n)
b)y(n)=x(n?)

c) y(n) = n*x(n) d) y(n) = x?(n)
The output of a linear system for
any input can be computed in
which one of the following ways?
a) Only by summation of impulse
response by convolution integral

Q.61

b) Only by summation of step
responses by superposition integral
c) Neither (a) nor (b)

d) Using either (a) or (b)
A discrete-time signal has
Fourier transform X(e'®).

Match List-I with List-II and select
the correct answer using the code
given below the lists:

x[n]

ListI ListII

(Signal) (Fourier

Transform)

Ax[-n] 1. X*(e7?)

B.nx [n] 2.X(e™)

C.x*[n]3.e“X(e')

D.x[n-1] 4. iX(eiw)
do

Code: A B C D

a) 1 3 2 4

b) 2 4 1 3

C) 1 4 2 3

d) 2 3 1 4

Q.62 Areal signal x(t) has Fourier

Q.63

transform X(f). Which one of the
following is correct?
a) Magnitude of X(f) has even
symmetry while phase of X(f) has
odd symmetry

b)Magnitude ofX(f) has odd
symmetry while phase of X(f) has
even symmetry

c) Both magnitude and phase of X(f)
have even symmetry

d)Both magnitude and phase of X(f)
have odd symmetry

What is the output as ¢t - o for a
system that has a transfer function

G(s) =#;when subjected to
s"—s=2
a step input?
a)-1 b) 1
c)2 d) Unbounded
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Q.64

Q.65

What is the Laplace transform of a

delayed wunit impulse function
d(t—1)?

a)l b) zero

c) exp (-s) d)s

Algebraic  expression for Z

transform of x[n] is X(z). What is

the algebraic expression for Z
transform of nX[n] ?

a) X(z - zo) b) X(**=)

c) Xezy d) X(z) -

Q.66 Which one of the following rules

determines the mapping of s-plane
to z-plane?

a) Right half of the s-plane maps
into outside of the unit circle in z-
plane

b) Left half of the s-plane maps into
inside of the unit circle

c) Imaginary axis in s-plane maps
into the circumference of the unit
circle

d) All of the above

Q.67 What is the Z-transform of the signal

Q.68

Q.69

x[n] = a"u(n)?

a) X(z)=

|-
—

z
b) X(z)= i

V4

c) X(z)= —

d) X(z)= —

Which one of the following is the
correct statement? The system
characterized by the equation y(t) =
ax(t) +bis

a) Linear for any value of b

b) Linear if b > 0

c) Linearifb<0

d) Non-linear

x[n] is defined as

Q.70

Q.71

Q.72

0 forn<—-2orn>4
x[n]= i

Determine the value of n for which
x[-n-2] is guaranteed to be zero.
ajn<landn>7

b)n<-4andn>2
c)Jn<-6andn>0
d)n<-2andn>4

otherwise

Which one of the following is the
correct statement? The continuous
time system described by

y(t) = x(t2) is

a) Causal, linear and time-varying

b) Causal, non-linear & time-varying
c)Non-causal,non-linearand

time invariant

d) Non-causal and time-variant

The discrete-time signal [n] is given
as
I, n=12

-1, n=-1,-2
0, n=oand|n>2
Which one of the following is the
time-shifted signal y[n] = x[n+3]
a)

x[n]=

1, n=-1,-2
y[n]=4-1, n=-4,-5
|0, n=-3n<-5andn>-1
b)
0, n=-1,-2
y[n]=4-1, n=-4,-5
| L, n=-3n<-5andn>-1
c)
(1, n=-1,-2
y[n]=1 0, n=-4,-5
-1, n=-3n<-5andn>-1
-1, n=1,2
d) y[n]=1 1, n=4,5

0, n=3n>5andn<l

For continuous-time systems state
variable representation is
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Q.73

Q.74

Q.75

%q(t) = Aq(t)+bx(t) What is the

corresponding representation for
discrete - time system?

2) %q[n] = A q[n] + bx[n]

b) q[n + 1] = A q[n] + bx[n]
c) q[n] =Aq[n-1] + bx[n]

d) din[q(n+l)]= Ags[n-1]+bx [n
-1]

The impulse response of a system
h(n) = am u(n). What is the condition
for the system to be BIBO stable?

a) ais real and positive

b) A is real and negative

cJla|>1

dal<1

Match the List-I (CT Function) with
List-II (CT Fourier Transform) and
select the correct answer using the
code given below the lists:

ListI List II
(CT Function) (CTFourier
Transform )
A)e tu(t) ) 2 >
I+o
B) x(0) ={ 1/ 2.
JoX(jo)
Q) dx(t) 3 1‘
dt I+ jo
D) 2 : 4 2sin®
1+t a
Code: A B C D
a) 1 4 2 3
b) 3 2 4 1
c) 1 2 4 3
d) 3 4 2 1

If the Fourier transform of x(t) is 2

sin
(mw), then what is the Fourier
transform of et x(t)?

Q.76

Q.77

Q.78

Q.79

a) T

b) (%sin{n(co—S)}

) 2 sin{m(w+5)}
0+5
d) 25sin{n((n—5)}
What is the inverse Fourier
transform of u(®)?
1 ] 1
—o(t)+— b) —o(t
a) 5 (t) - ) > (t)
J
28(t)+— d
c) 23(t) - )
20(t)+ jsin(t)

What is the Laplace transform of
X (t) =-e2tu(t) * (tu(t))?

-1 -1
a) b) —
s(s+2) s (s—2)
1 -1
c) - d) -
s°(s—2) s (s—2)
What is F(s) = %equal
(s+D)(s+2)
to?
2 4 4 2
+ J— J—
s+l (s+2)P (s+2)° s+2
b 2 6 2 2
+ p— —
s+l (s+2) (s+2)7 s+2
2 6 2 2
c + o ~+
s+l (s+2) (s+2) s+2
4 6 2 4

+ 3 2
s+1 (s+2) (s+2)° s+2

For the function x(t), X(s) is given
by:

-2

X(S)= e @

Then, what are the initial and final
values of x(t), respectively?
a)0and1 b) 0 and -1
c)land1 d)-1and0
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Q.80 The Laplace transform X(s) of a

Q.81

function x(t) is

X(S)z [I_Se—sT ]

What is the wave shape of x(t)?

a)
A x(t)

>t
>t
i
0 T —> L
d)
4 x(t)
1 I_‘
0o 1 r "

What is the inverse z transform of X

(z)?

a) L X(z)z""'dz b)
2m)
1 n+l
2—mmX(Z)Z dz
1 ~n
0) 2—ch[ﬁ><(z)zl dz d)

2nij(z)Z_(n+l)dz

Q.82 Which one of the following is the

correct statement?

The region of convergence of z
transform x | n | consists of the
values of z for which x | n | rmis.

Q.84

a) Absolutely integrable
b) Absolutely summalble
C) unity

d<1

For the system shown, x[n] = kJ[n],
and y[n] is related to x[n] as
1
yin]=Zyin-1]=x[n]
What is y[n] equal to?

x(n) —_— y(n)
a) k b) (1/2)7k
c) nk d) 2n

Match List-I (Application of Signals)
with List-II (Definition) and select
the correct answer using the code
given below the lists:

List-1 List-11
(Application (Definition)

of Signals)

A. 1.Sampling rate

Reconstruction  is chosen
significantly
greater than the
Nyquist rate

B.Over 2.A mixture of

continuous and
discrete time
signal

Sampling

3.To convert
the discrete
time sequence
backto a
continuous time
signal and then
resample

C.Interpolation

D.Decimation 4.Assign values
between
samples

and signals
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Q.85

Q.86

Code: A B C D
a) 3 4 1 2
b) 2 1 4 3
c) 3 1 4 2
d) 2 4 1 3

The governing differential equations
connecting the output y(t) and the
input x(t)

of four continuous systems are
given in the List I and List II
respectively. Match List I (Equation)
with List II (System Category) and
select the correct answer using the
codes given below the lists:

List 1

(Equation)

A2tg+4y= 2tx
dt

dy
By it +4y=2x
2
C. 4d—¥ + 2Q +y
dt dt
2
D(ﬂ) + 2ty = 4%
dt dt
List II
(System category)
1.Linear ,time Invariant and
dynamic
2.Non Linear, time invariant
dynamic

3.Linear time-variable and =3%

dynamic
4. Non linear time variable and
dynamic
5.Non linear time invariant non
dynamic

Code: A B C D

a) 3 2 1 4
b) 4 1 5 3
0 3 1 5 4
d 4 2 1 3

In the graph shown, which one of
the following expresses v(t)?

Q.87

Q.88

a) (2t + 6)[u(t-3) + 2u(t-4)]
b) (-2t- 6)[u(t- 3) +u(t-4)]

c) (-2t + 6)[u(t-3) +u(t-4)]

d) (2t-6)[u(t-3)-u(t-4)]

Consider the following statements
about linear time invariant (LTI)
continuous time systems:

1) The output signal in an LTI
system with known input and
known impulse response can always
be determined.

2) A causal LTI system is always
stable.

3) A stable LTI system has an
impulse response, h(t) which has a
finite value when integrated over

whole of the time axis, i.e. Ih(%)dk

is finite.
Which of the statements given
above are correct?
a)land3
c)2and 3

b) 1 and 2
d)1,2and 3

The unit sample response of a
discrete system is 1 1/2 1/400 0

....... For and input sequence
101000.., what 1is the output
sequence?
a) 1 1/2 1/4 1/2

1/4 0 0o ...
b) 1 0 1/4 0 0
C) 2 1/2 5/4 0 0
d) 1 1/2 5/4 1/2

1/4 0 0o ..
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Q.89

Q.90

Let x[n] = aru[n] h[n] = bru[n]
What is the expression for y[n], for a
discrete time system?

a) i a“u[k]b" ™ u[n—k]

k=—0

b) i a"u[k]b"  u[n—k]
c) i a“u[n—kJb"ulk]

d) i a" *u[k]b" ™ u[n—K]

k=—o0

The graph shown represents a
waveform obtained by convolving
two rectangular waveforms of
duration

Q.91

a) Four units each

b) Four and two units respectively
c) Six and three units respectively
d) Six and two units respectively

Match List [(Time Function) with
List II (Fourier Spectrum/Fourier
Transform) and select the correct
answer using the codes given below
the lists :

ListI

(Time Function)
A.Periodic Function
B.Aperiodic Function
C.Unit Impulse d (t)
D.sin ot

List I1

(Fourier
FourierTransform)
1.Continuous spectrum at all
frequencies

2.5(w)

3.Line discrete spectrum

Spectrum/

Q.92

0

Q.93

x(t)

Q.94

Code: A B C D
a) 4 2 3 1
b) 3 1 4 2
C) 4 1 3 2
d) 3 2 4 1

What is the Laplace transform of the
waveform shown.

B t—>

a) F(s)=l+le'S _Zgs
s s s

b) F(s)=l—le‘S s
s s s

0) F(s)=1+le's+ze'2S
s s s

d) F(s)=l—le'zs 2
s s s

For the signal shown

etu(e)

a) Only Fourier transform exists.

b) Only Laplace transform exists

c) Both Laplace and Fourier
transforms exists

d) Neither Laplace transform nor
Fourier transform exists.

What does the transfer function of a
system describe for the system ?
a) Only zero-input response

b) Only zero state response

c)Both zero-input and zero-state
responses

d) Neither zero-input response nor
zero-state response
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Q.95

Q.96

Q.97

The output y[n] of a discrete time
LTI system is related to the input

x[n] as given y[n]=Zx[k] Which
k=0

one of the following correctly
relates the z-transform of the input
and output, denoted by X(z) and
Y(z), respectively ?

a) Y(z)=(1-2")X(2)

b) Y(z)=7z"'X(z)

)Y =22
d) Y(2) = dX(z)

Which one of the following is the
inverse of z - transform of

X(2)=——2|z|<2?
(z—=2)(z-3)

a) [2" 3" Ju(-n-1)

b) [3" 2" Ju(-n-1)

d) [27=3" Ju(n+1)

d) [2"-3" Ju(n)

Match List I (Discrete Time Signal)
with List II (Transform) and select
the correct answer using the code
given below the lists :

Listl(DiscreteTimeSignal)
ListlI(Transform)
A.Unit Step Function 1.1
B.Unit Impulse function 2.
z—cosoT

7' =2zcosoT +1

C.sin ot,t=0,T,2T..... 3.i1

7 —
D.cos ot,t=0,T,2t..... 4,
zsinoT

z* —2zcos®T +1

Code: A B C D

a) 2 4 1 3

b) 3 1 4 2

c) 2 1 4 3

d) 3 4 1 2

Q.98

Q.99

A signal represented by x(t) = 5 cos
400nt is sampled at a rate 300
sample/s. The resulting samples are
passed through an ideal low pass
filter of cut-off frequency 150 Hz.
Which of the following will be
contained in the output of the LPF?
a) 100 Hz

b) 100 Hz, 150 Hz

c) 50 Hz, 100 Hz

d) 50 Hz, 100 Hz, 150 Hz

Which one of the following must be
satisfied if a signal is to be periodic
for -oo< t <0 ?
a) x(t+T,)=x(t)
dx(t)

b) x(t+T,))=———+

) X( 0) dt
Q) x(t+T))= [ *x(t)d(t)

d) x(t+T,)=x(t)+kT

Q.100 y[n]= Y’ x[k] .Which one of the

k=—00
following systems is inverse of the
system given
a) x[n] = y[n] - y[n-1] b) x[n] = y[n]

c) x[n] =y[n+4] d) x[n]=ny[n]

Q.101 If (2278-'_97) the Laplace
s*+33s
transform of f(t), then f(0+*) is :
97
a) Zero b)—
) ) 13
c) 27 d) Infinity

Q.102 Match List I (Equation Connecting

Input x(n)) and Output y(n) of four
discrete time systems with List II
(Systems Category) and select the
correct answer

using the codes given below the lists

Listl

List 11
(Equation Input
connecting Output y(n)
category)
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A. 1.linear,time

y(n+2)+(n+1)+y(n) variable dynamic

=2x(n+1)+x(n)

B. 2.Linear,time-

n’y’(n)+y(n)=x>(n) invariant
dynamic

C ym+D+ny(n)= 3.Non-

4nx(n) linear,time
variable, dynami
C

D. 4.Nonlinear,

y(n+1y(n)=4x(n) Time

invariant,dynami

C

5.Nonlinear,time

variable
memoryless

Code: A B C D
a) 3 5 2 1
b) 3 2 5 4
c) 2 3 5 1
d) 2 5 1 4

Q.103 A discrete time system has impulse
response h(n)=a"u(n+2),|al<] .
Which one of the
statements is correct?
The system is
a) Stable, casual and memory less
b) Unstable, casual and has memory

following

c) Stable, non-casual and has
memory

d) Unstable, non-casual and memory
less

Q.104 The impulse response of a linear
time-invariant system is a
rectangular pulse of duration T. It is
excited by an input of a pulse of
duration T. What is the filter output
waveform?

a) Rectangular pulse of duration T
b) Rectangular pulse of duration 2T

Q.106

c¢) Triangular pulse of duration T
d) Triangular pulse of duration 2T

Q.105 For half-wave (odd) symmetry with

To = period of x(t), which one of the
following is correct ?

a) x(txT,/2)=—x(t)

b) x(t £ T,/2)=x(t)

c) x(t £ t,)=—x(t)

d) x(t £ T,))=x(t)

A square wave is defined by

A, 0<t<T,/2
x(t)=
—A, T,/2<t<T,

It is periodically extended outside
this interval. What is the general

coefficient a, in the Fourier
expansion of this wave ?
a)o b)
2A(1—cosnm)
nm
9 2A(1+ cosnm) d)
nm
2A(1-cosnm)
[(n+D)7]
Q.107 Match List I (Time Domain

Property) with List II (Frequency
Domain Property) pertaining to
Fourier Representation Periodicity
and select the correct answer using
the codes given below the lists :
List I(Time Domain

ListlI(Frequency Property )

Domain Property)

A.Continuous 1.Periodic

B.Discrete 2.Continuous
C.Periodic 3.Non-Periodic
D.Non-periodic 4.Discrete

Code: A B C D

a) 3 4 1 2

b) 2 4 1 3

) 2 1 4 3

d) 3 1 4 2
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Q.108 Given that x,(t)=e“'u(t) and
X,(t)=e"*'u(t). Which one of the
following gives their convolution ?

[ekt okt :| b)

[k+k]

[ -]
l-k]

I:ekl: +e—k2t]
[k, +k,] 9

I:eklt + e—kzt:l
[kz - kl]

Q.109 To which one of the following
difference equations, the impulse
response  h(n)=93(n+2)—3(n—2)
corresponds?

a) y(n+2)=x(n)-x(n-2)
b) y(n-2)=x(n)-x(n-4)

c) y(n) =x(n+2)+x(n-2)
d) y(n) = -x(n+2)+x(n-2)

Q.110 Laplace transforms of f(t) and g(t)
are F(s) and G(s), respectively.
Which one of the following
expressions gives the inverse
Laplace transform of F(s) G(s) ?

2) f()g(t) HO;

g(t)
c) f(t)+g(t) d) f(t)*g(t)
Q.111 Which one of the following
represents the Fourier Transform
X(jw) of the signal
X(t) =teatu(t)?

W
) X(w)= s

oW
b) X(jw) = s
Q) X(jw) = EHIW)
VG

Q.112 What is the inverse Laplace
transform of <
S
a)e™ b) u(t—a)
c) &(t—a) d(t—a)u(t—a)
Q.113 Two rectangular waveforms of

duration T1 and T2 seconds

are convolved. What is the shape of

the resulting waveform?

a) Triangular b)Rectangular

c) Trapezoidal d) Semi-
circular

Q.114 Match List 1 (Nature of Periodic
Function) with List II (Properties of
Spectrum
Function) and select the correct
answer using the codes given below

the lists :
List I List I1

(Natural (Properties of

of Periodic) Spectrum
Function)

A.Impulse train 1.0nly even
harmonics are
present
2.Impulse train with

1T  -TOT ol
B.Full wave rectified 3 1 1

since function (O = z_j;a‘3 _Z_j;
1 1
o, =0
2i" 7 2j
. 4mt 4.0nly odd
C.sin—.cos— .
6 harmonics are
present
D. 5.Both even and
1 odd harmonics are
L >y present
T2

a) & 2 3 4
b) 2 1 4 3
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C) 5 2 4 3 Q.118 The inverse Fourier transform of
d) 2 1 3 4 o(f) is
a) u(t) b)1
Q.115 A discrete LTI system is non-causal c) (1) d) ei2™
if its impulse response is :
a) a"u(n-2) b) an2u(n) Q.119 The relationship between the input
c) an*2u(n) d) a"u(n+2) x(t) and the output y(t) of a system
. dy d*x
Q.116 Assertion A:In the exponential 1S @ x(t—2)u(t—2)+¥ The
Fourier representation of a real- : :
. . transfer function of the system is
valued periodic function f(t) of ) s
frequency fo, the coefficient of the a) 1+% b) 1+ s -
terms e?™! and e V?™h are ezs sz
negative of each other. Q) 1+ 62 d) 1+ S_zs
Reason R:The discrete magnitude 5 ¢
spectrum of f(t) is even and the Q.120 The Laplace transform of the
phase spectrum waveform shown in the figure is :
is odd.

a) Both A and R are individually true

and R is the correct explanation of A.

b) Both A and R are individually true volts
but R is NOT the correct explanation T
of A.

c) Ais true but R is false. 0 1 2 3 — tsec
d) A is false but R is true.

1 S 2s 3s
. o a) —[e +e” +2e
Q.117Match List I with List Il and select the S
correct answer using the codes

1 ] 2s —3s
given below the list : b) ;[e +e” +2¢

List 1 ListII Ir o L
AFree and 1.Discrete time c) g[e +e T +2e
Forced response  system 1 , \
B.Z-transforms  2.Dirichlet d) —[e_s +e T =2e
conditions 5
C.Probability  3.Non- Q.121 Match List I (F(s)) with List II (£(t))
homogenous
differential and select the correct answer using
equation the codes given below the lists :
D.Fourier series 4;[({);2221:;1 List I F(s)) List I (£(0))
P 10 1.108(t)
Cod:A B C D s(s +10)
B 10 2.(e7'"" cos10t).u(t)
a) 1 3 2 4 “s(s> +10)
E)) i ; i ‘21 (s+10) 3.(sin10t).u(t)
“(s+10)*+100
d) 3 1 4 2
D.10 4.(1—¢""").u(t)

© Copyright Reserved by Gateflix.in No part of this material should be copied or reproduced without permission



GAIEHIX

Code: A B
a) 3 4
b) 4 3
c) 3 4
d) 4 3

NN R =
= =N

Q.122 The Laplace transform of sin ot is :

S
$* +
SZ

s+

a)

c)

2
®

s* +
®
s+

b)

d)

Q.123 Given,Lf(t)=F(s)= T f(t)e™dt

Q.124

Which of the following expression

are correct ?

1) L [f(t-a) u (t-a)] :F(S) e-sa

2L f(t):%

3) L (t-a)f(t)=asF(s)

oL FO

T = SF(S) -

f(o,)

Select the correct answer using the

codes given below :

a)1,2and 3
c)2,3and 4

b)1,2and 4
d) 1,3 and 4

Match List I (Type of signal) with

List I

(Property

of Fourier

transform) and select the correct
answer using the codes given below

the lists:
Listl(Type of
Signal)

A.Real and even
symmetric
B.Real and odd
symmetric
C.Imaginary and
even symmetric
D.Imaginary and
odd symmetric

Code: A B

a) 1 4

List II (Property
of Fourier
transform)
1.Imaginary and
even symmetric
2.Real and even
symmetric
3.Real
symmetric
4.Imaginary odd
symmetric

odd

C D

2 3

Q.125

Q.126

b) 2 4 1 3
C) 1 3 2 4
d 2 3 1 4

Match List I (Fourier series and
Fourier transforms) with List II
(Their properties) and select the
correct answer
using the codes given below the lists

List1 List II

(Fourier (Their Properties)
Series and

Fourier

transform)

A.Fourier 1.Discrete ,periodic
series

B.Fourier 2.Continuous,periodic
transform

C.Discrete 3.Discrete ,aperiodic
time

Fourier

D.Discrete 4.Continuous
Fourier ,aperiodic
transfrom

Code: A B C D

a) 3 4 2 1

b) 1 2 4 3

C) 3 2 4 1

d) 1 4 2 3

Match List I(Functions in the time
domain) with List II (Fourier
transform of the function) and select
the correct answer using the codes
given below the lists

List1 List II
(Functions in (Fourier

the time domain transform of
) the function)

A.Delta function 1.Delta function

B.Gate function 2.Gaussian

function
C.Normalized 3.Constant
Gaussian function
function
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D.Sinusoidal 4.Sampling
function function
Code: A B C D
a) 1 2 4 3
b) 3 4 2 1
c) 1 4 2 3
d) 3 2 4 1

Q.127 Which one of the systems described
by the following input-output
relations is time invariant?

a) y(n)=nx(n)

b) y(n)=x(n)-x(n-1)
c) y(n)=x(-n)
d)y(n)=x(n)cos2nfon

Q.128Match List I (Input-output relation)
with List I (Property of the system)
and
select the correct answer using the
codes given below the list.

List I(input - ListII(Property)
output relation)
A.y(n)=x(n) 1.Nonlinear,non-
casual

B.y(n)=x(n?) 2.Linear ,non-casual
C.y(n)=x2(-n) 3.Linear ,casual
D.y(n)=x2(n) 4.Nonlinear ,casual

Code: A B C D

a) 1 4 3 2

b) 3 2 1 4

c) 1 2 3 4

d) 3 4 1 2

Q.129 The range of values of a and b for
which the linear time invariant
system with impulse response will
be disable is

h(n)=a",n>0

b",n<0
a) |a|>1, |b|>1

b) |a|<1, |b|<1
c) [al<1, [b]>1

d) [a[>1,[b|<1

Q.130 The Fourier transform X(f) of the
periodic delta functions,

x(t) = i S(t-KT) is :

a)TY " 3(f—KT)

= k
b)T k;zs(f—?

01 Zurh

d))% i&(f—kT)

Q.131 Consider the following statements
related to Fourier series of a
periodic
waveform.

1) It expresses the given periodic
waveform as a combination of
d.c. component, sine and cosine
waveforms of different harmonic
frequencies.

2) The amplitude spectrum is

discrete.

3) The evaluation of Fourier
coefficients gets simplified if
waveform symmetries are used.

4)The amplitude spectrum is

continuous.

Which of the above statements are

correct?
a) 1,2 and 4 b) 2,3 and 4
c)1,3and 4 d) 1,2 and 3

Q. 132) Match List I(Functions) with List II
(Fourier Transforms) and select the
correct answer using the codes

given below the lists :

List I Listll

(Functions) (Fourier
transforms)

A.exp 1 1

(—at)u(t),o>0 (o + j27f)>
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B.exp (—a|t]),a>0 2 1

"o+ j2nf
C.tex (—ot)u(t),a>0 o
3 [f - _J
t0
D.exp (j2nat/ t,) 4 20
“a’+(2nf)’
Code: A B C D
a) 3 1 4 2
b) 2 4 1 3
c) 3 4 1 2
d) 2 1 4 3

Q.133 Let x(t) be a real signal with the

Fourier transformX(t).Let X*(f)
denote the complex conjugate of
X(f). Then

a) X(-f) = X* () b) X(-f)=X(f)

c) X(-f)= -X(f) d) X(-f) =-X*(f)

Q.134 Let the transfer function of a

network be H(f) = [H(f)| e/’=2¢4™,
If a signal x(t)

is applied to such a network, the
output y(t) is given by

a) 2x(t) b)x(t-2)
c)2x(t-2) d) 2x(t-4mn)

Q.135 The response of a linear, time-

invariant, discrete-time system to a
unit step input u(n) is the unit
impulse d(n). The system response
to a ramp input n u(n) would be

a) u(n) b) u(n -
1)
c)nd (n) d) ik o(n-k)
Q.136 For a Z_-transform
&
z| 2z-—
X(z)= 6

(=)=

Match List I (The sequences) with
List II (The region of convergence)

List I

(The sequences)

A (72) +(1/3)" |um)
B.(1/2)" u(n)—(1/3)"

and select the correct answer using
the codes given below the lists:

List II
(The region
convergence)

2. |zi<1/3

u(—n—l)

C.(1/2)n u(—n—1)+

(1/3)" u(n)

D.[(1/2) +(1/3)' |

4.|zp> V)

u(—n—l)

Q.137

Code: A B C D
a) 4 2 1 3
b) 1 3 4 2
0 4 3 1 2
d 1 2 4 3
The poles of an analog system are

related to the corresponding poles
of the digital system by the relation
Z=eST. Consider the following
statements :

1) Analog system poles in the left
half plane map on to digital system
poles inside the circle |Z|=1.
2)Analog system zeros in the left
half S-plane map on to digital
system zeros inside the circle |Z|=1.
3)Analog system poles on the
imaginary axis of S-plane map on to
digital system poles on the unit
circle |Z|=1.

4) Analog system poles on the
imaginary axis of S-plane map on to
digital system

zeros on the unit circle |Z|=1.

Which of these statements are
correct?
a)1land?2
c) 3and 4

b)1and3
d) 2 and 4

of

L (1/3)<zl<(1/2)

3.|z|<1/3and | z[>1/2
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Q.138Assertion A:The stability of the

system is assured if

the Region of
Convergence

(ROC) includes the
unit circle in the Z-
plane.

:For a casual stable
system all the poles
should be outside the
unit
circle in the Z-plane.

a) Both A and R are true and R is the

correct explanation of A.

b) Both A and R true but Ris NOT a

correct explanation of A.

c) Ais true but R is false

d) Ais false but R is true.

Reason R

Q.139 Assertion A:The signals a" u(n) and

an u(-n-1) have the same Z-
Z

transform, —
Z-a

Reason R :The Region of

Convergence (ROC)
for an u(n) is |Z| > |a]|,
whereas the

ROC for an u(-n-1) is |Z] < |a].

a) Both A and R are true and R is the
correct explanation of
A.

b) Both A and R true but R is NOT a
correct explanation of
A.

c) Ais true but R is false

d) Ais false but R is true.

Q.140 Consider the following statements

1) Fourier transform is special case
of Laplace transform.

2)Region of convergence need not
be specified for Fourier transform.
3)Laplace transform is not unique
unless the region of convergence is
specified.

4)Laplace transform is a special case
of Fourier transform.

Which of these statements
correct?

are

a)2and 4
c) 4,3 and 2

b)4and 1
d)1,2and 3

Q.141 The signal x(t) = A cos (wot + ¢) is

a) An energy signal

b) A power signal

c) An energy as well as a power
signal

d) Neither an energy nor a power
signal

Q.142If

Xl(t) =

Q.143

Q.144

Q.145

2sin it + cos4nt and X, (t) =sin St +3sin 13t

, then

a) x1 and x2 both are periodic

b) x1 and x2 both are not periodic

c) x1 is periodic, but x» is not
periodic

d) x1 is not periodic, but x; is
periodic

If y(t)+ T y(T)x(t—71)dt=0(t) +x(t),

then y(t) is
a) u(t)
c)r(t)

b) 5(t)
d)1

The impulse response of a system is
h(t)=5(t-0.5) If two such systems are
cascaded, the impulse response of
the overall system will be

a) 0.55(t-0.25) b)  S(t-
0.25)
¢) 3(t-1) d) 0.55(t-1)

The impulse response of a system
consists of two delta functions as
shown in the given figure. The input
to the system is a unit amplitude
square pulse of one unit time
duration. Which one of the following
diagrams depicts the correct
output?

I.._;I'__

>
;5 4 Time

Amplitude

T T
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a)
1]
=
2
'—:_ull- >
E _H2 4 Time
< |
-
b)
ol
=
2
= 3
oM g
g 1 2l 4 Time
{
c)
\JI
=
£
]
£ 12 P Time
-
d)
vl
=
1=
E'u 12 4 Time
-

Q.146 The Fourier transform of a double-
sided exponential signal x(t)=e™"

2b

b*+ %)

e—jtan"(%)

(b> + @)

c) Does not exist

d) Exist only when it is single sided

a) Is

b) Is

Q.147 The Fourier transform of u(t) is

a) L b) jo

jo

1 1

c) ——~ d) no(w)+—

(1 + J(D) JjoO

Q.148 A linear network has the system
function H(s)= H(S—-'-C)
(s+a)(s+b)

outputs of the
network with zero initial conditions
for two different inputs are tabled as

Input x(t) \ Output y(t)

u(t) 2+Det +Eet

e'Ztu(t) Fel +Ge™t

Then the values of ¢ and H are,

respectively
a)2and 3 b) 3 and 2
c)2and 2 d) 1and 3

Q.149 Which one of the following is the
response y(t) of a causal LTI system
_ (s+1)
described by H(s)=————— for a
y HE) s’ +2s+2
given input x(t) = etu(t)?
a) y(t)=e"sintu(t)
b) y(t) =e™" sin(t—1u(t—1)
) y(t) =sin(t-1)u(t-1)
d) y(t)=e¢" costu(t)

Q.150 A signal x(t)=6 cos 10~nt is sampled
at the rate of 14 Hz. To recover the
original signal, the cut-off frequency
fc of the ideal low-pass filter should

be
a) 5Hz < fc.< 9 Hz b) 9Hz
c) 10 Hz d) 14 Hz

Q.151 Which one of the following systems
is a causal system? [y(t) is output
and u(t) is a input step function].

a) y(t)=sin[u(t+3)]

b) y(t)=5u(t)+3u(t-1)

c) y(t)=5u(t)+3u(t+1)

d) y(t)=sin[u(t-3)+sin[u(t+3)]]

Q.152 The Fourier-series representation of
a  periodic current is

[2+ 672cosot ++/48 sin 2wt]A  .The
effective value of the current is

a) 2+6++24)A  b) 8A

c) 6A d) 2A

Q.153 Match List I (Properties) with List Il
(Characteristics of the trigonometric
form) in regard to Fourier series of
periodic f(t) and select the correct
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answer using the codes given below D).f(t)-f(t-T/2) =0 4.sine terms can
the lists: exist
5.Cosine terms of
ListI List II even harmonics
A)f()+f(-t) =0 1.Even harmonics can exist
can exist
B).f(t)-f(-t) =0 2.0dd  harmonics Code: A B C D
can exist
C).f(t)+f(t-T/2) =0 3. The dc and a) 4 5 3 1
cosine terms can b) 3 4 1 2
exist ) 5 4 2 3
d) 4 3 2 1
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ANSWER KEY:

1 2 3 4 5 6 7 8 9 10 | 11 12 13 14 | 15
d a C a a b b d b b d a C b b
16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29 | 30
C C C a C b d C C C b b a b b
31 | 32 | 33 | 34 | 35 | 36 | 37 | 38 | 39 | 40 | 41 | 42 | 43 | 44 | 45
b a a d a a b a d b d a d a a
46 | 47 | 48 | 49 | 50 | 51 | 52 53 54 | 55 | 56 | 57 | 58 | 59 | 60
d d C b b b a C C a C a d d d
61 | 62 | 63 | 64 | 65 | 66 | 67 | 68 | 69 | 70 | 71 | 72 | 73 | 74 | 75
a a a C b d C d C d a b d d d
76 | 77 | 78 | 79 | 80 | 81 | 82 | 83 | 84 | 85 | 86 | 87 | 88 | 89 | 90
a b b b C a b b C a d a d a d
91 ( 92 | 93 | 94 | 95 | 96 | 97 | 98 | 99 | 100|101 | 102 | 103 | 104 | 105
b a b C C a b a a a C d d d a
106 | 107 | 108 | 109 | 110 | 111 | 112 | 113 | 114 | 115 | 116 | 117 | 118 | 119
a d a b d d b C d d a C b b
120 | 121 | 122 | 123 | 124 | 125 | 126 | 127 | 128 | 129 | 130 | 131 | 132 | 133 | 134
d d d b b a b b b C C d C a d
135 (136 | 137 | 138 | 139 | 140 | 141 | 142 | 143 | 144 | 145 | 146 | 147 | 148 | 149
a a b b a d b a b C b a d a a
150 | 151 | 152 | 153
a b b d
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EXPLANATIONS

Q1 (d) Q4 (a)
x(n) > M=3 Multiplication of two linear system
h(n) > N=5 T, and T; result will be non linear

yn) > M+N-1=7

DTEFT of the output y[n] — Y(®) Q5 (a)
ym) =) h(k) x(n—k) 2 o
k:%m If X[}’l] — . ; ’ "=
yl#*1= ) [h@ | [ x| 2% k0
k=0 wn
2 2
Y[0mx. = ). LB — n=0
= 1= 2 sin 20
Y(0) — 7 (h[n]] < L X [x[n]| < B) = — o, "7
7LB
DTFT "
Q2 (a) X(H) —s X [E?‘" ]
x(t) = e u(t) + e*u(-t) -
two-sided Laplace transform % — X (0
e u(t) + e’'u(-t) _ i 0] = w
! l 0 Wz lol ==
—. Re(s)>-3 - =, Re(s) <2 M2 o x ()
-3<Re(s)<2 _d Inl=2
Lt 0 2z |0l = =
3 s-12
:E+:-5 X (@)
1 1
Q3 (o
¥ | | | |
(a) X(0) = Z} x(n) o x oo 2 o
=-1+0+1+2+1+0+1+2+1
By parsevel’s Theorems
X(0)=6 False © "
E=Y |[xm|*= [ 1dQ)
7 n=- o
b) x(n) == | *(Q) #¥dQ 2
®) xm =3 | *@ B
T i
,, 2
21 x(0) =2 [ x(Q) d E=—x4=2
=2nx2=4n  False Q6 (b)
(0) X(o) = X(-0) I
| X(®)| — even function k(s+ 2)(52 + ]
£X(w)— odd function H (S)= 4
True ! s(s+2)+m’
(d) False
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2Hz

Q7

equivalent-z h; (t) is sampled with

=1
t=nT,T, = >
t=3
z=¢""
log z = sT;
7= es/2
Putting s=0
z = 1 unit circles
s=-2

1 . .
z=e¢gl= " radius circle

(b)
X(z2) z A B B
z" :(z—l)(z—Z)(z—3):2—1+Z_2+Z+3
2 B 2
-19
X
7"X(@) _,
Z
1
N S P S T
(z—2)(z+3) 2 3 -7 21
2 2
— _|_3 T T
(z 2)(Z ) 5 %5
c:+|zz_3:_73 _=6
(2= )(z-2) s 35
Z_ISX(Z)Z_—z. z +i. z___6z
217, _1715'2-2 35z+3
2
x(n— 18)—21( j (n)-— —(2)“4(—n 1)+

6 ngr
35 4=

by inverse Z transform of X(z) -
converges for | z | =1
1

273
z=2
z=-3

RDC :< |z| <2
|z|—> 1 converse
xn-18)=2.1.1.=2

1
(d)
X(z)|=1 =1, All option gives X(z)|~1=1

170
Two poles, one z:e% and second
e— j% conjugates poles, two zero at

272
7> +1

original ROC is |z | >1. X(z)=
ROC of it dependent on |z|.

(b)
one pole —z =-
one zero real zero of H(z), | z | = i

h(n) is real system then
zero are complex conjugate
a+jb, a jb

----- —a-ik - + 55
H(Z) -0+ b :i[; & E) [ ) ;‘

H(z) > 1, N(z) > D(z) then
rationalized to check stability &
causality

H(z)=az + B + ﬁ

- ;* ROC not includes oo

System may be
-non causal + stable
Or anti causal + unstable

(b)

X(t) & W,

y(t)=x3(t) + x(t) + 1

l l

3W W

y(t) < 3W

f. =2(fy)max =2 x 3W = 6W

f. min = Nyquist sampling frequency
(fJmin=6W

(d)

x(t) = cos (10t) cos (100t)
y(t) =x(t) * h(t)
Y(»)=X(») . Hw)

x(t) =3 [cos 110 t — cos 90t]
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] M
|[H)| =1, ZH () =2 .
ZH (o) = ol 10027 [L10-100)) = 5120 YO = [x(@)dr [|x(n)dd] <0
4 H ((»02) = E..,[—_.-' 100-2; [B0-100)) — g-_,-' B0 e e
y(t) =3 cos [(110t — 120)] — cos [(90t - ifx(t) . u(t)
80)] = cos (=20 cos (28 = cos than y(t). 2t u(t) t — oo, y(t) —
(100(t — 1)) cos (10(t —2)) co,unbounded
Q.12 (a) Q.15 (b)

Inverse System. x[n] = w[n L
4 [n] [n] a, b, ¢ are band limited so those are not

limited in time.

Fourier transform

Rectangular uls < >
Q.13 (c) gu p
a) x1(t) = 2¢ r+3) u(t) Sinc(x) function time limited

X

Periodic Non Periodic

ET-T:znzgf [ +?Tl'u(t) «— Non Periodic wi wi
b) x3(n) — a periodic For causally — it is shifted by - %
non periodic

¢) N =4 « Periodic

d) eTe* < Non Periodic
Q.14 (b)
y(t) = ]" X(D)dr < Linear x(t) — u(t)

2z
w

Time shifting adds nothing to
magnitude  spectrum  component,

y(t)=it—>Linear t>0
added a term to phase spectrum

delayed input
5 component.
y() = [x(-p+7)dr
i Q.16 (c)
ptr=c H(jo) =Hi(w) + j Hx(w)
2t—p Zt—p l l
y(t) = Ix(c)dc = Ix(c)dc odd even
—0 o0 function function
delayed output
2(1-p) 2t-2p . . .
Time domain Frequency domain
y(t-p)= .[ x(r)dr= Ix(r)d T
[delayed output # delayed input] time real | &V [T eVen |« peal
varying odd odd
2t 0
y(t) = I x(r)dr = Ix(2t —-7)dr >
. ” odd odd
_ J‘ x(r = 2f)dr Image — — Image

Non causal | X (t) | <o
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Hi(®) (odd function) + j Ha(®) (even L _
function), so that H(w) is a purely y = '[ Y(0) £“*dw
imaginary function v

Q17 (o) y(0) =3 I Y() do
F(t) = A[u(t) u(t—oc)] 5 5
=A [— - T] I [
A= x(t) = 0
r -1 +1
Q1B © _41
x(n) = {E] u(n) = {Ej-n u(-n-1) (jw)2 X(O)) — Dt _ 4 + Qg
—_— 450 ).
X(O)) — .u—-]- 4[1— ....:-.n.l:l — 2 —
1 1 aZ wi
|Z| >E |Z| 41;22 E-'iT‘..Z:“_."z
ROCis |£] £ |z]| £2 @7 o
Y(w)=2 {$]{%]2 =2 sin c(o) sin
Q.19 (a) e (“/5)
y(t) =k x(t — ta) y0)=2.1.1=2
y(w) =k e¥*¥x (o)
Q22 (d)
Ho) = |H@)| £ |Hw)]| = For LTI System to be stable
|Ho) | £ (o) : o
Polar form — re¥=) Z h(n) £ o (finite) , impulse
) 9[») ”:’”J .. .
du > F response summation is finite
| H(w) | K, £ § (0) = joty h(n) =u(n + 3) + u(n —2) — 2u(n —7)
Tg— 5.: 2 _ tq
T=- Lrg =ty 2 h(n)
7, = T, = tq for a linear phase system
Q.20 (C) ! ! System Stable
m(t) is band limited to 20 kHz
Sampling frequency f 320 1123 4356
Low Pass Filter cut off frequency — fi.
=37 kHz ]
f; minimum to reconstruct m(t) Z h(n) = finite
without distortion is =
fy minimum = fi + £, =37 +20 =57 and it is not causal because it depends
kHz on future value.
Q.21 (b) Q.23 (c)
= Both the statement one Dirichlet’s
y(®) =x(0) * k(t) = [ x(1) k(t - 1)dt conditions
- So both should be satisfied
Y(0) =X(0) . K(0)
_ Q24 (o)
y(0)= .[ X(0) k(t - t)dr Fourier transform of unit step
Py sequence

1 1 1 1
z + = + Zx =
2X1 EXI 2X2X2X1
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H(z) =1+ ! for frequency response
H(Q) =1+ g0

H(Q) - g_jﬂ'l:z [lé?lrl2 + g'.l"'e."'ﬂ] cosf = 5”;5'15
H(Q) = g'-"':ﬂ-"'z 2¢cos {%E]

u(n)<«—Isu(t) «L >,L+n8((o)
jo

u(n)< D.T.F.T >[1 IZ_I +n6(n)]z:ejQZ=ejQ

_ 0 -0
u(n) = [——+r6()] H(Q) =2cos () £F
Q.25 (o) Q.29 (b)
5(t) 1 Relation between Z — Transform &
Duality property Linear Transform _
1 21 5() Z=¢7 S==
o 21 8(® - ) )
et ST 2 (0 + wy) Q30 (b)
S(o- > ief “ot Convolution of two sequence x;(n) &
“—> X»(n) is represented as
Q.26 (b) x1(n) * x2(n) 2x1(2) . x2(2)
As per Dirichlet’s condition From properties. Convolution of two
sequence multiplication in Z — domain
Q.27 (b)
Step input is t*e”* Q.31 (b)
ot ¢ Linear Transform 1 Z — transform of -u(-n—1) is
s+1 Y _
X — n
From linear transform properties - @ ,Z!o x(m) 2
() =2 Where x(n) =-u(-n—1) 0<-n—1<
te-te_i[L}(O_l): 1 %
ds|s+1] (s+1)° (s+1)? l<-n<ow
-o<n<-1
1 0
foteo-df L | 264D X@)=Y -uCn-1)z"
ds (S + 1) (S + 1) n=-
-1
2 X()=-) =
(S + 1)3 n=—x
- _ H-f Fae - n replace with m

From step response to impulse response 2

- LISE_E;/ X(Z)Z-Z =zt

—_———— m=1

T |
_[a[tet]—met t’e™ X0 -2, |2]<1

Both side Linear Transform

2 B 2
(s+1)* (s+1) Q.32 (a)
2s+D)-2  2s X(z) = (1-e Mz
(S+1)3 - (S+1)3 (I—Zil)(l—eiT —Zil)
initial value x(0) is
Q.28 (a) zLim 0X(z) = x(0) = zZLim o (-T2’
Z — transform o — (=zH(1-e" =27

x(0)=0
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Q.33

Q.34

Q.35

Q.36

Q.37

Q.38

(a)

Unit step response y(n) + y(n—1) =
x(n)

Z — transform in both direction
Y(2)+ 7" Y(2) = X(z)

Yo _ 1 _

E(z 1+t re
=
Y(2) = = x(2)
X(z) <> input z — transform
x(n) = unit step sequence

X(@)= ==
Y(Z) - ':x—i_f;x+1j
(d)

Basic definition of signal

(2)
Check for linear system

y(t) — output of system S = j x(A) dA,

input x(t)

y(t) — Area under x(t) from -0 to t So

it is linear
Check for time invariant system

time invariant also because delay input

and delayed output are equal

(a)

X(n) = 5cos [0.2 n]
Period N = D% .m

N= f X m

N=10m,

m = 1(minimum)

N = 10 fundamental period

(b)
if x(t) & X(jo)
if h(t) = Hjo]
vl =x(c)h(t
Yljead = X (o) H ()
Convolution project

()

For distortion less, good quality

transmission all frequency components

should have the same transmission
delay, tqy and same phase shift ¢

Q.39

Q.40

Q.41

Q.42

(d)

F(s) = = = , steady state value of f(t)

From final value theorem is not
application due to multiple pole at
imaginary axis (system is marginally
stable)

f(t) = sin ot (periodic signal) value is
swing between +1 and -1 [-1, 1]

Ol
H(s) = =7, e7 =h(), x(t) =
u(t)

ﬁ = y($) =g x(s),  x(s)=:

_ 1 _1 1
Y(S)_s.;5+1:._5_5+1

y(®) = (1 =) u(t)
for steady state
ex e Y(90) = 527 s¥(S)
_ nim _SL
IR TN

y(o) = (1 —e~=) u(t) =1

(d)
Audio signal is band limited to 4 kHz .
f, = SkHz
fo, nfg £ o nisa
integerno.=1,2,3,4, .................

(a)

A signal occupies a band 5 kHz to 10
kHz

It is a case of band pass sampling so
that f; minimum

S5k 10k

F=2(f-F) . oennn (1)

fi =2(10 — 5) = 10 kHz. (1* Method),
when fy& fi are integral multiple of

(fH-"f}‘PzL‘ 10
= s M=_==2
f===10kHz
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Q43 (d) S P
Linear Transform Tl - 10 T2

sin [wt+a) ——— T

[ ) o 8 o718 =3 Tz_‘_
for sin wt bt sinf = 5 :—1 = E # (irrational)
for cos wt & 5—; 2nx 5=10n - A periodic

aFilwt+o}_  —jlwtt o)

sin [wt+ a) =

(wt+a) 2 Q46 (d)
= L1near Transform From definition of Fourier series
1 [ e 1% ] parseval’s Energy/ power theorem.
2j L(s— (5+ jm_-'
_1 ls+]m} -8 ls—jm}] 47 d

2i [ 5% + w2 Q (d)

Fourier Transform properties.

E LEJR_E_]R}] + jo [Ej Ey e_j'x]

52+m [ 2 )

_ . Q.48 (c)
55 +w? (s.sina + w cosa) \ From Laplace Transform & Fourier
Transform comparison =0
Q44 (a) [Laplace Transform = Fourier
_ N Transform comparison]

n) = x(k P
y@) AZ; ® S =06 +jo, =0 (on the imaginary
it is a invertible system & with axis of the s — plane)
memory S=jo

Q.45 (a) Q49 (b) _
Find a periodic one f(t) Fouier Trnslom_y, B(p)
(a) Sin (10mt) + sin (20 =t) o ‘
l F(jo) = [ f(-t)e *dt

Tl - 15: - F Tz B - ﬁ Fourier Transform 9
E = rational f(=0< >
= =Z=rational F'(jo) = [ f(—t)e *dt

=LCM (T1& T2) .

—t=—dt=d

T=LCM &L—U = 1, fundamental . P
period is 1 second. = —I f(p)e™"dp
(b) Sin (10t) + sin (20 =t) ®
SR PP ~ [ e 7dp = FG(-jo)

17w 5 12 0 —o0
o E rational = 27[
) Non—periodic Q50 (b)

If f(t) is an even function then what is
Aperiodic it Fourier transform
(c) Sin (10xt) + sin (20 t) F(jo) = | f(-t) e/ dt
! .
I% -~ iT T 1 _ xlt)+2-1)

Ti=te D% "% =% T

% =2 4 (irrational) - A periodic ; -
T: g ( ) AP F'(jo)= j f(-t) e~/=F dt

(d) Sin 10t + sin 25 =t
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Q.51

Q.52

Q.53

= I f(p) g— (= Jwip dp
= f(-jo)
F(jo)=2 j f(t) e~ dt

2 f(t) (cos ot —j sin ot)dt

=2 f{t) cos ot dt — 2 j (t) sin ot dt

Se—8 oe—s

F(jo) = [ fi(t) &7 dt

-0

—s L e

f(t) (cos ot —j sin ot)dt

f(t) cos ot dt —j j f(t) sin ot dt

ExE Exo=o0

Fjo)= I f(t) cos ot dt—0

-0

(b)

COS wpt «—

2 2
s* +o;

(a)
Step response — c(t) = 0.5(1 - =) u(t)

Impulse response = i (step response)
=205 u(t) - 0.5 e=*u(1)]
=0.58(t)—0.5x -2 e u(t)
=0.568(t) + e *u(t) - 0.5 e~ 5(t)

= e u(t)

11" Method Step response Linear
Transform

C(s) = Df: =05 L.;.s'ir ::u]
Cly =12 =

}’ls"l E(E+ 1)

Y(s) = ﬁ when input impulse
y(t) = e u(t)
(©)

x(n) =u(n) by formula (Z —
Transform pair)

00

X(z)= Z x(n)z™

n=—o

Q.54 (c)

Q.55

Q.56

Q.57

Q.58

Q.59

Two signal band limited to 8 kHz, 4
kHz

As per sampling theorem, minimum
sampling

Frequency is f; minimum = 2 fm

fy minimum =2 x 8§ = 16 kHz

As per question fg — 12 kHz

So, it does not obey sampling theorem

(@)

~tos .
a. sin W, tu(t — ty) < sin

s’ + ;)
(%to +tan”' wOJ
N

b. sin @, (t — to)u(t-tp) <> _ @,

s}

c. sin®,(t —to)u(t) <> 1 sin

s’ +ayp
(a)oto —tan”' w"}
N
d. sin @ tu(t) e J_ P |,
s+
()
Energy of power signal is infinite
(@)
X(n) = [_19 9 1]
T
x(-n)=[-1, ,-1]
T

y(n) = x(n) + x(-n) = 0, for all value of

(d)

Power formula -

TLim co— Jz|x (t)|dt
Ty,

(d)
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Q.60

Q.61

Q.62

Q.63

Q.64

Option a, b, ¢ are linear system but in
option d is non linear
y(n) = x*(n) — non linear

(d)

The output of a linear system for any
input can be computed in both ways.
1) Summation of impulse response by
convolution integral

2) Summation of step response by
superposition integral

()
. DTFT .
if x[-n] =— X(&'*)
From Discrete Time Fourier
Transform table match following pair

a. x[-n] > X(e™ ')

b. nx [n] - j%X(ej“’)
c.x [n] o X (e7)

d. x[n—1] TN e’ X(e’)
(@)

From Fourier transform properties x(t)
« X(m)

| X(w) | > even, £ X(w) — odd

(a)

2
G(s) ) =——
O s —s—2

s Lim s G(s)=tLim oo g(t)
Final value theorem — which is not

applicable because roots are in Right
half — S plan.

(©)
O(t) <> Ishift in time,
odd e™* term

O(t-1)=e*to s —domain

Q.65

Q.66

Q.67
Q.68
Q.69

Q.70
Q.71

Q.72

Q.73
Q.74

Q.75

(b)
By scalling property

e"x(n) & X(e ")

(d)

(©)
(d)
(©)

x(n) - -2<n<4
x(-n-2) > -2<-n-2>4
—-0<-n<6
—0>n>-6

n<-6,&n>0
— X(-n -2) is guaranteed zero
(d)
(@)
x(n)=[-1,-1,0, 1, 1]
T
-2<n<2
2<n+3<2
S5<n<-1
(b)
(d)
(d)
a) e u(t) <> —
I+jo
LItI<1 i
b x(t) = |t] (_)2sm(x)
0,/t>1 ®

C)m(—)j(DX(j(D)

dt

2 2
d
)1+t2 1+ o’
(d)

Property of Fourier Transform
e''f(t) <> Fo—w,)

} 2 .
x( t)Fourler Transform = sin 7w
®
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Q.76

Q.77

Q.78

Q.79

e 'x(t) &

sin (w—5)

()

Fourisr Transform §

u(t) —, + 18 (o)

u(-t) «—» i-l- né (w), even function

— § (o)

o

L 75 ()« 2nu(o)

144

B(t) i
art

u(w) «

(b)
x() = —&* u(t) * t u(t)
Laplace Transformy

u(t) —

Laplace Transform y
tu(t) TR

< u(t) = =

(convolution in time domain
multiplication in frequency/ S —

domain)
Laplace Transform  _g
x(t) T aeen
(b)
f(S) =4 45 € -+ c
I+l 4+ (2410 (24 IF

from partial fraction method
A=2,B=-2,C=-2,D=6
F(S) — _z _ 2 _ 2 + ]

I+l 24 (2417 [2+IF

(b)
[ -2
X(s)=e L(Hz)}

Initial final value of x(t)
= Lm oX(s)

5=

_ Lim S E_SL -1 ]

5= 0 [(E+2)

Q.80

Q.81

Q.82

Q.83

Q.84

=0
Final value theorem
Final value of x(t) = Simm s X(s)

- sl—fvmm . E_SL.:::.]
-1(3)

=1

©)
X = (=)

or X(s)= i - ie‘” sS
x(t)=u(t)—u(t-T)

(a)

Formula for inverse Z- transform is

1 n-1
2—nij(z)z dz

(b)

Absolutely summable

(b)
Taking Z — transform of equation
Y[z] -2ylz] . 2" =X[z]

and Y[Z] = F_}’_[x;__i

Z-Transform

Since x[n] X[z] =k
Than

Yz ===

ory[n] =k (%)“

(©)
A. Reconstruction «<>To convert the
discrete time sequence back to a
continuous time signal and then
resample

B. Over sampling <> Sampling rate is

chosen significantly greater than the
Nyquist rate
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Q.85

Q.86

Q.87

Q.88

C. Interpolation —>Assign values
between samples and signals

D. Decimation <»>A mixture of
continuous and discrete time signals

()

A.ZIQ +4y=2tx"
dt
Linear, time-variable and dynamic

dy
By—=+4y=2x<
ydt Y

Non linear, time invariant and
dynamic

2
cadY W, B e

a2 dt dt
Linear, time invariant and dynamic

2

p| Y| soy-aP e

dt dt
Non-linear, time-variable and dynamic
(d)

2r(t—3) —2r(t—4) 2u(t —4)
=2t-3)ut-3)-2t-8)u(t—4)-
2u(t—4)
=2t-6)u(t-3)-2t-6)u(t—4)-
2(t—4)
=2t-6)u(t-3)-(2t-6)u(t—4)
=2t—06) [u(t—3)—u(t—4)]

(a)

Causal system can’t be stable all the
time when all poles are in left side of s
— plan system will be stable but it is
not necessary that ROC contain
imaginary Axis.

(d)

=

Q.90

Q.91

Q.92

Q.93

Q.94

Q.95

X[n] =&" u[n], h[n] = 5" u[n]
then y[n] =x[n] * h[n]
=a" u[n] * " u[n]

a“u[k1b" *uln—k]

M

k

(d)

Since wave from is trapezoidal hence
both rectangular pulse have different
width and width of wave form = 8
units

So two rectangular waveforms of
duration Six and two units respectively

(b)

g

a. Periodic Function < Line
discrete spectrum
b. Aperiodic Function >
Continuous spectrum at all
frequencies
c. Unit Impulse o(t) < 1
d. sin ot — d(®)
(a)
f(t)=u(t) +u(t—1)—2u(t-2)
1 1 2
F(s)=—+—-e " —Z.e™
S s S
(b)

efu(t) = i , Re(s) > 1 only Laplace

transform exist
Since not absolute integrable so no
Fourier transform exist

(©)
(©)

0

yln] =% x(n]
than y[z] = Z y[n] z7"

=x[z]. Z z™" {since y[n] is causal}
n=0
=x[z] [l +zt+z2+........ ]

© Copyright Reserved by Gateflix.in No part of this material should be copied or reproduced without permission



GAIERIX

Q.96

Q.97

Q.98

sampled than

1

= X[Z] = 1_3—1
— _=xl=]
1-g~1

(a
2 1

z (z—2z-3
¥z _ ot L

= -1 -3
or X(z)=—=+=

Given ROC = | z| <2 then
x(n)=2"u(-n—-1)-3"u(-n—1)
x(n)=2"-3")u(-n—-1)

(b)

A. Unit step function <

z—1

B. Unit impulse function <« 1

C.sinwt,t=0,T, 2T,
zsin ©T

7% —2zcosoT +1
D.coswt,t=0,T, 2T ........
z—cosmT

7% —2zcosoT +1

@)
x(t) =5 cos 400mt f; =300
LPF cut off frequency = 150 Hz
x(t) =5 cos 400xt
x(f) =28 (f-200) + & (f +200)]
x(DH

L ||

£+200 |  f-200

[ | |1 ]

~(300 + 200) -(300 - 200)

300-200 300+ 200

4+ HD

-150 150

Q.99

Q.100

Q.101

Q.102

Q.103

Q.104

Q.105

T T

-100 100

(@)

()
ylnl= > xk]

00

n

yin-11=" ¥ ¥[k]
x[n] = y[n] - y[n-1]

so inverse of given system is X[n] =
y[n] - y[n-1]

9.
Erer O
Then f(07)=_"" s f(s)
_ Lim 278 +97
T s [is+!!)s]
ki 27 +87/2] _
for)= 2" s [Fas] =27
(d)

a. y+2ty(ntl) + y(n)=2x(n+1) +
x(n) <Linear, time-invariant
dynamic

b n® y(n) + y(n) = x* ()
Non-linear,time-variable memory less
c. y(n+1) + ny(n) = 4nx(n) <> Linear,
time variable dynamic

d. y(n+1) y(n) = 4x(n)

Non linear, time-invariant, dynamic

(d)
h(n)=a" un+2) |a|<1

<>

(d)
Rectangular pulse convolute with
another rectangular pulse result will be

Rectangular pulse of duration 2T

(a)
By the half — wave symmetry property
in Fourier series extension
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Q.106

dt

Q.107

Q.108

Q.109

@)
x(t):{_A’ 0<t<T/2

A, T/2<t<T

a, = %J x(t) cos nawyt dt
T

T/2 T
= f j Acos nagt dt + f j (-A)cos neagt
0 T2
_ l[Asinnawgt T/ _ l[Asinnwgt T
T[ alrin) ]D T[ Nig :I.-.

A T
[sin {‘J‘l wy —) -
Mg T 2

-
i — 50
sinn wy Iy — sinn wy

= F,i_ [sin n7t — sin 2n7@ + sin n7x]
=~ [2sin n — 0]
— Aszinng

nT

:0..

(d)
a. Continuous «>Non-periodic
b. Discrete «» Periodic
c. Periodic «» Discrete
d. Non-periodic «»Continuous

(@)

e~ u(t) * &= u(t)

g—ar _ b

= S

So e®tu(t) * e~Rtu(t)

gril _ okt

= T 1O

(b)
Put x(n) = &(n)
Then y(n) = h(n)

h(n—-2)=4(n) - &(n—4)

or h(n)=&n+2)-4&(n-2)
Where n is replace by n - 2
y(n-2)=x(n)-x(n-4)

Q.110 (d)

Q.111

Q.112

Q.113

Q.114

Q.115

It is a Laplace transform property

(d)
x(t) = te " u(t)
Let  g(t)=e""u(t)

Then g(jo) = Fourier Transform
1

(2] = ==

Then  x(t) =t g(t)

or x(w) = +ji [ele)]

_,-df 1

=4 JE(E . _i'ﬁ-')

or X(j())) - [a+ju)?

(b)

e Tverse Laplace Transform >u(t—a)
S

(c)

Rectangular pulse of different width
are convolved together gives
Trapezoidal wave

(d)
a. Impulse train
with strength 1/T

Dttt

-nT -TOT nT

<—Impulse train

b. Full wave rectified sine function
<Only even harmonics are present

L dme o am

C. sin = . cos =
oa = L. __ 1.

3 2j > -3 2j s
R N

! 2j77 7 2]

1
<1 I =

d. T/2 —Only
odd harmonics are present
(d)

All other options (a, b, ¢) are causal
but in option (d) its impulse response
depends on future value of applied
input.
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Q.116

Q.117

Q.118

Q.119

Q.120

Q.121

(@)
(©)

a. Free and Forced response <«»>Non-
homogenous differential equation
b. Z-transforms <« Discrete time

system
c. Probability <> Random
processes
d.Fourier series <»Dirichlet conditions
(b) _
Fourier Transform
T on As (o)
or Fourier Transform Aﬁ(f)
Put A=1
Fourier Transform
1 6(f)
(b)
d%y d?x

dT =x(t-2)u(t-2)+ =

Taklng laplace transform
s2y(s)=e ¥ x(s) +s2x(s)

¥i=) S+"‘:_1+

or _— = 2
(=5 = =2

5

(d)
f(t) = u(t — 1) +u(t — 2) — 2u(t — 3)
{x(t —a) e X(S) e™®}

F(s)==e"*+ e' = ;e'!"
F(s) = 3 gf 4 g% — 2g7%]
(d)

w
A. s(e+10] E(s)
= by partial fraction

l , _InverseLaplaceTransform >U(t)
S
1

S+ a
F(s) =
Taklng Inverse Laplace Transform
f(t) = u(t) — e~ u(t)

f(t) = (I— =) u(t)

,_InverseLaplaceTransform
N

>e "u(t)

3+1|:‘

o
B. (=2 +107 o F(S)
By partial fraction

Q.122

Q.123

Q.125

F(s) =
Taklng Inverse Laplace Transform we
get

f(t) = u(t) — cos ¥10 tu(t)

= (1 —cos V10 t) u(t)

3+1|:‘

[F+10)
* oz +10? +100 f(S)

Then Inverse Laplace Transform of

F(s) = (t)
=g~ cos 10t u(t)

D. F(s)=10
Then Inverse Laplace Transform
[F(s)] = f(t) = 10 s(t)
(d)

ul:ﬂl.l:f"‘ Ti’l:i"S_,l'Di’i‘Y A
sin ot —1, .2
(b)
LIfOT=F(s) = [f(pe~dt

0

hence
l.L[f(t—a)u(t—a)] =F(s) . e”
True _
2. L[f(r)] = =22 True

3. L[(t—a) f(t)] = L[t f(t) —a f(t)]

[ o)

4. L [29] = sF(s) - f(0%)

Q.124 (b)

a. Real and even symmetric <> Real

and even symmetric

b. Real and odd symmetric <«

Imaginary odd symmetric

c. Imaginary and even symmetric <

Imaginary and even symmetric

d. Imaginary and odd symmetric
<> Real odd symmetric

True

(€))
a. Fourier series <»>Discrete, aperiodic
b.Fourier transform <« Continuous,

aperiodic

c¢. Discrete time Fourier >
Continuous, periodic

d.Discrete  Fourier transform <«

Discrete, periodic
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Q.126 (b)
a. Delta function <> Constant function
b. Gate function <> Sampling function
c. Normalized Gaussian function
<> Gaussian function
d. Sinusoidal function <> Delta
function

Q.127 (b)
Options (a, ¢, d) have difference
between its delayed input & its
delayed output
For y(n)=x(n)-x(n-1),
delayed input = delayed output
So it is time invariant

Q.128 (b)
a. y(n) = x(n) <> Linear, casual
b. y(n) = x(n®) & Linear, non-casual
c.y(n) = x*(-n) < Nonlinear, non-
casual
d. y(n) = x*(n) <> Nonlinear, casual

Q.129 (c)
Forn>0 —»a"&n<0—b"
Y |h(n)|<w

Zi&”+ia“
-0 0

la|<1&|b|>1 are condition for

system to be BIBO stable
Q.130 (c)
x(t)= ). &(t- KT) then
k-w

Taking Fourier transform

0

X[f1=2) &(t—K/p)

k=0

Q.131 (d)

Q.132 (c)
a. exp(-at) u(t), >0 «> {F - i)
b.exp(-alt]), o>0 < 7=
c. texp(-at) u(t), o> 0 < ———=
d.exp (j 2mat/ty)) e

Q.133

Q.134

Q.135

Q.136

Q.137
Q.138

Q.139

Q.140

Q.141

Q.142

(@)

(d) -
H(f) = [H() | &7 =2e7
Then  y(t) = x(t) * H(t)

y(t) = X(t) * 2¢~4%if
y(t) =2X(t - 4n)

(a)
If input = u(t) — output = 4(t)

If input = nu(n) — output = u(n)

(@)
a. [(12)"+(1/3)" Ju(n) «  |z|>"%

b. (172)" um)-(1/3)" u(-n - 1) & [7] <
1/3

c. (1/2)" u(-n - 1) + (1/3)" u(n)
o (13)< |zl <(172)

d. [(172)"+(1/3)" Ju(-n-1) < |7 <
1/3 and |z| > 1/2

(b)
(b)

@ 2
a’ u(-n-1) < -— |Z|>]a]

a”u(—n—1)<—>zz: |z|<]a]

(d)
(b)

It is a trigonometric periodic power
signal

(@)
x1(t) = 2sin 7t + cos 4nt
. X
TE, Toi
Lh_z2_32
=i=

T; 1

ngt) = s_in Swt + 3sin 137

;’ i3m
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3:1:»1;_!,’1"2—»5 . l+ .
E_ . B+ jw 0= jw Bt o+
T=LCM (T)&T
Fourier Transform
Q.143 (b) u(t) < né(o)+ Jim
By pulling all options value in
expression Q.148 (a)
a) u(t) § H(S) - (= -:i;;.:i B
u(®) + | u( x(t -1 dr=5() + x(1). Y(s) =H(s) . X(s)
1 For first input x(t) = u(t)
not equal X(s) Laplace of input signal is i
00 YO = miois
0 A B c
5(t) + [ 8(2) x(t - 1) dr=5(t) + x(t) =t tio
) A= E = s=0
Q144 (c) -
= %
H(t) = hi(t) * ha(t) ab =3

= cascading of two systems

i = gt
= convolution of two system For second input x(t) = &~*u(t)

= 5(t—0.5) * 6(t— 0.5) = 6(t— 1) X(s) Laplace of input signal is i

YO =2t
Q.145 (b) Thenc=2,H=3

h(n) = as per figure

26(n) —é(n -2) Q.149 (a)

x(t) = For a given input x(t) = ¢" u(t)

. Laplace transform of x(t) is

X =73

Y(s) = H(s) . X(s)
Y(s)=—x 52

Square pulse of unit amplitude Y(s) = :::S +S e

y(®) = x(n) * h(n) YO =

x(n)=u(n)—u(n-1) (F+132+1

y(n) = [u(n) — u(n - 1)] * [26(n) - &(n (t) = &~ sin tu(t)

—2)]

=2un)-um-2)-2un-1)+umn- Q150 (a)

3) f,=14 Hz

=2[u(n) —u(n-1)] - [un-2)—u(n—

3)] fn=5Hz

={0-1} > 2unit {2 — 3} — 1

unit fs minimum = f Nquist
Q.146 (a) _ =2xfh=2x5=10Hz

_ -b|t
X(t) € A B2+ w?

. . . Low pass filter f.=?
et o g7 u(t) + & u(-t)
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ft=fi—fhn=14-5=9Hz

f. minimum = f Nquist - fin

=10-5=5Hz
SHz <f.<9 Hz
Q.151 (b)

Options (a, ¢, d) are non causal
because output depend on future value
of input
Option b) y(t)=5u(t)+3u(t-1) is causal
system

Q.152 (b)

Irms = effective value of the current is

VT 36+ 2%
=464 =8A
Q.153 (d)

a)f(t)+H(-t)=0 <«

Sine terms can exist

b) f(t)-f(-t) =0 PN

The dc and cosine terms can exist
c) fH)+H(t-T2)=0 <«

Odd harmonics can exist

d) f(t)-f(t-T/2)=0 PN

Even harmonics can exist
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